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Exercise 1 - Multiple Choice

Consider the following 5 claims and mark the corresponding boxes. Grading: 2 points for a correct
marking without a correct justification, 5 points for a correct marking with a correct short justification,
and -2 points for a wrongly marked box (you will receive non-negative total points for the exercise in
any case).

(a) For a random permutation π on the keys {1..n}, let Tπ be the search tree that we obtain from
inserting all n keys, one after the other, in the order given by π. Then Tπ has the usual search
tree distribution if and only if π is distributed uniformly.

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) Consider the process of inserting the keys {1, 2, . . . , n} into an empty treap in the order 〈1, 2, . . . , n〉.
The probability that in this process, the rank of the root changes in every step is 1

n!
.

[ ] False [ ] True

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(c) Any planar graph with n > 2 vertices and 3n− 6 edges admits at least 2n−1 Pfaffian orientations.

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) Suppose that a sequence {xn}n≥1 with x1 > 0 satisfies xn =
√

n + 2
∑

n−1

i=1
xi for n ≥ 2. Then

xn = O(2n).

[ ] False [ ] True

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(e) Suppose we substitute values x, y, z ∈ {0..28} chosen independently and uniformly at random into
the polynomial x3yz + y2z3 + 19 (mod 29). Then the probability of getting zero is less than 1

5
.

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



Exercise 2 - Preprocessing a Matrix

Prove that an n × n matrix M with real entries can be preprocessed in such a way that queries of the
sort “given an interval [a, b] with a, b ∈ R, report the indices of all rows containing a number from that
interval” can be answered in time O(n) (i.e. describe a suitable data structure and an algorithm for
answering the queries along with an analysis of its running time).

Hint: Start with a data structure considered in the lecture, but be careful, you may want to enhance it.

Exercise 3 - Proportional Random Decay

Consider the following random process. We start with the set {1..n} of keys. In the first step, we select
a key K1 ∈ {1..n} at random (according to the distribution given below), then we select a smaller key
K2 ∈ {1..K1 − 1} and then yet a smaller key K3 ∈ {1..K2 − 1} and so forth until in the N -th step,
KN = 1 is the only choice.

As for the distribution, in the i-th step, once Ki−1 was drawn, each value j ∈ {1..Ki−1 − 1} is chosen
with a probability proportional to its own value, i.e.

Pr [Ki = j] =
j

∑Ki−1−1

l=1
l
,

where we define K0 := n + 1 for convenience.

Determine E[K1 + K2 + . . . + KN ].

Exercise 4 - Avoiding Monochromatic 4-Cycles

Let G = (V, E) be a graph on n vertices of maximum degree 21. Let us call a coloring of the edges of G

admissible if there is no monochromatic 4-cycle (no 4-cycle where all four edges receive the same color).

(a) How many distinct 4-cycles of G can a fixed edge e ∈ E be part of?

(b) Prove that G admits an admissible edge-coloring using at most 20 colors.

(c) Sketch a randomized algorithm that finds, in polynomial expected running time, given as input a
graph G on n vertices of maximum degree 21, an admissible coloring using at most 20 colors and
determine its expected running time as a function of n.

Exercise 5 - Ham-Sandwich Queries

Let A and B be two sets of points in general position in the plane R2. For simplicity, assume |A| =
|B| = n is even. A ham-sandwich cut for (A, B) is a line l such that half the points from A lie (strictly)
above l and half the points from A lie (strictly) below l and, at the same time, half the points from B

lie (strictly) above l and half the points from B lie (strictly) below l.

Prove: The sets A and B can be preprocessed in such a way that when a query value m ∈ R arrives,
your algorithm can tell in time O(log n) whether there exists a ham-sandwich cut for (A, B) with slope
m and if such a cut exists, it returns a suitable intercept1 as well.

1for a line l with equation y = mx + b, we call m the slope and b the intercept


