
Institute of Theoretical Computer Science

Mohsen Ghaffari, Angelika Steger, David Steurer, Emo Welzl, Peter Widmayer

Algorithms, Probability, and Computing Midterm Exam HS18

Candidate

First name: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Last name: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Student ID (Legi) Nr.: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I attest with my signature that I was able to take the

exam under regular onditions and that I have read and

understood the general remarks below.

Signature: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

General remarks and instructions

1. Chek your exam douments for ompleteness (8 one-sided pages with 5 exerises).
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3. You an solve the exerises in any order. You should not be worried if you annot solve

all exerises! Not all points are required to get the best grade.
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Exercise 1: Five Short Questions (15 points)

No justi�ation is required. Only give �nal exat answers. (There are no negative points

for wrong answers.)

(a) (3 points) The node 13 has been inserted into a treap, and the resulting treap is

shown below. How many rotations were performed during the insertion of node

13?

0.0611

0.07 5 0.1813

0.41 2 0.378 0.89 12 0.2617

0.82 1 0.56 3 0.796 0.7610 0.51 15 0.7018

0.71 4 0.98 7 0.819 0.80 14 0.6416 0.8319

Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) (3 points) Consider the proess of inserting the keys {1, 2, . . . , n} into an empty

treap in the order given by the sequene h1, 2, . . . , ni. What is the probability that

the rank of the root hanges in every step in this proess?

Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

() (3 points) Let G be a weighted graph with m edges. In the ourse, you have

seen a randomized algorithm that omputes a minimum spanning tree in time

O(m) in expetation, whih we alled Randomized Minimum Spanning Tree

Algorithm. What is the probability that this algorithm returns a minimum

spanning tree for G?

Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(d) (3 points) Assume that S is a set of 9 distint segments in the plane that are non-

rossing, i.e., whose relative interiors are disjoint. Let P(S) be the set of endpoints

of the segments in S. What is the minimum and maximum possible size of P(S)?

Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(e) (3 points) Consider a polyhedron of the form C := {x 2 R
n|Ax � 0}, A 2 R

m�n
.

What are the possible basi feasible solution(s)?

Answer: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Exercise 2: Minimum Cut (8 points)

Let G be a multigraph. Assume that in the algorithm BasiMinCut(G), in eah round

instead of ontrating a random edge, we hoose two nodes uniformly at random and

merge them (see Figure 1) until the remaining graph has two nodes. Prove that for any

positive integer n, there exists an n-node multigraph for whih the algorithm returns

a minimum ut with an exponentially small probability, i.e., O( 1
cn
) for some onstant

c > 1.

v u w

Figure 1: Merging nodes v and u into w. (Notie that merging is the same as ontration

if the two nodes share an edge.)
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Exercise 3: Random Search Trees (12 points)

(a) (7 points) Assume that for n � 2,

an =
2

n(n + 1)

n∑

j=2

(jaj−1 + j)

and a1 = 0. Prove that an = 2Hn+1 − 3 for n � 3.

(b) (5 points) Reall that for a given set S of n 2 N0 distint real numbers, we de�ned

random searh trees reursively as follows

PSfrag replaements

eBS →






λ, if S = ;, and

PSfrag replaements

eBS<x
eBS>x

x

for x 2
u.a.r. S, otherwise.

Assume that instead of hoosing key x uniformly at random (i.e., x 2

u.a.r. S), we

hoose x 2 S with probability x/(
∑

y2S y).

For set S = {1, � � � , n}, �nd a reurrene formula for the expeted depth of the

smallest key. (You do not need to solve the reurrene.)
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Exercise 4: Point Location (10 points)

We are given a set P of n points in R
3
. We de�ne the perimeter d(p1, p2, p3) between

three points p1, p2, p3 to be the sum of the distanes between eah pair of them, i.e.,

d(p1, p2, p3) := kp1 − p2k+ kp2 − p3k+ kp1 − p3k.

Furthermore, assume that no two triples from P have the same perimeter.

We add the points of P in random order to a set Q (whih is initially empty). For

i = 3, . . . , n let {p
(1)
i , p

(2)
i , p

(3)
i } denote the point triple in Q of minimal perimeter, after

the i-th insertion of a point, i.e.,

d(p
(1)
i , p

(2)
i , p

(3)
i ) = min

{p1,p2,p3}2(Q3)
d(p1, p2, p3).

(For |Q| < 3 the triple of minimal perimeter is not de�ned.)

Compute the expeted number of distint point triples with minimal perimeter that

appear during the proess. In other words, what is E[|{{p
(1)
i , p

(2)
i , p

(3)
i } : i = 3, . . . , n}|] ?
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Exercise 5: Linear Programming (15 points)

(a) (5 points) Assume that c 2 Rn
is some �xed vetor. We denote by 1 2 Rn

and by

0 2 R
n
the vetors of all-ones and all-zeros, respetively. Let x be a vetor of n

real valued variables. Desribe expliitly the set of all basi feasible solutions and

�nd an optimal basi feasible solution for the following linear program.

min cTx subjet to 1Tx = 2 and 0 � x � 1.

(b) (5 points) Prove that Proposition 2 holds by applying Proposition 1.

Proposition 1. A system Ax � b of linear inequalities has no solution if and only

if there exists a vetor y � 0 suh that ATy = 0 and bTy < 0.

Proposition 2. A system Bx � c of linear inequalities has no nonnegative solution

if and only if there exists a vetor z � 0 suh that BTz � 0 and cTz < 0.

() (5 points) Assume that the following LP has optimal value OPT .

maximize x2
subjet to −x1 + 2x2 � 4

x1 � 3

x1 + x2 � 5

x1, x2 � 0,

(1)

What is the optimal value of the following LP? Justify your answer.

minimize 4y1 + 5y2 + 3y3

subjet to −y1 + y2 + y3 � 0

2y1 + y2 � 1

y1, y2, y3 � 0,

(2)
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