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10 CHAPTER 1. INTRODUCTION
1.1 Why learn programming?You 
an tell I'm edu
ated, I studied at the SorbonneDo
tored in mathemati
s, I 
ould have been a donI 
an program a 
omputer, 
hoose the perfe
t timeIf you've got the in
lination, I have got the 
rimePet Shop Boys, Opportunities (1986)This se
tion explains what a 
omputer program is, and why it is im-portant for you not only to use 
omputer programs, but also to writethem.When people apply for a job these days, their resume typi
ally 
ontains a se
tion
alled 
omputer skills. Items listed there might in
lude Lotus Notes, Ex
el, or Photo-Shop. These are the names of appli
ation programs, programs that have been writtenby 
ertain people (in the above 
ases, at Mi
rosoft 
orporation) to be used by otherpeople (for example, a sales representative).The 
omputer skills se
tion might also list items like HTML, Java, or C++. Theseare the names of programming languages, languages used to instru
t, or program, a
omputer. Using a programming language, you 
an write the programs that will subse-quently be used by others, or by yourself.A 
omputer program is a list of instru
tions to be automati
ally pro
essed by a
omputer. The 
omputer itself is stupid|all the intelligen
e 
omes from the program.In this sense, a program for the 
omputer is like a 
ookbook re
ipe for someone who
annot 
ook: even with very limited skills, impressive results 
an be obtained, througha step-by-step instru
tion.Most people simply use programs, just like they use 
ookbooks. A sales representa-tive, for example, needs appli
ation programs as tools for his work. The fa
t that youare reading this lets us believe that you potentially belong to the 
ategory of people whoalso need to write programs.There are many reasons for writing programs. Some employer might pay for it, someba
helor 
ourse might require it, but ultimately, there is a deeper reason behind it thatwe plan to explain next. The upshot is that nowadays, you 
annot be a serious engineer,let alone a serious s
ientist, without at least some basi
 programming skills. Even in lessserious 
ontexts, we 
an re
ommend to learn programming, be
ause it 
an bring abouta lot of fun and satisfa
tion.In the twentieth 
entury, 
omputers have revolutionized the way s
ien
e and engi-neering are done. To be more 
on
rete, we will underpin this with an example frommathemati
s. You probably don't expe
t math to be mentioned �rst in 
onne
tion with
omputers; indeed, many mathemati
ians still use paper and pen
il on a daily basis.But what they write down has 
hanged. Before 
omputers were available, it was often
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essary to write down a
tual numbers, and to perform 
al
ulations with them by hand.This happened not so mu
h in writing proofs for new theorems, but in the pro
ess of�nding these theorems. This pro
ess often requires to go over many 
on
rete examples,or 
ounterexamples, in order to see 
ertain patterns, or to dis
over that some statementis false. The 
omputer has tremendously a

elerated this pro
ess by taking over theroutine work. When you look at a mathemati
ian's notepad today, you still �nd greekletters and all kinds of strange symbols, but most likely no numbers larger than ten.There is one topi
 that ni
ely illustrates the situation, and this is the sear
h forMersenne primes. In 1644, the Fren
h monk and mathemati
ian Marin Mersenne es-tablished the following 
laim.
Mersenne’s Conjecture. The numbers of the form 2n − 1 are primenumbers for n = 2, 3, 5, 7, 13, 17, 19, 31, 67, 127, 257, but for no other num-ber n < 257.Mersenne 
orresponded with many of the leading mathemati
ians at that time, sohis 
onje
ture be
ame widely known. Up to n = 7, you 
an verify it while you read this,and in 1644, the 
onje
ture was already veri�ed up to n = 19.It took more than hundred years until the next exponent on Mersenne's list 
ouldbe veri�ed. In a letter to Bernoulli published in 1772, Leonhard Euler proved that

231 − 1 = 2147483647 is a prime number. But in 1876, another hundred years later,Mersenne posthumously re
eived a heavy blow. Edouard Lu
as proved that 267 − 1 =

147573952589676412927 is not a prime number (Lu
as showed his passion for large num-bers also when he invented the Tower of Hanoi puzzle). Lu
as's proof does not work theway you would expe
t: it does not exhibit a prime fa
tor of 267−1 (the most dire
t wayof proving that a number is not prime), but it uses a 
lever indire
t argument inventedby Lu
as in the same year. The fa
torization of 267 − 1 remained unknown for another25 years.In 1903, Frank Nelson Cole was s
heduled to give a le
ture to the Ameri
an Mathe-mati
al So
iety, whose title was `On the Fa
torization of Large Numbers'. Cole went tothe bla
kboard, and without saying a single word, he �rst wrote down a 
al
ulation toobtain 267 − 1 by repeated multipli
ation with two. He �nally had the number
147573952589676412927on the bla
kboard. Then he wrote down another (mu
h more interesting) 
al
ulation forthe produ
t of two numbers.

761838257287 x 193707721

------------------------

761838257287

6856544315583

2285514771861

5332867801009
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5332867801009

5332867801009

1523676514574

761838257287

---------------------

147573952589676412927Cole had proved that 267− 1 = 761838257287 � 193707721, making the result of Lu
asbelievable to everybody: 267 − 1 is not a prime number! He re
eived standing ovationsfor this a

omplishment and later admitted that he had worked on �nding these fa
torsevery Sunday for the last three years.Today, you 
an start a 
omputer algebra program on your 
omputer (a popular oneis Maple), type in
ifactor(2^67-1);and within less than a se
ond get the output
(761838257287)(193707721)To summarize: hundred years ago, a brilliant mathemati
ian needed three years to
ome up with a result that mu
h less brilliant people (we are not talking about you)
ould get in less than a se
ond today, using a 
omputer and the right program. Thisseems disturbing at �rst sight, and thinking about the pre
ious time of his life Coledevoted to the problem, you may even feel sorry for him. You shouldn't; rather, thestory has three important lessons in store.

Tool skills. Lesson one is that Cole's 
al
ulations were extremely diÆ
ult, given the toolshe had (paper, pen
il, and probably very good mental arithmeti
). Given the tools youhave (the 
omputer and a 
omputer algebra program 
alled Maple), Cole's 
al
ulationsare easy routine. We are sure that Cole would feel sorry for anyone using these newtools only to reprodu
e some hundred-year old 
al
ulation. Useful new tools lead to newpossibilities and 
hallenges. On the one hand, this allows you to do more than you 
oulddo before; on the other hand it also for
es you to do more if you want to keep up withthe developments. Whatever you do, nowadays you must a
quire and maintain at leastsome basi
 knowledge of 
omputers and appli
ation programs.
Problem skills. Lesson two is that tool skills alone would not have helped Cole to fa
tor
267 − 1. Cole also was a good mathemati
ian who knew a lot of theory he 
ould use tosave 
al
ulations. This is the reason why he \only" needed three years.Even nowadays, 
omputers and appli
ation programs are not everything. Fa
toring
267 − 1 is easy be
ause this is a small number by today's standards. But fa
toringlarge numbers (21000 is 
onsidered large today; in a 
ouple of years, it might be 22000)is still a very diÆ
ult problem for whi
h no eÆ
ient solutions are known. The problem
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toring large numbers is the most prominent problem for whi
h most people musta
tually hope that no eÆ
ient solution will ever be found. The reason is that many
ryptosystems that are in use (think of se
ure internet banking) are purely based on thepra
ti
al impossibility of fa
toring large numbers. Therefore, the worst s
enario wouldbe that the \bad guys" dis
over �rst how to fa
tor large numbers eÆ
iently.There are many other problems that are as far from a solution as they were in pre-
omputer days. Coming ba
k to Mersenne, we still 
annot 
hara
terize the exponents
n for whi
h the number 2n − 1 is a prime number. We don't even know whether thereare in�nitely many su
h Mersenne primes. If you plan to make a 
ontribution here, youshould not buy a faster 
omputer with the latest version of Maple, but study math. Evenin the 
ase of problems for whi
h 
omputers 
an really 
ontribute to (or a
tually �nd)the solution, you typi
ally need to have a deep understanding of the problem in orderto know how to use the 
omputer. If you want to be
ome an engineer or a s
ientist,you must a
quire and maintain a profound knowledge about the problems you will bedealing with. This fa
t was true hundred years ago, and it is still true|
omputers havenot yet learned to solve interesting problems by themselves.
Programming Skills. Lesson three is one that Cole did not live to see: nowadays, problem-spe
i�
 knowledge 
an be turned into problem-spe
i�
 
omputer programs. That way,the state of the art 
on
erning Mersenne primes has advan
ed quite far. It turned outthat Mersenne had made �ve mistakes: n = 67 and n = 257 in Mersenne's list do notlead to prime numbers; on the other hand, Mersenne had \forgotten" the exponents
n = 61, 89 and 107.As of September 2009, we know 47 Mersenne primes, the largest of whi
h has anexponent of n = 43, 112, 609 (see the GIMPS proje
t at www.mersenne.org). But don'tbelieve that this one was found with o�-the-shelf programs.Problems o

urring in the daily life of an engineer or a s
ientist are often not easyto solve, even with a 
omputer and standard software at hand. In order to atta
k them,you need tool skills for the routine 
al
ulations, and problem skills to understand andextra
t the aspe
ts of the problem that 
an in prin
ipal be solved by a 
omputer. Butin the end, you need programming skills to a
tually do it.
The art of computer programming. To 
on
lude this se
tion, let us be honest: for manypeople (in
luding the authors of this book), the pro
ess of writing programs has somevery non-utilitarian aspe
ts as well. We have mentioned two of them before: fun andsatisfa
tion. We 
ould add mathemati
al beauty and ego boost. In one way or another,every passionate programmer feels at least a little bit like an artist.The prime advo
ator of this view on programming is Donald E. Knuth. He is theauthor of a monumental and seminal series of seven books entitled The Art of ComputerProgramming. Starting with Volume I in 1968, three of the seven volumes are publishedby now. Drafts of Volume IV 
ir
ulate sin
e 2005, and the planned release date of VolumeV is 2015 (it should be added that Knuth was born in 1938, and on his webpage http:
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//www-cs-faculty.stanford.edu/~knuth/taocp.html, he at least impli
itly mentionsthe possibility that Volumes VI and VII will not be written anymore).Let Knuth have the �nal say here (a quote from the beginning of Volume I):The pro
ess of preparing programs for a digital 
omputer is espe
iallyattra
tive, not only be
ause it 
an be e
onomi
ally and s
ienti�
ally re-warding, but also be
ause it 
an be an aestheti
 experien
e mu
h like
omposing poetry or musi
.
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1.2 How to run a programIn Paris they just simply opened their eyes andstared when we spoke to them in Fren
h! We neverdid su

eed in making those idiots understand theirown language.Mark Twain, The Inno
ents Abroad (1869)This se
tion explains what it really means to \write a program", and howyou enable the 
omputer to run it. For this, we des
ribe the ingredientsinvolved in the pro
ess: the editor, the 
ompiler, the 
omputer itself, andthe operating system. Computer, 
ompiler and operating system togetherform the platform on whi
h you are writing programs.
1.2.1 EditorWriting a program is not so di�erent from writing a letter. One 
omposes a text, that is,a (hopefully) meaningful sequen
e of 
hara
ters. Usually, there are 
ertain 
onventionson how su
h a text is stru
tured, and the purpose of the text is to transport information.What has been said so far applies to both letters and programs. But when writing aprogram, there is another aspe
t that has to be taken into a

ount: A program has to be\read" by a 
omputer, meaning that it must be available to the 
omputer in ele
troni
form. In the future, we might be able to orally di
tate the program to the 
omputer,but nowadays, the 
ommon way is to use a keyboard and simply type it in. An editor isan appli
ation program that allows you to display, modify, and ele
troni
ally store su
htyped-in text. The use of editors is not restri
ted to programming, of 
ourse. With somestill existing romanti
 ex
eptions, even letters are 
omposed using editors su
h as Word.
1.2.2 CompilerMaking a program available to the 
omputer in ele
troni
 form is usually not enough.The ma
hine language a 
omputer 
an understand dire
tly is very primitive and quitedi�erent from natural languages.Writing the programs in ma
hine language is no viable alternative, sin
e that wouldrequire to break the program into a large number of primitive instru
tions that the
omputer 
an understand. This is like telling your friend to 
ome over for dinner bytelling her whi
h mus
les to move in order to get to your pla
e.Moreover, ma
hine languages vary 
onsiderably between di�erent 
omputers. Thatis, in order to use a program written for one spe
i�
 
omputer A on a di�erent 
om-puter B, one �rst has to translate the program from the ma
hine language of A to the
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 // Program: power8.C
 // Raise a number to the power eight.

 #include <iostream> 

 int main()
 {
   // input
   std::cout << "Compute a^8 for a =? ";
   int a;          
   std::cin >> a;

   // computation
   int b = a * a;
   b = b * b; 

   // Output b * b, i.e., a^8
   std::cout << a << "^8 = "  
             << b * b << "\n";
   return 0; 
 }

Sourcecode Executable
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Figure 1: A 
ompiler translates the sour
e
ode into an exe
utable program.ma
hine language of B. This pro
ess, 
alled porting, 
an be very 
umbersome if thema
hine languages of A and B are substantially di�erent. Also, porting 
an only bedone with a detailed knowledge of the pe
uliarities of the involved 
omputers. But thistype of knowledge is not generally worthwhile to a
quire, as it is tied to one very spe
i�

omputer. As soon as this 
omputer is repla
ed by another one, major parts of su
h
omputer-spe
i�
 knowledge be
ome worthless and have to be rebuilt from s
rat
h.To redu
e this undesirable entanglement of 
omputers and programs, and to allowus to write programs in less primitive language, (high-level) programming languageshave been developed. These are standardized languages that form a kind of 
ompromisebetween natural languages and ma
hine language. Indeed, the use of the word \
ompro-mise" is justi�ed be
ause there are two 
on
i
ting goals: On the one hand, we would liketo write programs in a language that is as 
lose to natural language as possible. On theother hand, we have to make the 
omputers understand the programming language aswell; this task is obviously mu
h easier if the programming language is 
lose to ma
hinelanguage.What does it mean \to make the 
omputers understand the programming language"?In the end, any program has to be translated into ma
hine language. The pro
ess of thistranslation is 
alled 
ompilation. Now you will probably ask: \Where is the bene�t ofthis whole programming language 
on
ept? In order to do the translation I still have toknow all these 
omputer-spe
i�
 details, don't I?" Right. If you would have to translatethe program yourself. The key is: You are not supposed to translate it yourself. Instead,let a program do it for you. Su
h a program is referred to as a 
ompiler ; it translates agiven program in a programming language, the sour
e
ode, into a program in ma
hinelanguage, the exe
utable. See Figure 1 for an illustration. The pi
ture of the exe
utableis somewhat inappropriate, sin
e it does not show what the 
omputer gets to see after
ompilation, but rather what you might see when you (a

identally) load the exe
utableinto the editor. The main point that we are trying to make here is that the exe
utableis not human-readable.



1.2. HOW TO RUN A PROGRAM 17In summary: The big bene�t of (high-level) programming languages is that theyabstra
t from the 
apabilities of spe
i�
 
omputers. Programs written in a high-levellanguage 
an be run on all kinds of 
omputers, as long as a 
ompiler for the language isavailable on the parti
ular 
omputer.
1.2.3 ComputerIf you are not interested in writing 
ompilers, it is not ne
essary to understand in de-tail how a 
omputer works. But there are some basi
 prin
iples behind the design ofmost 
omputers that are important to understand. These prin
iples form the von Neu-mann ar
hite
ture, and they are important, sin
e almost all programming languagesare tailored to the von Neumann ar
hite
ture.Every 
omputer with von Neumann ar
hite
ture has a random a

ess memory(RAM, or simply main memory), and a 
entral pro
essing unit (CPU, or simply pro-
essor). The main memory stores the program to be run, but also data that the programrequires as input, and data that the program produ
es as output. The pro
essor isthe \brain" of the 
omputer: it exe
utes the program, meaning that it 
arries out thesequen
e of instru
tions pres
ribed by the program in ma
hine language.
Main memory. You 
an think of the 
omputer's main memory as a long row of swit
hes,ea
h of them being either on or o�. During program exe
ution, swit
hes are 
ipped.At any time, the memory 
ontent|the 
urrent positions of all swit
hes|de�nes theprogram state. The program state 
ompletely determines what happens next. Con
ep-tually, we also 
onsider user input and program output as part of the program state,even though the 
orresponding \swit
hes" might be in the user's brain, or on printedpaper.Sin
e modern 
omputers are 
apable of 
ipping several swit
hes at the same time,
onse
utive swit
hes are grouped into memory 
ells. The positions of all swit
hes inthe 
ell de�ne the 
ontent of the 
ell; in more abstra
t terms, the swit
hes are 
alled bits,ea
h of them 
apable of storing one of the numbers {0, 1}. The memory 
ells are usually
alled bytes and represent the smallest segments of memory that 
an individually bemanipulated. In this sense, you 
an interpret the 
ontent of a memory 
ell as a binarynumber with, for example, 8 digits.The 
omputer may be able to manipulate more than 8 bits simultaneously; a typi
alvalue is 32 bits, or 4 bytes. We also say that we have a 32-bit ma
hine, or a 32-bitsystem.Ea
h memory 
ell is uniquely identi�ed by its address. You 
an think of the addresssimply as the position of the memory 
ell in the list of all memory 
ells.To look up bit values, or to 
ip bits within a spe
i�
 memory 
ell, the 
ell has to bea

essed through its address. Think of a robot arm with 8 �ngers that you 
an tell tomove to memory 
ell number 17.The term random a

ess refers to a physi
al property of the 
omputer's memory:
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ess a 
ell (to \move to its bits") is the same for all 
ells; inparti
ular, it does not depend on the address of the 
ell. When you think in terms ofthe robot arm analogy, it be
omes 
lear that random a

ess 
annot be taken for granted.It is not ne
essary to dis
uss the physi
al means by whi
h random a

ess is realized; theimportant point here is that random a

ess frees us from thinking about where to storea data item in order to a

ess it eÆ
iently.
Processor. You 
an think of the 
omputer's pro
essor as a box that is able to load andthen exe
ute the ma
hine language instru
tions of a program in order. The pro
essorhas some memory 
ells of its own, 
alled registers, and it 
an transfer data from the
omputer's main memory to its registers, and vi
e versa. The register 
ontents are alsopart of the program state. Most importantly, the pro
essor 
an perform a �xed set ofsimple operations (like adding or subtra
ting register 
ontents), dire
tly 
orresponding tothe ma
hine language instru
tions. This is where the fun
tionality of the whole program
omes from in the end. Even very 
ompli
ated and useful programs 
an be put togetherfrom a simple set of ma
hine language instru
tions.A single instru
tion a
ts like a mathemati
al fun
tion: given the 
urrent programstate, a valid instru
tion generates a new and well-de�ned next program state. Thisimplies that every sequen
e of instru
tions, and in parti
ular the whole program has adetermined behavior, depending on the initial program state.
1.2.4 Operating systemWe have seen that in order to write a program and run it, you �rst have to start aneditor, type in the program, then 
all the 
ompiler to translate the program into ma
hinelanguage, and �nally tell the 
omputer to exe
ute it. In all this \starting", \
alling" and\telling", you rely on the 
omputer's operating system (OS), a program so basi
 thatyou may not even per
eive it as a program. Popular operating systems are Windows,Unix, Linux, and Ma
 OS.For example, you may start the editor by 
li
king on some i
on, or by using a 
om-mand shell (a text window for typing in 
ommands; under Unix and Linux, this isstill the default working mode).In both 
ases, the operating system makes sure that theeditor program is loaded into the main memory, and that the pro
essor starts exe
utingit. Similarly, when you store your written program, the operating system allo
ates spa
efor it on the hard disk and asso
iates it with the �le name you have provided.A 
omputer without operating system is like a 
ar without tires, and most 
omputersyou 
an buy 
ome with a pre-installed operating system. It is important to understand,though, that the operating system is not inextri
ably tied to the 
omputer: you 
an takeyour \Windows PC" and reinstall it under Linux.
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1.2.5 PlatformThe 
omputer, its operating system and the 
ompiler are together referred to as theplatform on whi
h you are writing your programs. The editor is not part of the platform,sin
e it does not in
uen
e the behavior of the program.In an ideal world, there is no need for you to know the platform when you are writingprograms in a high-level programming language. Re
all that the plan is to delegate theplatform-spe
i�
 aspe
ts to the 
ompiler. A typi
al su
h platform-spe
i�
 aspe
t is thenumber of bits that 
an be manipulated together. This is mostly 32 these days, but forsome 
omputers it is 64, and for very primitive 
omputers (like they are used in smart
ards, say), it 
an be less than 32.When you are using or relying on ma
hine-oriented features of the programminglanguage, platform-spe
i�
 behavior might be the result. Many high-level programminglanguages have su
h low-level features to fa
ilitate the translation into eÆ
ient ma
hinelanguage.Your goal should always be to write platform-independent 
ode, sin
e otherwise, itmay be very diÆ
ult to get your program to run on another 
omputer, even if you havea 
ompiler for that 
omputer. This implies that 
ertain features should be avoided, eventhough it might seem advantageous to use them on a spe
i�
 platform.
1.2.6 DetailsVon Neumann's idea of a 
ommon memory for the program and the data seems obviousfrom today's point of view, but the earliest 
omputers like Konrad Zuse's Z3 didn'twork that way. In the Z3, for example, the memory for the program was a pun
h tape,de
oupled from the input and output devi
e, and from the main memory.An interesting feature of the von Neumann ar
hite
ture is that it allows self-modifyingprograms. These are popular among the designers of 
omputer viruses, for example.The von Neumann ar
hite
ture with its two levels of memory (main memory andpro
essor registers) is an idealized model, and we are impli
itly working under thismodel throughout the 
ourse.The reality looks more 
ompli
ated. Modern 
omputers also have a 
a
he, logi
allybelonging to the main memory, but allowing mu
h faster a

ess to memory 
ells (at thepri
e of a more elaborate and expensive design). The idea is that frequently needed dataare stored in the 
a
he to speed up the program.While 
a
hing is 
ertainly a good thing, it makes the life of a programmer morediÆ
ult: you 
an no longer rely on the fa
t that a

ess time to data is independent fromwhere they are stored. In fa
t, to get the full performan
e bene�t that 
a
hing 
an o�er,the programmer has to make sure that data are a

essed in a 
a
he-
oherent way. Doingthis, however, requires some 
omputer-spe
i�
 knowledge about the 
a
he, knowledge wewere originally trying to avoid by using high-level programming languages. Lu
kily, we
an often ignore this issue and (su

essfully) rely on the automati
 
a
he managementbeing o�ered. There is also a theoreti
al model for so-
alled 
a
he-oblivious algorithms,
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h the algorithm does not know the parameters of the 
a
he. Algorithms whi
hare eÆ
ient under this model, are (in a 
ertain sense) eÆ
ient for every 
on
rete 
a
hesize.In real-life appli
ations, we also observe the phenomenon that the data to be pro-
essed are too large to �t into the 
omputer's main memory. Operating systems 
anautomati
ally deal with this by logi
ally extending the main memory to the hard disk.However, the swapping that takes pla
e when hard disk data to be a

essed are trans-ferred to the main memory in
urs a severe performan
e penalty, mu
h worse than poor
a
he usage. In this situation, it is often useless to rely on the automati
 me
hanismsprovided by the operating systems, and the programmer is 
hallenged to 
ome up withinput/output eÆ
ient programs.Even when we extend the von Neumann ar
hite
ture to in
lude several layers of mem-ory, there are 
omputers that don't �t in. Most notably, there are parallel 
omputerswith more than one pro
essor. In fa
t, even 
onsumer PCs have more than one pro
essorthese days. Writing eÆ
ient programs for su
h a 
omputer is a task entirely di�erentfrom programming for the von Neumann ar
hite
ture. To take full advantage of theparallelism, programs have to be de
omposed into independent parts, ea
h of whi
h isthen run by one of the pro
essors. In many 
ases, this is not at all a straightforwardtask, and spe
ialized programming languages have to be used.A re
ent su

essful alternative to parallel 
omputers are networks of single-pro
essor
omputers. You 
an even 
all this a 
omputer ar
hite
ture. Finally, there are quantum
omputers that are based on 
ompletely di�erent physi
al prin
iples than the von Neu-mann ar
hite
ture. \Real" quantum 
omputers 
annot be built yet, but as a theoreti
almodel, quantum 
omputers exist, and algorithms are already being developed in thispromising model of 
omputation.
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2.1 A first C++ programThe basi
 tool for the manipulation of reality is the manipu-lation of words. If you 
an 
ontrol the meaning of words, you
an 
ontrol the people who must use the words.Philip K. Di
k, How to Build a Universe ThatDoesn't Fall Apart Two Days Later (1978)This se
tion presents a �rst 
omplete C++ program and introdu
es thesynta
ti
al and semanti
al terms ne
essary to understand all its parts.Here is our �rst C++ program. It asks for a number a as input and outputs itseighth power a8. If you have never seen a C++ program before, even this short onemight look s
ary, sin
e it 
ontains a lot of strange-looking symbols and words that arenot found in natural language. On the other hand, this is good news: as short as it is,this program already 
ontains many important features of the C++ language. On
e wehave gone through them in this se
tion, this program (and even other, bigger programs)won't look s
ary anymore.1 // Program: power8.cpp2 // Raise a number to the eighth power.34 #include <iostream >56 int main()7 {8 // input9 std::cout << "Compute a^8 for a =? ";10 int a;11 std::cin >> a;1213 // computation14 int b = a * a; // b = a^215 b = b * b; // b = a^41617 // output b * b, i.e., a^818 std::cout << a << "^8 = " << b * b << ".\n";19 return 0;20 }

Program 1: progs/le
ture/power8.
pp
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ompile this program on your 
omputer and then run the exe
utable �le pro-du
ed by the 
ompiler, you �nd the following line on the standard output. Typi
ally,the standard output is atta
hed to some window on your 
omputer s
reen.
Compute a^8 for a =?You 
an now enter an integer, e.g. 2, using the keyboard. After pressing ENTER,the output on your s
reen reads as follows.
Compute a^8 for a =? 2

2^8 = 256.Before dis
ussing the program power8.cpp in detail, let us go over it on
e qui
kly. Thelines starting with two slashes // are 
omments ; they do
ument the program su
h thatit 
an easily be understood by a (human) reader. Line 4 
ontains an in
lude-dire
tive ;in this 
ase, it indi
ates that the program uses the input/output library iostream. Themain fun
tion whi
h is the heart of every C++ program spans lines 6{20. This fun
tionis 
alled by the operating system when the program is started; it ends with a returnstatement in line 19. The value 0 is returned to the operating system, whi
h by 
on-vention signals that the program terminated su

essfully.The main fun
tion is divided into three parts. First, in lines 8{11 the input numberis read. Line 9 outputs a message to the user that tells her whi
h kind of input theprogram expe
ts. In line 10 a variable a is de
lared that a
ts as a pla
eholder to storethe input number. The keyword int indi
ates that a is an integer. In line 11, �nally,the variable a re
eives its value from the input.Then in lines 13{15 the a
tual 
omputation takes pla
e. In line 14, a new variable
b is de
lared whi
h a
ts as a pla
eholder to store the result of the 
omputation. Thevariable b is initialized to the produ
t a * a. Line 15 
omputes the produ
t b * b, thatis, a4 and stores this result again in b.The third part in lines 17{18 provides the program output. Part of it is the 
ompu-tation of the produ
t b * b, that is, a8.
2.1.1 Syntax and semantics.In order to understand the program power8.cpp in detail, and more importantly, to writeprograms yourself later, you need to know the rules a

ording to whi
h programs arewritten. These rules form the syntax of C++. You further need to know how to interpreta program (\what does the program do?"), and this is determined by the semanti
s ofC++. Even a program that is well-formed a

ording to the C++ syntax may be invalidfrom a semanti
al point of view. A valid program is one that is synta
ti
ally andsemanti
ally 
orre
t.It's the same with natural language: grammar tells you what senten
es are, but theinterpretation of a senten
e (in parti
ular, whether it makes sense at all) requires a
on
ept of meaning.When a program is invalid, the 
ompiler may output an error message, and this willde�nitely happen when the program 
ontains syntax errors, violations of the synta
ti
al
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ally invalid may 
ompile without errors, but we arenot allowed to make any assumptions about its behavior; the program 
ould run �ne,for example if the semanti
al error in question has no 
onsequen
es on a parti
ularplatform. On other platforms, the program may behave strangely, or 
rash. Even onthe same platform, it might work sometimes, but fail at other times. We say that theprogram's behavior is unde�ned. Clearly, one should avoid writing programs that exhibitunde�ned behavior.The syntax of C++ is spe
i�ed formally in a mathemati
al language. The des
riptionof the semanti
s is less stri
t; it rather resembles the text of a law, and as su
h it su�ersfrom omissions and possible misinterpretations. The oÆ
ial law of C++ 
overing bothsyntax and semanti
s, is the ISO/IEC standard 14882 from 1998.While su
h a formal spe
i�
ation is indispensable (otherwise, how should a 
ompilerknow whether your program text is a
tually a C++ program, and what it is supposedto do?), it is not suitable for learning C++. Throughout this book, we explain therelevant synta
ti
al and semanti
al terms in natural language and by example. Forthe sake of readability, we will often not stri
tly distinguish between synta
ti
al andsemanti
al terms: some terms are most naturally introdu
ed as having both synta
ti
aland semanti
al aspe
ts, and it depends on the 
ontext whi
h aspe
t is relevant.
Unspecified and implementation defined behavior. Sometimes, even valid programs behavedi�erently on di�erent platforms; this is one of the more ugly aspe
ts of C++ that we'dprefer to sweep under the rug. Unfortunately, we 
an't ignore the issue 
ompletely, sin
eit o

asionally pops up in \real life".There are two kinds of platform-dependent behavior. The ni
er one is 
alled imple-mentation de�ned behavior.Whenever the C++ standard 
alls some aspe
t of the language \implementationde�ned", you 
an expe
t your platform to 
ontain do
umentation that fully spe
i�es theaspe
t. The typi
al example for su
h an an implementation de�ned aspe
t is the numberof bits that 
an be manipulated at on
e, see Se
tion 1.2.3. In 
ase of implementationde�ned aspe
ts and resulting behavior, the C++ standard and the platform together
ompletely determine the a
tual behavior.The less ni
e kind is 
alled unspe
i�ed behavior, 
oming from some unspe
i�edaspe
t of the language. Here you 
an rely on a well-de�ned and usually small set ofpossible spe
i�
ations, but the platform is not required to 
ontain a full spe
i�
ation ofthe aspe
t. A typi
al example for su
h an unspe
i�ed aspe
t is the evaluation order ofoperands within an expression, see Se
tion 2.1.12.In writing programs, unspe
i�ed aspe
ts 
annot always be avoided, but usually, some
are ensures that no unspe
i�ed or even unde�ned behavior results.
2.1.2 Comments and layoutEvery good program 
ontains 
omments, for example
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// Program: power8.cpp

// Raise a number to the eighth power.A 
omment starts with two slashes // and 
ontinues until the end of the line. Commentsdo not provide any fun
tionality, meaning that the program would do exa
tly the samewithout them. Why is a program without 
omments bad, then? We do not only writeprograms for the 
ompiler to translate them into exe
utables, but we also write them forother people (in
luding ourselves) to read, modify, 
orre
t or extend them.Without 
omments, the latter tasks be
ome very tedious when the program is not
ompletely trivial. Trust us: Even you will not be able to understand your own pro-grams after a 
ouple of weeks, without 
omments. There is no standard way of writing
omments, but we will follow some 
ommon-sense guidelines. One of them is that everyprogram|even if it is very simple|should start with one or more lines of 
ommentsthat mention the program's name and say what it does. In our 
ase, the above two linesfully suÆ
e.Another key feature of a readable program is its layout; 
onsider the version of
power8.cpp shown in Program 2. We have removed 
omments, and all \unne
essary"layout elements like spa
es, line breaks, blank lines, and indentations.1 #include <iostream >2 int main(){std::cout <<"Compute a^8 for a =? ";3 int a;std::cin >>a;int b=a*a;b=b*b;std::cout <<4 a<<"^8 = "<<b*b<<".\n";return 0;}

Program 2: progs/le
ture/power8 
ondensed.
ppThe 
ompiler is 
ompletely ignorant about these 
hanges, but a person reading theprogram will �nd this 
ondensed version quite diÆ
ult to understand. The purpose of agood layout is to visualize the program stru
ture. This for example means that logi
alblo
ks of the program should be separated by blank lines, or that one line of sour
e
odeshould be responsible for only one thing. Indentation, like power8.cpp has it betweenthe pair of 
urly bra
es, is another indispensable ingredient of good layout, although youwill only later be able to fully appre
iate this.Typi
ally, 
ollaborative software proje
ts have layout guidelines, making sure thateverybody in the proje
t 
an easily read everybody else's 
ode. At the level of thesimple programs dis
ussed in this book, su
h formal guidelines are not ne
essary; wesimply adhere to standard guidelines that have proven to work well in pra
ti
e, and thatare being used in almost every other book on C++ as well.
2.1.3 Include directivesEvery useful program 
ontains one or more include dire
tives, su
h as
#include <iostream >
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tives areneeded sin
e, in C++, many important features are not part of the 
ore language. In-stead, they are implemented in the so-
alled standard library whi
h is part of everyC++ implementation. A library is a logi
al unit used to group 
ertain fun
tionalityand to provide it to the user in a su

in
t form. In fa
t, the standard library 
onsists ofseveral libraries one of whi
h is the input/output library.A library presents its fun
tionality to the user in the form of one or several headers.Ea
h su
h header 
ontains information that is needed by the 
ompiler. In order to usea 
ertain feature from a library, one has to in
lude the 
orresponding header into theprogram by means of an #include dire
tive. In power8.cpp, we want to use input andoutput whi
h are (maybe surprisingly) not part of the 
ore language. The 
orrespondingheader of the standard library is 
alled iostream.A well-designed C++ library puts its fun
tionality into a namespa
e. The namespa
eof the standard library is 
alled std. Then, in order to a

ess a feature from the library,we have to qualify its name with the namespa
e, like in std::cin (this is the feature thatallows us to read input from the keyboard). This me
hanism helps to avoid name 
lashesin whi
h di�erent features a

identally get the same name. At the same time, expli
itquali�
ation in
reases the readability of a program, as it is immediately apparent fromwhi
h library a given feature 
omes. A name that is not quali�ed is 
alled unquali�edand usually 
orresponds to a feature de�ned in our own program.
2.1.4 The main functionEvery C++ program must have a main fun
tion. The shortest program reads as follows.
int main() { return 0; }This program does nothing. The main fun
tion is 
alled by the operating system whenyou tell it to run the program; but why is it a fun
tion, and what is \return 0;"supposed to mean? Just like a mathemati
al fun
tion, the main fun
tion 
an havearguments given to it upon exe
ution of the program, and the 
omputations withinthe 
urly bra
es yield a fun
tion value that is given ba
k (or returned) to the operatingsystem. In our 
ase, we have written a main fun
tion that does not expe
t any arguments(this is indi
ated by the empty bra
kets () behind main) and whose return value is theinteger 0. The fa
t that the return value must be an integer is indi
ated by the word intbefore main. By 
onvention, return 0 tells the operating system that the program hasrun su

essfully (or that we don't 
are whether it has), while any other value expli
itlysignals failure.In a stri
t mathemati
al sense, the main fun
tion of power8.cpp is utterly boring.The whole fun
tionality of the program 
omes from the e�e
t of the fun
tion. This e�e
tis to read a number from the standard input and write its eighth power to the standardoutput. The fa
t that fun
tions 
an have e�e
ts sets C++ apart from many fun
tionalprogramming languages.
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2.1.5 Values and effectsThe value and e�e
t of a fun
tion are determined by the C++ semanti
s. Merely knowingthe synta
ti
al rules of writing fun
tions does not tell us anything about values ande�e
ts. In this sense, value and e�e
t are purely semanti
al terms.For example, we have to know that in C++, the 
hara
ter 0 is interpreted as theinteger 0 (although this is not diÆ
ult to guess). It is also important to understand thatvalue and e�e
t depend on the 
on
rete program state in whi
h the fun
tion is 
alled.
2.1.6 Types and functionalityThe word int is the name of a C++ type. This type is used sin
e the program
power8.cpp deals with integers. In mathemati
s, integers are modeled by the ring
(Z, +, �). This algebrai
 stru
ture de�nes the integers in terms of their value range(the set Z), and in terms of their fun
tionality (addition and multipli
ation). In C++,integers 
an be modeled by the type int. Like a \mathemati
al type", a C++ type hasa name, a value range, and fun
tionality, de�ning what we 
an do with it. When werefer to a type, we will do so by its name. Note that the name is a synta
ti
al aspe
t ofthe type, while value range and fun
tionality are of semanti
al nature.Conveniently, C++ 
ontains a number of fundamental types (sometimes 
alled built-in types) for typi
al appli
ations. The type int is one of them. The major di�eren
e tothe \mathemati
al type" (Z, +, �) is that int has a �nite value range only.
2.1.7 LiteralsA literal represents a 
onstant value of some type. For example, in line 19 of the program
power8.cpp, 0 is a literal of type int, representing the value 0. For ea
h fundamentaltype, it is separately de�ned how its literals look like, and what their values are. A literal
an be seen as the synta
ti
al 
ounterpart of a value: it makes the value \visible" in theprogram.
2.1.8 VariablesThe line
int a;
ontains a de
laration of a variable. A variable represents a not ne
essarily 
onstantvalue of some type. The variable has a name, a type, a value, and an address (typi
allyin the 
omputer's main memory; you 
an think of the address simply as the position ofthe variable in the main memory). The purpose of the address is to store and look upthe value under this address. The reason for 
alling su
h an entity a variable is that itsvalue 
an be 
hanged by modifying the memory 
ontent at the 
orresponding address.In 
ontrast, the name and type remain �xed.
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laration int a de�nesa variable with the following 
hara
teristi
s.name type value address
a int unde�ned 
hosen by 
ompiler/OSYou might wonder why this is 
alled a de�nition of a, even though it does not de�nethe value of a. But re
all that this value depends on the program state, and that thede�nition fully spe
i�es how the value is obtained: look it up at a's address. Sayingthat a variable has a value is therefore somewhat impre
ise, but we'll sti
k to it, just likemathemati
ians talk about fun
tion value when they a
tually mean the value obtainedby evaluating the fun
tion with 
on
rete arguments. We even go one step further withour sloppiness: if a has value 2, for example, we also say that \a is 2". This is the waythat programmers usually talk about variables and their values. We will get to knowme
hanisms for assigning and 
hanging values of variables in Se
tion 2.1.14.In C++, it is good general pra
ti
e to de�ne a variable immediately before it is usedfor the �rst time. This pra
ti
e improves the readability of your programs.

2.1.9 Constants (I promised myself)Imagine that you wake up on a Sunday morning with a raging hangover, and you promiseyourself that you will never tou
h al
ohol again. But if there is no one to 
he
k whetheryou keep that promise, 
han
es are that next Sunday you wake up with the next hangover.In the ethi
al language of C++, you 
an give promises that you must keep. Here isan example of the most basi
 kind of promise. In writing
const int speed_of_light = 299792458;you de�ne a variable speed_of_light whose value is 299, 792, 458 (m/s). The keyword
const in front of the de
laration is the promise that this variable will never 
hangeits value throughout the program. Su
h a variable is 
alled a 
onstant. The type of
speed_of_light is const int, the 
onst-quali�ed version of int.The 
ompiler will 
he
k whether you as the programmer keep your promise. Any sub-sequent lines of 
ode that attempt to store a value under the address of speed_of_lightwill generate an error message. For example, if your program 
ontains the two lines
const int speed_of_light = 299792458;

...

speed_of_light = 300000000; // let’s make it a bit easierthe 
ompiler will remind you of your promise not to 
hange the value of speed_of_light.The 
onst promise implies that de
larations as in
const int speed_of_light;make no sense and are a
tually forbidden in the main program, as they would yield
onstants of eternally unde�ned value.
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e it seems like extra e�ort at �rstsight, why should you do it? Be
ause it helps you (and others that may further developyour 
ode in the future) to avoid programming errors. If you de�ne a variable (su
has speed_of_light) with the intention of keeping its value �xed on
e and for all, thenyou should use const to tell the 
ompiler about your intention. If you don't, it may(a

identally) happen that a '
onstant' (su
h as the speed of light, or the VAT rate) getsmodi�ed; the resulting erroneous behavior of the program may be very hard to dis
overand to tra
k down.The whole point of high-level programming languages is to make the programmer'slife easier; the 
ompiler is our friend and 
an help us to avoid many time-
onsumingerrors. The const me
hanism is like a 
he
k digit: by providing additional redundantdata (the const keyword), we make sure that in
onsisten
ies in the whole data set (theprogram) are automati
ally dete
ted.Also, 
onsistently using const makes the program more readable, an aspe
t whoseimportan
e we have already stressed in Se
tion 2.1.2. In reading
const int speed_of_light = 299792458;you immediately know that the program is working with a �xed speed_of_light through-out. We therefore advo
ate the following
Const Guideline: Whenever you de�ne a variable in a program, think about whether itsvalue is supposed to 
hange or not. In the latter 
ase, use the 
onst keyword to turnthe variable into a 
onstant.In existing 
ode (of \real programmers"), this guideline is often not followed, and inthe 
ontext of very short programs, it may even be per
eived as pedanti
. The authorsprefer being pedanti
 to risking unne
essary programming errors. A program that followsthe Const Guideline is 
alled 
onst-
orre
t.
2.1.10 Identifiers and namesThe name of a variable must be an identi�er, a

ording to the following de�nition, andit must be di�erent from 
ertain reserved names like int.
Definition 1 An identifier is a sequen
e of 
hara
ters 
omposed of the 52 letters a. . . zand A. . . Z, the 10 digits 0. . . 9, and the unders
ore (_). The �rst 
hara
ter has tobe a letter.A C++ program may also 
ontain other names, for example the quali�ed names
std::cin and std::cout. The C++ syntax spe
i�es what a name is, while the C++semanti
s tells us what the respe
tive name refers to in a given 
ontext.
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2.1.11 ObjectsAn obje
t is a part of the 
omputer's main memory that is used by the program to storea value. An obje
t has an address, a type, and a value of its type (determined by thememory 
ontent at the obje
t's address).With this de�nition, a variable 
an be 
onsidered as a named obje
t, but we may alsohave unnamed obje
ts. Although we 
an't show an example for an unnamed obje
t atthis point, we 
an argue that unnamed obje
ts are important.In fa
t, if you want to write interesting programs, it is absolutely ne
essary to workwith obje
ts that are not named by variables. This 
an be seen by the following simplethought experiment: suppose that you have written a program that stores a sequen
e ofintegers to be read from a �le (for example, to sort them afterwards). Now you look atyour program and 
ount the number of variables that it 
ontains. Say this number is 31.But in these 31 variables, you 
an store no more than 31 integers. If your program is ofany pra
ti
al use, it 
an 
ertainly store a sequen
e of 32 integers, but then there mustbe at least one integer that 
annot be stored under a variable name.
2.1.12 ExpressionsIn the program power8.cpp, three 
hara
ter sequen
es stand out, be
ause they lookfamiliar and are 
hie
y responsible for the fun
tionality of the program: these are the
hara
ter sequen
es a * a in line 14 and b * b in lines 15 and 18.An expression represents a 
omputation involving other expressions. More pre
isely,an expression is either a primary expression, for example a literal or a name, or it isa 
omposite expression. A 
omposite expression is obtained by 
ombining expressionsthrough 
ertain operations, or by putting a pair of parentheses () around an expression.The expression a * a is an arithmeti
 expression, involving numeri
 variables (a
tu-ally, the names of the variables, but for the sake of readability, we suppress this subtlety)and the multipli
ation operator, just like we know it from mathemati
s. A

ording to ourabove de�nition, a * a is a 
omposite expression, built from the multipli
ation operatorand the two primary expressions a and a.A

ording to the above de�nition, an expression is a synta
ti
al entity, but it hassemanti
al aspe
ts as well: every expression has a type, a value of this type, and possiblyan e�e
t. The type is �xed, but the value and the e�e
t only materialize when theexpression gets evaluated, meaning that the 
omputation it represents is 
arried out.Evaluating an expression is the most frequent a
tivity going on while a C++ program isexe
uted; the evaluation 
omputes the value of the expression and 
arries out its e�e
t(if any).Type and value of a primary expression are determined by its de�ning literal, or bytype and value of the entity behind its de�ning name. Primary expressions have noe�e
t. Type, value and e�e
t of a 
omposite expression are determined by the involvedoperation, depending on the values and e�e
ts of the involved sub-expressions. Puttingparentheses () around an expression yields an expression with the same type, value and
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t.The expression a * a, for example, is of type int, and not unexpe
tedly, its value isthe square of the value of a. The expression has no e�e
t. The expression b = b * b,built from the assignment operator and the two expressions b and b * b, has the sametype and value as b * b, but it has an additional e�e
t: it assigns the square of b ba
kto b. (This is a shorthand for the 
orre
t, but somewhat 
lumsy formulation that thenew value of b is set to the square of the old value of b.)We say that an expression is evaluated rather than exe
uted, be
ause many expres-sions do not have an e�e
t, so that their fun
tionality is asso
iated with the value only.Even for expressions with e�e
t, some books use the term side e�e
t to emphasize thatthe important thing is the value. The C++ entities 
hie
y responsible for e�e
ts are thestatements to whi
h we get below.We want to remark that the only way of a

essing an expression's value is to evaluateit, and this also 
arries out its e�e
t. You 
annot get the value without the e�e
t.
2.1.13 Lvalues and rvaluesAn lvalue is an expression that has an address. In the program power8.cpp, the variable
b is an lvalue, and its address is the address of the variable b.The value of an lvalue is de�ned as the value of the obje
t at its address. An lvalue
an therefore be viewed as the synta
ti
al 
ounterpart of an obje
t: it gives the obje
t a(temporary) name and makes it \visible" within a C++ program. We also say that thelvalue refers to the obje
t at its address.In parti
ular, every variable is an lvalue. But lvalues provide a means for a

essingand 
hanging obje
t values, even without having a 
orresponding variable. As we willsee in Se
tion 2.1.14 below, the expression std::cout << a \hidden" in line 18 is su
han lvalue.Every expression that is not an lvalue is an rvalue. For example, literals are rvalues:there is no address asso
iated with the int-literal 0, say. Putting a pair of parenthesisaround an lvalue yields an lvalue, and similarly for rvalues.The terms lvalue and rvalue already indi
ate that we think about them not so mu
hin terms of expressions, but rather in terms of their values. We will often identify anlvalue with the obje
t it refers to, and an rvalue simply with its value.
2.1.14 OperatorsLine 14 of power8.cpp, for example, features the binary multipli
ation operator *.Like a fun
tion, an operator expe
ts arguments (here also 
alled operands) of spe
-i�ed types, from whi
h it 
omputes a return value of a spe
i�ed type, a

ording to itsfun
tionality. In addition, these 
omputations may have an e�e
t.This was the semanti
al view; on the synta
ti
al level, the operands as well as the
omposite expression (built from the operator and its operands, see Se
tion 2.1.12), are
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i�es for ea
h of them whether it is an lvalue or an rvalue.If the 
omposite expression is an lvalue, the operator is said to return the obje
t referredto by the lvalue. If the 
omposite expression is an rvalue, the operator simply returnsits value.The number of operands is 
alled the arity of the operator. Most operators havearity 1 (unary operators) or 2 (binary operators).Whenever an rvalue is expe
ted as an operand, it is also possible to provide an lvalue.In this 
ase, the lvalue will simply be interpreted as an rvalue, meaning that its addressis only used to look up the value, but not to 
hange it. This is known as lvalue-to-rvalue 
onversion. In stating that an operand must be an rvalue, the operator thereforeguarantees that the operand's value remains un
hanged; by expe
ting an lvalue, theoperator expli
itly signals its intention to 
hange the value.
Evaluation of composite expressions. When a 
omposite expression involving an operatorgets evaluated, the operands are evaluated �rst (re
all that this also 
arries out the e�e
tsof the operands, if any). Based on the resulting values, the operator 
omputes the valueof the 
omposite expression. The latter 
omputations may have additional e�e
ts, andall e�e
ts together form the e�e
t of the 
omposite expression.The order in whi
h the operands of a 
omposite expression are evaluated is (withrare ex
eptions) unspe
i�ed, see also Se
tion 2.1.1.Therefore, if the e�e
t of one operand in
uen
es values or e�e
ts of other operands,value and e�e
t of the 
omposite expression may depend on the evaluation order. The
onsequen
e is that value and e�e
t of the 
omposite expression may be unspe
i�ed aswell.Sin
e the 
ompiler is not required to issue a warning in su
h 
ases, it is the respon-sibility of the programmer to avoid any expression whose value or e�e
t depends on theevaluation order of operands.
Operator specifics. What is it that sets operators apart from fun
tions? On the one hand,there is only a �nite number of possible operator tokens su
h as * or =. Many of thesetokens dire
tly 
orrespond to well-known mathemati
al operator symbols indi
ating thefun
tionality of the operator. Unfortunately, the token = 
orresponds to mathemati
alassignment :=, and not to mathemati
al equality =, a 
onstant sour
e of 
onfusion forbeginners.On the other hand, and most 
onveniently, operator 
alls do not have to obey theusual fun
tion 
all notation, like in f(x, y). After all, we want to write a * a in aprogram, and not *(a,a). In summary, operators let us write more natural and morereadable 
ode.Four di�erent operators (all of them binary) o

ur in power8.cpp, namely the mul-tipli
ation operator *, the assignment operator =, the input operator >>, and the outputoperator <<. Let us dis
uss them in turn.
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Multiplication operator. The multipli
ation operator * expe
ts two rvalue operands ofsome type T, and it returns the produ
t of its two operands as an rvalue. The multipli-
ation operator has no e�e
t on its own.
Assignment operator. The assignment operator = expe
ts an lvalue of some type T as its�rst operand, and an rvalue of the same type as its se
ond operand. It assigns the valueof the se
ond operand to the �rst operand and returns the �rst operand as an lvalue. Inour program power8.cpp, the expression b = b * b therefore sets the value of b to thesquare of its previous value, and then returns b.In fa
t, the letter \l" in the term lvalue stands for the fa
t that the expression mayappear on the left hand side of an assignment. Similarly, the term rvalue signals anexpression that may appear only on the right hand side of an assignment.
Input Operator. In power8.cpp, the 
omposite expression std::cin >> a in line 11 setsthe variable a to the next value from the standard input, usually the keyboard.In general, the input operator >> expe
ts as its �rst operand an lvalue referring to aninput stream. The se
ond operand is an lvalue of some type T. The operator sets these
ond operand to the next value read from the input stream and returns the stream asan lvalue.An input stream represents the state of some input devi
e. We think of this devi
e asprodu
ing a 
ontinuous stream of data that 
an be tapped to provide input on demand.Under this point of view, the state of the stream 
orresponds to the sequen
e of datanot yet read. In setting the value of its se
ond operand, the input operator removes onedata item from the stream to re
e
t the fa
t that this item has now been read. For this,it is important that the stream 
omes as an lvalue. Con
eptually, an input stream is also
onsidered part of the program state.How mu
h of the data is read as one item, and how exa
tly it is interpreted as avalue of type T highly depends on the type T of the se
ond operand. For now, it isenough to know that this interpretation is readily de�ned for the type int and for theother fundamental types that we will en
ounter in the following se
tions.In C++, the lvalue std::cin refers to the variable cin de�ned in the input/outputlibrary, and this variable 
orresponds to the standard input stream.It is up to the program's 
aller to �ll the standard input stream with data. For exam-ple, suppose that the program was started from a 
ommand shell. Then usually, whilethe program is running, all input to the 
ommand shell is forwarded to the program'sstandard input stream. It is also possible to redire
t a program's standard input streamto read data from a �le instead.The fa
t that the input operator returns the input stream is not a

idental, as it allowsto build expressions involving 
hains of input operations, su
h as std::cin >> x >> y.We will dis
uss this me
hanism in detail for the output operator below.
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Output Operator. In power8.cpp, the 
omposite expression std::cout << a in line 18writes the value of a to the standard output, usually the 
omputer s
reen.In general, the output operator << expe
ts as its �rst operand an lvalue referring toan output stream. The se
ond operand is an rvalue of some type T. The operator writesthe value of the se
ond operand to the output stream and returns the output stream asan lvalue.An output stream represents the state of some output devi
e. We think of this devi
eas storing the 
ontinuous stream of output data that is generated by the program. Inwriting to the stream, the output operator therefore 
hanges the stream state, and thismakes it ne
essary to provide the stream as an lvalue. Con
eptually, an output streamis also 
onsidered part of the program state.It depends on the type T in whi
h format the se
ond operand's value is written tothe stream; for the type int and the other fundamental types, this format is readilyde�ned.C++ de�nes a standard output stream std::cout and a standard error stream
std::cerr in the input/output library.It is up to the program's 
aller to pro
ess these output streams. For example, supposethat the program was started from a 
ommand shell. Then usually, while the program isrunning, both standard output stream and standard error stream are forwarded to the
ommand shell. But it is also possible to redire
t one or both of these streams to writeto a �le instead. This 
an be useful to separate regular output (sent to std::cout) fromerror output (sent to std::cerr).As indi
ated above for input streams, it is possible to output several values throughone expression, as in
std::cout << a << "^8 = " << b * b << ".\n"Maybe this looks a bit strange, be
ause there is more than one << operator token andmore than two operands; but in mathemati
s, we also write a + b + c as a short
ut foreither (a + b) + c or a + (b + c); be
ause addition is asso
iative, we don't even have tospe
ify whi
h variant we intend.In C++, su
h short
uts are also allowed in order to avoid 
luttering up the 
ode withparentheses. But C++ operators are in general not asso
iative, so we have to know the`logi
al parentheses' in order to understand the meaning of the short
ut.The operators >> and << are left-asso
iative, meaning that the above expression islogi
ally parenthesized as follows.
(((std::cout << a) << "^8 = ") << b * b) << ".\n"Re
all that the innermost expression std::cout << a is an lvalue referring to the stan-dard output stream. Hen
e, this expression serves as a legal �rst operand for the nextouter 
omposite expression (std::cout << a) << "^8 = " and so on. The full expres-sion therefore outputs the values of all expressions o

urring after some <<, from left toright. The rightmost of these expressions ends with \n that 
auses a line break.

Warning: In using su
h nested output expressions, it is very easy to make mistakes



2.1. A FIRST C++ PROGRAM 35based on false assumptions about the evaluation order. As an example, 
onsider theexpression
std::cout << (a = 10) << ", " << awhere the variable a initially has value 5, say. You might expe
t that this outputs 10, 10.But it is equally 
on
eivable that the output is 10, 5. The latter happens if the rightoperand a of the outermost 
omposite expression
((std::cout << (a = 10)) << ", ") << ais evaluated �rst, and the former happens if the left operand (whose e�e
t in
ludes
hanging the value of a to 10) is evaluated �rst. On the platform of the authors, theoutput is 10, 5.
2.1.15 StatementsA statement is a basi
 building blo
k of a C++ program, and it usually has an e�e
t. Thee�e
t depends on the program state and materializes when the statement is exe
uted.As with expressions, we say that a statement does something. A statement usually endswith a semi
olon and represents a \step" of the program. Statements are exe
uted intop-to-bottom order. The shortest possible statement is the null statement 
onsistingonly of the semi
olon; it has no e�e
t. In a typi
al program, most statements evaluateone or several expressions.A statement is not restri
ted to one line of sour
e
ode; on the 
ontrary, readabilityoften requires to break up statements into several lines of 
ode. The 
ompiler ignoresthese line breaks, as long as we do not put them at unreasonable pla
es like in the middleof a name.In power8.cpp, there are three kinds of statements.
Expression statement. Appending a semi
olon to an expression leads to an expressionstatement. It evaluates the expression but does not make use of its value. This is afrequent form of statements, and in our small program, the statement
b = b * b;as well as all statements starting with std::cin or std::cout are expression statements.
Declaration statement. Su
h a statement introdu
es a new name into the program. This
an be the name of a variable of a given type, like in the de
laration statements
int a;and
int b = a * a;A de
laration statement 
onsist of a de
laration and a 
on
luding semi
olon. In ourprogram power8.cpp, we deal with variable de
larations; they 
an be of the form



36 CHAPTER 2. FOUNDATIONST xorT x = exprwhere T is a type, x is the name of the new variable, and expr is an rvalue. A variablede
laration is not an expression; for example, it 
an o

ur at spe
i�
 pla
es only. Butwhen it o

urs, it behaves like an expression in the sense that a de
laration also has ane�e
t and a value. Its e�e
t is to allo
ate memory for the new variable at some address,and to initialize it with the value of expr, if present. Its value is the resulting value ofthe new variable. The de
laration is said to de�ne the variable.As in the 
ase of expression statements, a de
laration statement 
arries out the e�e
tof the de
laration and ignores its value.
Return statement. Su
h a statement is of the form
return expression;where expression is an rvalue. It only o

urs within a fun
tion. The return statementevaluates expression, �nishes the fun
tion's 
omputations, and puts expression's valueat some (temporary) address that the 
aller of the fun
tion 
an a

ess. Abstra
ting fromthese te
hni
alities, we simply say that the statement returns expression to the 
aller.We have seen only one example so far: the statement return 0; returns the value
0 (formally, the literal 0 of value 0) to the operating system whi
h has 
alled the mainfun
tion of our program.Figure 2 summarizes the synta
ti
al and semanti
al terms that we have introdu
ed,along with their relations. The �gure emphasizes the 
entral role that expressions playin C++.
2.1.16 The first program revisitedIf you run the exe
utable �le resulting from Program 1 for a 
ouple of input values, youwill qui
kly noti
e that something is weird. For example, on the platform of the authors,the following happens:
Compute a^8 for a =? 15

15^8 = -1732076671.Obviously, the eighth power of a positive number 
annot be negative, so what is goingon? We will dis
uss this in detail in the next se
tion, but the short explanation is thatthe type int 
an only deal with numbers up to a 
ertain size. If the mathemati
al
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Figure 2: Synta
ti
al and semanti
al terms appearing in our �rst program
power8.cpp. Purely semanti
al terms appear in white, purely synta
ti-
al terms in dark gray. Mixed terms are drawn in light gray. Solid arrows
A→ B are to be read as \A has B", while solid lines in the expression partmean that the upper term is more general than the lower one.result of a 
omputation ex
eeds this size, the C++ result will ne
essarily di�er from themathemati
al result.This sounds like bad news; after all, 158 is not su
h a big number, and if we 
an-not even 
ompute with numbers of this size, what 
an we 
ompute at all? The goodnews is that the problem is easy to �x. The authors have implemented a type 
alled

ifm::integer that is 
apable of dealing with integers of arbitrary size (up to the mem-ory limits, of 
ourse). Using this type is very easy, and this is one of the key strengths ofC++: we simply have to repla
e int by ifm::integer in our program and in additionin
lude a library that 
ontains the de�nition of the new type. Here is the a

ordingly
hanged program.1 // Program: power8_exact.cpp



38 CHAPTER 2. FOUNDATIONS2 // Raise a number to the eighth power ,3 // using integers of arbitrary size45 #include <iostream >6 #include <IFM/integer.h>78 int main()9 {10 // input11 std::cout << "Compute a^8 for a =? ";12 ifm:: integer a;13 std::cin >> a;1415 // computation16 ifm:: integer b = a * a; // b = a^217 b = b * b; // b = a^41819 // output b * b, i.e., a^820 std::cout << a << "^8 = " << b * b << ".\n";21 return 0;22 }

Program 3: progs/le
ture/power8 exa
t.
ppUsing the above program, you 
an 
ompute the 
orre
t value of 158:
Compute a^8 for a =? 15

15^8 = 2562890625.But also mu
h larger values will work (if you happen to be interested in them):
Compute a^8 for a =? 1234567

1234567^8 = 5396563761318393964062660689603780554533710504641.We will not dis
uss the type ifm::integer any further in this book, and there's noneed for it, sin
e it just works like int (ex
ept that it does not have the size limitationsof int). But whenever you need (in an exer
ise or 
hallenge) larger numbers, you arefree to use the type ifm::integer instead of int.
2.1.17 Details

Commenting. There is a way of writing 
omments that are not limited to one line of
ode. Any text en
losed by /* (start of 
omment) and */ (end of 
omment) is ignoredby the 
ompiler. The initial 
omment of our program power8.cpp 
ould also have beenwritten as
/*

Program: power8.cpp
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Raise a number to the power 8.

*/This me
hanism may seem useful for longer 
omments spanning several lines of 
ode,but the problem is that you do not immediately re
ognize a line in the middle of su
h a
onstru
tion as a 
omment: you always have to look for the en
losing /* and */ to besure.Sometimes, /* and */ are used for very short 
omments within lines of 
ode, like in
c = a * /* don’t divide! */ b;For readability reasons, we do not advo
ate this kind of 
omment, either.
Identifiers starting with an underscore. O

asionally, real-life C++ 
ode 
ontains \identi-�ers" starting with the unders
ore 
hara
ter _, although this is not allowed a

ording toDe�nition 1. The truth is that the programmer is not allowed to use su
h \identi�ers";they are reserved for internal use by the 
ompiler. Compilers should issue at least awarning, when they dis
over su
h a badly formed \identi�er", but often they just let itpass.
The main function. The main fun
tion is an ex
eptional fun
tion in several ways. Oneparti
ular spe
ialty is that the return statement 
an be omitted. A main fun
tion withouta return statement at the end behaves pre
isely as if it would end with return 0;. Thisde�nition has been made for histori
al reasons mostly; it is an anomaly 
ompared toother fun
tions (whi
h will be dis
ussed later). Therefore, we sti
k to the expli
it returnstatement and ask you to do the same.
Using directives. It is possible to avoid all std:: pre�xes through one additional line of
ode, a using dire
tive. In 
ase of power8.cpp, this would look like in Program 4.1 // Program: power8_using.cpp2 // Raise a number to the eighth power.34 #include <iostream >56 using namespace std;78 int main()9 {10 // input11 cout << "Compute x^8 for x =? ";12 int a;13 cin >> a;1415 // computation



40 CHAPTER 2. FOUNDATIONS16 int b = a * a; // b = a^217 b = b * b; // b = a^41819 // output b * b, i.e., a^820 cout << a << "^8 = " << b * b << ".\n";21 return 0;22 }

Program 4: progs/le
ture/power8 using.
ppThe using dire
tive is a de
laration statement of the form
using namespace X;It allows us to use all features from namespa
e X without qualifying them through thepre�x X::. This me
hanism seems quite helpful at �rst sight, but it has severe drawba
ksthat prevent us from using (let alone advo
ating) it in this book.Let's start with the major drawba
k. Namespa
es may have a large number of features(in parti
ular, the namespa
e std has), with a large number of names. cin and cout aretwo su
h names from the namespa
e std. It is very diÆ
ult (and also not desirable) toknow all these names. On the other hand, it would be good to know them in order toavoid 
on
i
ts with the names we introdu
e. For example, if we de�ne a variable named
cout somewhere in Program 4, we are asking for trouble: when we later use the expression
cout, it is not 
lear whether it refers to the standard output stream, or to our variable.We 
an easily avoid the variable name cout, of 
ourse, but we may a

identally introdu
eanother name that also appears in the namespa
e std. The unfortunate 
onsequen
e isthat in some expression of our program, this name might not refer to the feature weintrodu
ed, but to a feature of the same name from the standard library. We may endup silently using a feature from the standard library that we don't even know and thatwe never intended to use. The resulting strange behavior of our program 
an be verydiÆ
ult to tra
k down.In the original program power8.cpp, introdu
ing a name cout (or any other name alsoappearing in namespa
e std) does not 
ause any harm: without the std:: quali�
ation,it 
an never \a

identally" refer to something from the standard library.Here is the se
ond drawba
k of using dire
tives. A large program 
ontains manynames, and in order to keep tra
k of, it is desirable that the name \tells" us where it
omes from: is it a name we have introdu
ed, or does it 
ome from a library? If so, fromwhi
h one? With using dire
tives, we lose that information, meaning that the programbe
omes less readable and more diÆ
ult to maintain.
2.1.18 Goals

Dispositional. At this point, you should . . .
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 synta
ti
al and semanti
al terms of C++, in parti
ular ex-pression, operator, statement, lvalue, rvalue, literal, variable, and 
onstant ;2) understand syntax and semanti
s of the program power8.cpp.
Operational. In parti
ular, you should be able to . . .(G1) des
ribe the basi
 synta
ti
al and semanti
al terms of C++ (as listed above) inyour own words and give examples;(G2) tell whether a given 
hara
ter sequen
e is an identi�er;(G3) tell whether a given 
hara
ter sequen
e is a simple expression, as de�ned below;(G4) �nd out whether a given simple expression is an lvalue or an rvalue;(G5) evaluate a given simple expression;(G6) 
he
k whether a program of 
omplexity similar to power8.cpp 
orre
tly uses the

const keyword, and whether it follows the Const Guideline (meaning that it is 
onst-
orre
t).(G7) read and write programs with fun
tionality similar to power8.cpp.A simple expression is an expression whi
h only involves int-literals, identi�ers, thebinary multipli
ation operator *, the assignment operator, and parentheses.
2.1.19 Exercises

Exercise 1 Whi
h of the following 
hara
ter sequen
es are not C++ identi�ers, andwhy not? (G2)(a) identifier (b) int (
) x_i (d) 4x__(e) A99_ (f) _tmp (g) T# (h) x12b

Exercise 2 Whi
h of the following 
hara
ter sequen
es are not C++ expressions, andwhy not? Here, a and b are variables of type int. (G3)(a) 1*(2*3) (b) a=(b=5) (
) 1=a (d) (a=1)(e) (a=5)*(b=7) (f) (1 (g) (a=b)*(b=5) (h) (a*3)=(b*5)

Exercise 3 For all of the expressions that you have identi�ed in Exer
ise 2, de
idewhether these are lvalues or rvalues, and explain your de
isions. (G4)
Exercise 4 Determine the values of the expressions that you have identi�ed in Ex-er
ise 2 and explain how these values are obtained. Whi
h of these values areunspe
i�ed and 
an therefore not be determined uniquely? (G5)
Exercise 5 Whi
h of the following (rather stupid) programs are synta
ti
ally in
orre
t(w.r.t. the usage of const), and why? Among the 
orre
t ones, whi
h programs donot adhere to the Const Guideline of Se
tion 2.1.9, and why? (G6).
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{

const int a = 5;

int b = a;

b = b*2;

return 0;

}b) #include <iostream >

int main ()

{

const int a = 5;

std::cin >> a;

std::cout << a + 5;

return 0;

}
) #include <iostream >

int main ()

{

const int a;

int b;

std::cin >> b;

std::cout << a;

return 0;

}d) int main ()

{

const int a = 5;

int b = 2*a;

int c = 2*b;

b = b*b;

return 0;

}e) int main ()

{

const int a = 5;

const int b = (a = 6);

return 0;

}
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{

const int a = 5;

a = 5;

return 0;

}g) #include <iostream >

int main ()

{

int a = 5;

a = a*a;

int b = a;

b = b*b;

const int c = b;

std::cout << c*c;

return 0;

}

Exercise 6 What is the smallest natural number that is divisible by all numbers be-tween 2 and (G7)a) 10 ?b) 20 ?
) 30 ?The result is also known as the least 
ommon multiple of the respe
tive numbers.
Note: This exer
ise does not require you to write a program, but you may use aprogram to help you in the 
omputations.

Exercise 7 Write a program multhree.cpp that reads three integers a, b, c from stan-dard input and outputs their produ
t abc. (G7)
Exercise 8 Write a program power20.cpp that reads an integer a from standard inputand outputs a20 using at most �ve multipli
ations. (G7)
Exercise 9 During an ele
troni
 transmission, the following C++ program got gar-bled. As you 
an see, the layout got messed up, but at the same time, some errorsgot introdu
ed as well. (G4)(G7)
#include <iostream >

int main[]{int a;int b;int c;std::cin >> a;

cin >> b;c = a * b;std::cout << c*c;return 0;}
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ontains two syntax errors. Fix them! What does the �xed programdo?
) The (�xed) program 
ontains a number of 
omposite expressions. List them all,and de
ide for ea
h 
omposite expression whether it is an rvalue or an lvalue. Re
allthat a 
omposite expression may 
onsist of primary expressions, but also of other
omposite expressions.d) Add sensible 
omments to the program; most notably, there should be a 
ommentin the beginning that says what the program does.e) Move the variable de
larations to their logi
al pla
es (immediately before �rst use),and make the program 
onst-
orre
t.
Exercise 10 Write a program age_verification.cpp that de�nes the 
urrent year(e.g. 2009) as a 
onstant, and then outputs the age groups that are not allowedto buy al
ohol. (If you are a manager at Coop, you 
an now post this at every
he
kout). For the year 2009, the output should be (G7)
No alcohol to people born in the years 1992 - 2009!

For people born in 1991, check the id!

2.1.20 Challenges

Exercise 11 The obvious \slow" method for 
omputing the eighth power of an integer
a needs seven multipli
ations. Program 1 requires only three, and we believe thatthis should be faster. The goal of this 
hallenge is to �nd out: how mu
h faster?For example, if we 
ompute the eighth power of a 10, 000-digit number using bothmethods, what will be the di�eren
e in runtime? Using the type int, though, we
annot 
orre
tly 
ompute with 10, 000-digit numbers (as you will easily noti
e whenyou start power8.cpp with somewhat larger inputs, see Se
tion 2.1.16). For thisreason, you should use the type ifm::integer for your 
omputations.Write two programs, power8_slow.cpp and power8_fast.cpp that 
ompute theeighth power of an integer with 7 and 3 multipli
ations, respe
tively (over the exa
ttype ifm::integer). Sin
e we want to measure runtimes, there should be no output(you don't want to read it, anyway). In order to be able to use the same largeinputs for both programs, it is bene�
ial to have the programs read the input froma �le. For example, if you have a �le power8.dat with 
ontents 1234567, you 
antell the program power8_exact.cpp to read its input from this �le by starting it withthe 
ommand

./ power8_exact < power8.dat
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reate an input �le power8.dat, and �ll itwith larger and larger numbers (ea
h time doubling the number of digits, for exam-ple). Then measure the times taken by ea
h of the programs power8_slow.cpp and
power8_fast.cpp on these inputs. You 
an simply do this using your wat
h (forsuÆ
iently many digits both programs will be slow enough), or you 
an start theprograms like this:

time ./ power8_fast < power8.datThis 
ommand will run the program and afterwards output the number of se
ondsthat it took (the �rst number, the one ending in u, is the relevant one).What do you observe? Is power8_fast.cpp more than twi
e as fast as power8_slow.cpp(this is what you might expe
t from the number of multipli
ations)? Or do you ob-serve a speedup fa
tor quite di�erent from 2? And is this fa
tor stable as the inputnumbers get larger?Whatever you observe, try to explain your observations!
Exercise 12 Let ℓ(n) be the smallest number of multipli
ations that are needed inorder to 
ompute the n-th power an of an integer a. Sin
e ℓ(n) may depend onwhat we 
onsider as a \
omputation", we make ℓ(n) well-de�ned by restri
ting to thefollowing kind of 
omputations. Let a0 denote the input number a. A 
omputation
onsists of t steps, where t is some natural number, and step i, 1 � i � t has theform
ai = aj * akwith j, k < i. The 
omputation is 
orre
t if at = an. For example, to 
ompute a8 inthree steps (three multipli
ations) as in power8.cpp, we 
an use the 
omputation
a1 = a0 * a0

a2 = a1 * a1

a3 = a2 * a2Now, ℓ(n) is de�ned as the smallest value of t su
h that there exists a 
orre
t t-step
omputation for an.a) In the above model of 
omputation, prove that for all n � 1,
λ(n) � ℓ(n) � λ(n) + ν(n) − 1,where λ(n) is one less than the number of signi�
ant bits of n in the binaryrepresentation of n (see Se
tion 2.2.8), and ν(n) is the number of 1's in thebinary representation of n. For example, the binary representation of 20 is

10100, and hen
e λ(20) = 4 and ν(20) = 2, resulting in ℓ(n) � 5.b) Either prove that the upper bound in a) is always best possible, or �nd a value
n� su
h that ℓ(n�) < λ(n�) + ν(n�) − 1.
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2.2 Integers Die ganzen Zahlen hat der liebe Gott gema
ht, alles andereist Mens
henwerk.Leopold Krone
ker, in a le
ture to the BerlinerNaturfors
her-Versammlung (1886)This se
tion dis
usses the types int and unsigned int for representingintegers and natural numbers, respe
tively. You will learn how to evalu-ate arithmeti
 expressions over both types. You will also understand thelimitations of these types, and|related to this|how their values 
an berepresented in the 
omputer's memory.Here is our next C++ program. It asks the user to input a temperature in degreesCelsius, and outputs it in degrees Fahrenheit. The 
onversion is de�ned by the followingformula.Degrees Fahrenheit =

9 �Degrees Celsius
5

+ 32.1 // Program: fahrenheit.cpp2 // Convert temperatures from Celsius to Fahrenheit.34 #include <iostream >56 int main()7 {8 // Input9 std::cout << "Temperature in degrees Celsius =? ";10 int celsius;11 std::cin >> celsius;1213 // Computation and output14 std::cout << celsius << " degrees Celsius are "15 << 9 * celsius / 5 + 32 << " degrees Fahrenheit.\n";16 return 0;17 }

Program 5: progs/le
ture/fahrenheit.
ppIf you try out the program on the input of 15 degrees Celsius, you will get thefollowing output.
15 degrees Celsius are 59 degrees Fahrenheit.
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ed when the expression statement in lines 14{15 of the programis exe
uted. Here we fo
us on the evaluation of the arithmeti
 expression
9 * celsius / 5 + 32in line 15. This expression 
ontains the primary expressions 9, 5, 32, and celsius, where
celsius is a variable of type int. This fundamental type is one of the arithmeti
 typesin C++.
Literals of type int. 9, 5 and 32 are de
imal literals of type int, with their values imme-diately apparent. De
imal literals of type int 
onsist of a sequen
e of digits from 0 to 9,where the �rst digit must not be 0. The value of a de
imal literal is the de
imal numberrepresented by the sequen
e of digits. There are no literals for negative integers. You
an get value −9 by writing -9, but this is a 
omposite expression built from the unarysubtra
tion operator (Se
tion 2.2.4) and the literal 9.
2.2.1 Associativity and precedence of operatorsThe evaluation of an expression is to a large extent governed by the asso
iativitiesand pre
eden
es of the involved operators. In short, asso
iativities and pre
eden
esdetermine the logi
al parentheses in an expression that is not, or only in
ompletely,parenthesized. We have already tou
hed asso
iativity in 
onne
tion with the outputoperator in Se
tion 2.1.14.C++ allows in
ompletely parenthesized expressions in order to save parentheses atobvious pla
es. This is like in mathemati
s, where we write 3 + 4 � 5 when we mean
3+(4 �5). We also write 3+4+5, even though it is not a priori 
lear whether this means
(3+4)+5 or 3+(4+5). Here, the justi�
ation is that addition is asso
iative, so it doesnot matter whi
h variant we mean.The pri
e to pay for less parentheses is that we have to know the logi
al parentheses.But this is a moderate pri
e, sin
e the two rules that are used most frequently are quiteintuitive and easy to remember. Also, there is always the option of expli
itly addingparentheses in 
ase you are not sure where C++ would put them. Let us start with thetwo essential rules for arithmeti
 expressions.

Arithmetic Evaluation Rule 1: Multipli
ative operators have higher pre
eden
e thanadditive operators.The expression 9 * celsius / 5 + 32 involves the multipli
ation operator *, the divi-sion operator /, and the addition operator +. All three are binary operators. In C++as in mathemati
s, the multipli
ative operators * and / have higher pre
eden
e thanthe additive operators + and -. We also say that multipli
ative operators bind morestrongly than additive ones. This means, our expression 
ontains the logi
al parentheses
(9 * celsius / 5) + 32: it is a 
omposite expression built from the addition operatorand its operands 9 * celsius / 5 and 32.
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Arithmetic Evaluation Rule 2: Binary arithmeti
 operators are left asso
iative.In mathemati
s, it does not matter how the sub-expression 9 * celsius / 5 is parenthe-sized. But in C++, it is done from left to right, that is, the two leftmost sub-expressionsare grouped together. This is a 
onsequen
e of the fa
t that the binary arithmeti
 op-erators are de�ned to be left asso
iative. The expression 9 * celsius / 5 is thereforelogi
ally parenthesized as (9 * celsius) / 5, and our original expression has to be readas

((9 * celsius) / 5) + 32

Identifying the operators in an expression. There is one issue we haven't dis
ussed yet,namely that di�erent C++ operators may have the same token. For example, - 
an bea binary operator as in 3 - 4, but it 
an also be a unary operator as in -5. Whi
h oneis meant must be inferred from the 
ontext. Usually, this is 
lear, and in 
ases where itis not (but also in other 
ases), it is probably a good idea to add some extra parenthesesto make the expression more readable (see also the Details se
tion below).Let us 
onsider another 
on
rete example, the expression -3 - 4. It is 
lear thatthe �rst - must be unary (there is no left hand side operand), while the se
ond one isbinary (there are operands on both sides). But is this expression logi
ally parenthesizedas -(3 - 4), or as (-3) - 4? Sin
e we get di�erent values in both 
ases, we better makesure that we know the answer.The 
orre
t logi
al parentheses are
(( − 3) − 4),so the value of the expression -3 - 4 is −7. This follows from the third most importantrule for arithmeti
 expressions.

Arithmetic Evaluation Rule 3: Unary operators + and - have higher pre
eden
e thantheir binary 
ounterparts.By using (expli
it) parentheses as in 9 * (celsius + 5) * 32, pre
eden
es 
an beoverruled. To get the logi
al parentheses for su
h a partially parenthesized expression,we apply the rules from above, 
onsidering the already parenthesized parts as operands.In the example, this leads to the logi
al parentheses (9 * (celsius + 5)) * 32.The Details se
tion dis
usses how to parenthesize a general expression involving ar-bitrary C++ operators, using their arities, pre
eden
es and asso
iativities.
2.2.2 Expression treesIn every 
omposite expression, the logi
al parentheses determine a unique \top-level"operator, namely the one that appears within the smallest number of parentheses. The
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omposite expression, built from the top-level operator and itsoperands that are again expressions.The stru
ture of an expression 
an ni
ely be visualized in the form of an expressiontree. In Figure 3, the expression tree for the expression 9 * celsius / 5 + 32 is shown.
9 celsius 32

9 * celsius

(9 * celsius) / 5

((9 * celsius) / 5) + 32

* / +

1 2 3 4

5

5

6

7

Figure 3: An expression tree for 9 * celsius / 5 + 32 and its logi
al parentheses
((9 * celsius) / 5) + 32. Nodes are labeled from one to seven.How do we get this tree? The expression itself de�nes the root of the tree, and theoperands of the top-level operator be
ome the root's 
hildren in the tree. Ea
h operandthen serves as the root of another subtree. When we rea
h a primary expression, itde�nes a leaf in the tree, with no further 
hildren.

2.2.3 Evaluating expressionsFrom an expression tree we 
an easily read o� the possible evaluation sequen
es forthe arithmeti
 expression. Su
h a sequen
e 
ontains all sub-expressions o

urring inthe tree, ordered by their time of evaluation. For this sequen
e to be valid, we have tomake sure that we evaluate an expression only after the expressions 
orresponding toall its 
hildren have been evaluated. By looking at Figure 3, this be
omes 
lear: beforeevaluating 9 * celsius, we have to evaluate 9 and celsius, otherwise, we don't haveenough information to perform the evaluation.When we asso
iate the evaluation sequen
e with the 
orresponding sequen
e of nodesin the tree, a valid node sequen
e topologi
ally sorts the tree. This means that everynode in the sequen
e o

urs only after all its 
hildren have o

urred. In Figure 3, forexample, the node sequen
e (1, 2, 5, 3, 6, 4, 7) indu
es a valid evaluation sequen
e. Assum-ing that the variable celsius has value 15, we obtain the following evaluation sequen
e.(In ea
h step, the sub-expression to be evaluated next is marked by a surrounding box).
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9 * celsius / 5 + 32 −→1 9 * celsius / 5 + 32

−→2 9 * 15 / 5 + 32
−→5 135 / 5 + 32
−→3 135 / 5 + 32
−→6 27 + 32

−→4 27 + 32

−→7 59The sequen
e (1, 2, 3, 4, 5, 6, 7) is another valid node sequen
e, indu
ing a di�erentevaluation sequen
e; the resulting value of 59 is the same. There are mu
h more evalua-tion sequen
es, of 
ourse, and it is unspe
i�ed by the C++ standard whi
h one is to beused.In our small example, all possible evaluation sequen
es will result in value 59, butit is also not hard to write down expressions whose values and e�e
ts depend on theevaluation sequen
e being 
hosen (see Exer
ise 2(g), Exer
ise 15(h), and the Detailsse
tion below). A program that 
ontains su
h an expression might exhibit unspe
i�edbehavior. But through good programming style, this issue is easy to avoid, sin
e ittypi
ally only o

urs when one tries to squeeze too mu
h fun
tionality into a single lineof 
ode.
2.2.4 Arithmetic operators on the type intIn the program fahrenheit.cpp, we have already en
ountered the multipli
ative oper-ators * and /, as well as the binary addition operator +. Its obvious 
ounterpart is thebinary subtra
tion operator -.Table 1 lists arithmeti
 operators (and the derived assignment operators) that areavailable for the type int, with their arities, pre
eden
es and asso
iativities. The a
tualnumbers that appear in the pre
eden
e 
olumn are not relevant: it is the order amongpre
eden
es that matters.Let us dis
uss the fun
tionalities of these operators in turn, where *, + and - areself-explanatory. But already the division operator requires a dis
ussion.
The division operator. A

ording to the rules of mathemati
s, we 
ould repla
e the ex-pression
9 * celsius / 5 + 32by the expression
9 / 5 * celsius + 32without a�e
ting its value and the fun
tionality of the program fahrenheit.cpp. But ifwe run the program with the latter version of the expression on the input of 15 degreesCelsius, we get the following output:
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Description Operator Arity Prec. Assoc.post-in
rement ++ 1 17 leftpost-de
rement -- 1 17 leftpre-in
rement ++ 1 16 rightpre-de
rement -- 1 16 rightsign + 1 16 rightsign - 1 16 rightmultipli
ation * 2 14 leftdivision (integer) / 2 14 leftmodulus % 2 14 leftaddition + 2 13 leftsubtra
tion - 2 13 leftassignment = 2 4 rightmult assignment *= 2 4 rightdiv assignment /= 2 4 rightmod assignment %= 2 4 rightadd assignment += 2 4 rightsub assignment -= 2 4 right
Table 1: Arithmeti
 and assignment operators for the type int. Ea
h in
rementor de
rement operator expe
ts an lvalue. The 
omposite expression is anlvalue (pre-in
rement and pre-de
rement), or an rvalue (post-in
rementand post-de
rement). Ea
h assignment operator expe
ts an lvalue as leftoperand and an rvalue as right operand; the 
omposite expression is anlvalue. All other operators involve rvalues only and have no e�e
ts.
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15 degrees Celsius are 47 degrees Fahrenheit.This result is fairly di�erent from our previous (and 
orre
t) result of 59 degreesFahrenheit, so what is going on here? The answer is that the binary division operator
/ on the type int implements the integer division, in mathemati
s denoted by div.This does not 
orrespond to the regular division where the quotient of two integers is ingeneral a non-integral rational number.
The modulus operator. The remainder of the integer division 
an be obtained with thebinary modulus operator %, in mathemati
s denoted by mod. The mathemati
al rule

a = (a divb)b + amodbalso holds in C++: for example, if a and b are variables of type int, the value of b beingnon-zero, the expression
(a / b) * b + a % bhas the same value as a. The modulus operator is 
onsidered as a multipli
ative operatorand has the same pre
eden
e (14) and asso
iativity (left) as the other two multipli
ativeoperators * and /.If both a and b have non-negative values, then a % b has a non-negative value aswell. This implies that the integer division rounds down in this 
ase. If (at least) oneof a or b has a negative value, it is implementation de�ned whether division rounds upor down. Note that by the identity a = (a / b) * b + a % b, the rounding mode fordivision also determines the fun
tionality of the modulus operator. If b has value 0, thevalues of a / b and a % b are unde�ned.Coming ba
k to our example (and taking pre
eden
es and asso
iativities into a
-
ount), we get the following valid evaluation sequen
e for our alternative Celsius-to-Fahrenheit 
onversion.
9 / 5 * celsius + 32 −→ 1 * celsius + 32

−→ 1 * 15 + 32

−→ 15 + 32

−→ 47Here we see the \error" made by the integer division: 9 / 5 has value 1.
Unary additive operators. We have already tou
hed the unary - operator, and this operatordoes what one expe
ts: the value of the 
omposite expression -expr is the negative of thevalue of expr. There is a unary + operator, for 
ompleteness, although its \fun
tionality"is non-existing: the value of the 
omposite expression +expr is the same as the value ofexpr.
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Increment and decrement operators. Ea
h of the tokens ++ and -- is asso
iated with twodistin
t unary operators that di�er in pre
eden
e and asso
iativity.The pre-in
rement ++ and the pre-de
rement -- are right asso
iative, For a unaryoperator, this means that the argument appears to the right of the operator token.The e�e
t of the 
omposite expressions ++expr and --expr is to in
rease (de
rease,respe
tively) the value of expr by 1. Then, the obje
t referred to by expr is returned.For this to make sense, expr has to be an lvalue. We also say that pre-in
rement is ++in pre�x notation, and similarly for --.The post-in
rement ++ and the post-de
rement -- are left asso
iative. As before,the e�e
t of the 
omposite expressions expr++ and expr-- is to in
rease (respe
tivelyde
rease) the value of expr by 1, and expr has to be an lvalue for this to work. Thereturn value, though, is an rvalue 
orresponding to the old value of expr before thein
rement or de
rement took pla
e. We also say that post-in
rement is ++ in post�xnotation, and similarly for --.The di�eren
e between the in
rement operators in pre- and post�x notation is illus-trated in the following example program.
#include <iostream >

int main() {

int a = 7;

std::cout << ++a << "\n"; // outputs 8

std::cout << a++ << "\n"; // outputs 8

std::cout << a << "\n"; // outputs 9

return 0;

}You may argue that the in
rement and de
rement operators are super
uous, sin
e theirfun
tionality 
an be realized by 
ombining the assignment operator (Se
tion 2.1.14) withan additive operator. Indeed, if a is a variable, the expression ++a is equivalent in valueand e�e
t to the expression a = a + 1. There is one subtlety, though: if expr is ageneral lvalue, ++expr is not ne
essarily equivalent to expr = expr + 1. The reasonis that in the former expression, expr is evaluated on
e only, while in the latter, it isevaluated twi
e. If expr has an e�e
t, this 
an make a di�eren
e.On the other hand, this subtlety is not the reason why in
rement and de
rementoperators are so popular and widely used in C++. The truth is that in
rementing orde
rementing values by 1 are su
h frequent operations in typi
al C++ 
ode that it payso� to have short
uts for them.
Prefer pre-increment over post-increment. The statements ++i; and i++; are obviouslyequivalent, as their e�e
t is the same and the value of the expression is not used. You
an ex
hange them with ea
h other arbitrarily without a�e
ting the behavior of the sur-rounding program. Whenever you have this 
hoi
e, you should opt for the pre-in
rementoperator. Pre-in
rement is the simpler operation be
ause the value of ++i 
an simply beread o� the variable i. In 
ontrast, the post-in
rement has to \remember" the original
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rement is simpler, it also tends to be more eÆ
ient.Remark: We write \pre-in
rement tends to be more eÆ
ient" be
ause in many 
asesthe 
ompiler realizes when the value of an expression is not used. In su
h a 
ase, the
ompiler may 
hoose on its own to repla
e the post-in
rement in the sour
e 
ode by a\pre-in
rement" in ma
hine language as an optimization. However, there is absolutelyno bene�t in 
hoosing a post-in
rement where a pre-in
rement would do as well. In this
ase, you should take the burden from the 
ompiler and optimize by yourself.Also, post-in
rement and post-de
rement are the only unary C++ operators that areleft asso
iative. This makes their usage appear somewhat 
ounterintuitive.
Why C++ should rather be called ++C. The language C++ is a further development ofthe language C. And indeed, you 
an read the e�e
t of the \expression" C++ as \takeC one step further". But the name C++ is still a misnomer, be
ause the value of the\expression" C++ is the plain old C, after all. A better name would be ++C: the\value" of this is really the new language 
reated from taking C one step further. BjarneStroustrup, the designer of C++, writes that \Connoisseurs of C semanti
s �nd C++inferior to ++C".
Assignment operators. The assignment operator = is available for all types, see Se
tion2.1.14. But there are spe
i�
 operators that 
ombine the arithmeti
 operators with anassignment. These are the binary operators +=, -=, *=, /= and %=. The expressionexpr1 += expr2 has the e�e
t of adding the value of expr2 (an rvalue) to the value ofexpr1 (an lvalue). The obje
t referred to by expr1 is returned. This is a generalizationof the pre-in
rement: the expression ++expr is equivalent to expr += 1. As before,expr1 += expr2 is not equivalent to expr1 = expr1 + expr2 in general, sin
e thelatter expression evaluates expr1 twi
e.The operators -=, *=, /= and %= work in the same fashion, based on the subtra
tion,multipli
ation, division, and modulus operator, respe
tively.All the assignment operators have pre
eden
e 4, i.e. they bind more weakly than theother arithmeti
 operators. This is quite intuitive: a=b*c-d, say, means a=(b*c-d).
2.2.5 Value rangeA variable of type int is asso
iated with a �xed number of memory 
ells, and thereforealso with a �xed number of bits, say b. We 
all this a b-bit representation.Su
h a representation implies that an obje
t of type int 
an assume only �nitelymany di�erent values. Sin
e every bit 
an independently have two states, the maximumnumber of representable values is 2b, and the a
tual value range is de�ned as the set

{−2b−1, −2b−1 + 1, . . . , −1, 0, 1, . . . , 2b−1 − 1} � Zof 2b numbers. The C++ standard does not pres
ribe this, but any di�erent 
hoi
e ofvalue range would be somewhat unreasonable, given other requirements imposed by the
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an �nd out the smallest and largest int values on your platform, usingthe library limits. The 
orresponding 
ode is given in Program 6.1 // Program: limits.cpp2 // Output the smallest and the largest value of type int.34 #include <iostream >5 #include <limits >67 int main()8 {9 std::cout << "Minimum int value is "10 << std::numeric_limits <int >::min() << ".\n"11 << "Maximum int value is "12 << std::numeric_limits <int >::max() << ".\n";13 return 0;14 }

Program 6: progs/le
ture/limits.
ppWhen you run the program limits.cpp on a 32-bit system, you may get the followingoutput.
Minimum int value is -2147483648.

Maximum int value is 2147483647.Indeed, as 2147483647 = 231−1, you 
an dedu
e that the number of bits used to representan int value on your platform is 32. At this point, you are not supposed to understandexpressions like std::numeric_limits<int>::min() in detail, but we believe that youget their idea. We 
annot resist to note in passing that 2147483647 = 231 − 1 is thenumber from Mersenne's 
onje
ture that Euler has proved to be prime in 1772, seeSe
tion 1.1.It is 
lear that the arithmeti
 operators (ex
ept the unary + and the binary / and %)
annot work exa
tly like their mathemati
al 
ounterparts, even when their argumentsare restri
ted to representable int values. The reason is that the values of 
ompositeexpressions 
onstru
ted from these operators 
an under- or over
ow the value range ofthe type int. The most obvious su
h example is the expression 2147483647+1. As wehave just seen, its mathemati
ally 
orre
t value of 2147483648 may not be representableover the type int on your platform, in whi
h 
ase you will inevitably get some othervalue.Su
h under- and over
ows are a severe problem in many pra
ti
al appli
ations, butit would be an even more severe problem not to know that they 
an o

ur.
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2.2.6 The type unsigned intAn obje
t of type int 
an have negative values, but often we only work with naturalnumbers. (For us, the set N of natural numbers starts with 0, N = {0, 1, 2, . . .}.) Usinga type that represents only non-negative values allows to extend the range of positivevalues without using more bits. C++ provides su
h a type, it is 
alled unsigned int.On this type, we have all the arithmeti
 operators we also have for int, with the samearities, pre
eden
es and asso
iativities. Given a b-bit representation, the value range of
unsigned int is the set

{0, 1, . . . , 2b − 1} � Nof 2b natural numbers. Indeed, when you repla
e all o

urren
es of int by unsigned intin the program limits.cpp, it may produ
e the following output.
Minimum value of an unsigned int object is 0.

Maximum value of an unsigned int object is 4294967295.Literals of type unsigned int look like literals of type int, followed by either theletter u or U. For example, 127u and 0U are literals of type unsigned int, with theirvalues immediately apparent.
2.2.7 Mixed expressions and conversionsExpressions may involve sub-expressions of type int and of type unsigned int. Forexample 17+17u is a legal arithmeti
 expression, but what are its type and value? Insu
h mixed expressions, the operands are impli
itly 
onverted to the more generaltype. By the C++ standard, the more general type is unsigned int. Therefore, theexpression 17+17u is of type unsigned int and gets evaluated step by step as
17+17u −→ 17u+17u −→ 34uThis might be somewhat 
onfusing, sin
e in mathemati
s, it is just the other way around:
Z (the set of integers) is more general than N (the set of natural numbers). We are notaware of any deeper justi�
ation for the way it is done in C++, but at least the 
onversionis well-de�ned:Non-negative int values are \
onverted" to the same value of type unsigned int;negative int values are 
onverted to the unsigned int value that results from (mathe-mati
ally) adding 2b. This rule establishes a bije
tion between the value ranges of intand unsigned int.Impli
it 
onversions in the other dire
tion may also o

ur but are not always well-de�ned. Consider for example the de
larations
int a = 3u;

int b = 4294967295u;The value of a is 3, sin
e this value is in the range of the type int. But if we assumethe 32-bit system from above, the value of b is implementation de�ned a

ording to theC++ standard, sin
e the literal 4294967295 is outside the range of int.



2.2. INTEGERS 57
2.2.8 Binary representationAssuming b-bit representation, we already know that the type int 
overs the values

−2b−1, . . . , 2b−1 − 1,while unsigned int 
overs
0, . . . , 2b − 1.In this subse
tion, we want to take a 
loser look at how these values are representedin memory, using the b available bits. This will also shed more light on some of thematerial in the previous subse
tion.The binary expansion of a natural number n 2 N is the sum
n =

∞∑

i=0

bi2
i,where the bi are uniquely determined 
oeÆ
ients from {0, 1}, with only �nitely many ofthem being nonzero. For example,

13 = 1 � 20 + 0 � 21 + 1 � 22 + 1 � 23.The sequen
e of the bi in reverse order is 
alled the binary representation of n. Thebinary representation of 13 is 1101, for example.
Conversion decimal → binary. The identity

n =

∞∑

i=0

bi2
i = b0 +

∞∑

i=1

bi2
i = b0 +

∞∑

i=0

bi+12
i+1 = b0 + 2

∞∑

i=0

bi+12
i

︸ ︷︷ ︸
=:n0provides a simple algorithm to 
ompute the binary representation of a given de
imalnumber n 2 N. The least signi�
ant 
oeÆ
ient b0 of the binary expansion of n is

nmod2. The other 
oeÆ
ients bi, i � 1, 
an subsequently be extra
ted by applying thesame te
hnique to n 0 = (n − b0)/2.For example, for n = 14 we get b0 = 14mod2 = 0 and n 0 = (14 − 0)/2 = 7. We
ontinue with n = 7 and get b1 = 7mod2 = 1 and n 0 = (7 − 1)/2 = 3. For n = 3 we get
b2 = 3mod 2 = 1 and n 0 = (3 − 1)/2 = 1 whi
h leaves us with n = b3 = 1. In summary,the binary representation of 14 is b3b2b1b0 = 1110.
Conversion binary → decimal. To 
onvert a given binary number bk . . . b0 into de
imalrepresentation, we 
an on
e again use the identity from above.

k∑

i=0

bi2
i = b0 + 2

k−1∑

i=0

bi+12
i = . . . = b0 + 2(b1 + 2(b2 + 2(� � �+ 2bk) . . . ))
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onvert the binary number b4b3b2b1b0 = 10100 into de
imal repre-sentation, we 
ompute
(((b4 � 2 + b3) � 2 + b2) � 2 + b1) � 2 + b0 = (((1 � 2 + 0) � 2 + 1) � 2 + 0) � 2 + 0 = 20.

Representing unsigned int values. Sin
e every unsigned int value
n 2 {0, . . . , 2b − 1}has a binary representation of length exa
tly b (�lling up with leading zeros), this binaryrepresentation is a 
anoni
al format for storing n using the b available bits. Like thevalue range itself, this storage format is not expli
itly pres
ribed by the C++ standard,but hardly anything else makes sense in pra
ti
e. As there are 2b unsigned int values,and the same number of b-bit patterns, ea
h pattern en
odes one value. For b = 3, thislooks as follows.
n representation
0 000

1 001

2 010

3 011

4 100

5 101

6 110

7 111

Representing int values. A 
ommon way of representing int values using the same b bitsgoes as follows. If the value n is non-negative, we store the binary representation of nitself|a number from
{0, . . . , 2b−1 − 1}.That way we use all the b-bit patterns that start with 0.If the value n is negative, we store the binary representation of n + 2b, a numberfrom
{2b−1, . . . , 2b − 1}.This yields the missing b-bit patterns, the ones that start with 1. For b = 3, the resultingrepresentations are
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n representation

−4 100

−3 101

−2 110

−1 111

0 000

1 001

2 010

3 011This is 
alled the two's 
omplement representation. In this representation, addingtwo int values n and n 0 is very easy: simply add the representations a

ording to theusual rules of binary number addition, and ignore the over
ow bit (if any). For example,to add −2 and −1 in 
ase of b = 3, we 
ompute
110

+ 111

1101Ignoring the leftmost over
ow bit, this gives 101, the representation of the result −3in two's 
omplement. This works sin
e the binary number behind the en
oding of n iseither n or n + 2b. Thus, when we add the binary numbers for n and n 0, the result is
ongruent to n + n 0 modulo 2b and therefore agrees with n + n 0 in the b rightmost bits.Using the two's 
omplement representation we 
an now better understand what hap-pens when a negative int value n gets 
onverted to type unsigned int. The standardspe
i�es that for this, n has to be in
remented by 2b. But under the two's 
omplement,the negative int value n and the resulting positive unsigned int value n + 2b have thesame representation! This means that the 
onversion is purely 
on
eptual, and no a
tual
omputation takes pla
e.The C++ standard does not pres
ribe the use of the two's 
omplement, but the rulefor 
onversion from int to unsigned int is 
learly motivated by it.
2.2.9 Integral typesThere is a number of other fundamental types to represent signed and unsigned integers,see the Details se
tion. These types may di�er from int and unsigned int with respe
tto their value range. All these types are 
alled integral types, and for ea
h of them,all the operators in Table 1 (Page 51) are available, with the same arities, pre
eden
es,asso
iativities and fun
tionalities (up to the obvious limits di
tated by the respe
tivevalue ranges).
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2.2.10 Details

Literals. There are also non-de
imal literals of type int. An o
tal literal starts withthe digit 0, followed by a sequen
e of digits from 0 to 7. The value is the o
tal numberrepresented by the sequen
e of digits following the leading 0. For example, the literal
011 has value 9 = 1 � 81 + 1 � 80.Hexade
imal literals start with 0x, followed by a sequen
e of digits from 0 to 9 andletters from A to F (representing the hexade
imal digits of values 10, . . . , 15). The valueis the hexade
imal number represented by the sequen
e of digits and letters followingthe leading 0x. For example, the literal 0x1F has value 31 = 1 � 161 + 15 � 160.
Logically parenthesizing a general expression. Given an expression that 
onsists of a se-quen
e of operators and operands, we want to dedu
e the logi
al parentheses. For ea
hoperator in the sequen
e, we know its arity, its pre
eden
e (a number between 1 and 18,see Table 1 on Page 51 for the arithmeti
 operators), and its asso
iativity (left or right).In 
ase of a unary operator, the asso
iativity spe
i�es on whi
h side of the operator itsoperand is to be found.Let us 
onsider the following abstra
t example to emphasize that what we do here is
ompletely general and not restri
ted to arithmeti
 expressions.expression x1 op1 x2 op2 x3 op3 op4 x4arity 2 2 2 1pre
eden
e 4 13 13 16asso
iativity r l l rHere is how the parentheses are obtained: for ea
h operator, we identify its leadingoperand, de�ned as the left hand side operand for left asso
iative operators, and as theright hand side operand otherwise. The leading operand for opi in
ludes everything tothe relevant side between opi and the next operator of lower pre
eden
e than opi. Inother words, everything in between these two operators is \grabbed" by the \stronger"operator.In our example, the leading operand of op3 is the subsequen
e x2 op2 x3 to the leftof op3, sin
e the next operator of lower pre
eden
e to the left of op3 is op1.In the 
ase of binary operators, we also �nd the se
ondary operand, the one to theother side of the leading operand. The se
ondary operand for opi in
ludes everything tothe relevant side between opi and the next operator of the same or lower pre
eden
ethan opi. The only di�eren
e to the leading operand rule is that the se
ondary operandalready ends when an operator of the same pre
eden
e appears.A

ording to this de�nition, the se
ondary operand of op3 is op4 x4 in our example.Finally, we put a pair of parentheses around the subsequen
e 
orresponding to theleading operand, the operator itself, and the se
ondary operand (if any).Here is the table for our example again, enhan
ed with the subsequen
es of all fouroperators that are put in parentheses a

ording to the rules just des
ribed.
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eden
e 4 13 13 16asso
iativity r l l rop1 ( x1 op1 x2 op2 x3 op3 op4 x4 )op2 ( x2 op2 x3 )op3 ( x2 op2 x3 op3 op4 x4 )op4 ( op4 x4 )Now we simply put together all parentheses that we have obtained, taking theirmultipli
ities into a

ount. In our example we get the expression
( x1 op1 (( x2 op2 x3 ) op3 (op4 x4 ))).By some magi
, this worked out, and we have a fully parenthesized expression (the outerpair of parentheses 
an be dropped again, of 
ourse). But note that we 
annot expe
tsu
h ni
e behavior in general. Consider the following example.expression x1 op1 x2 op2 x3arity 2 2pre
eden
e 13 13asso
iativity r lop1 ( x1 op1 x2 op2 x3 )op2 ( x1 op1 x2 op2 x3 )The resulting parenthesized expression is
(( x1 op1 x2 op2 x3 )),whi
h does not spe
ify the evaluation order. What 
omes to our res
ue is that C++only allows expressions for whi
h the magi
 works out! The previous bad 
ase is impos-sible, for example, sin
e all binary operators of the same pre
eden
e also have the sameasso
iativity.

Unsigned arithmetic. We have dis
ussed how int values are 
onverted to unsigned intvalues, and vi
e versa. The main issue (what to do with non-representable values)also o

urs during evaluation of arithmeti
 expressions involving only one of the types.The C++ standard 
ontains one rule for this. For all unsigned integral types, thearithmeti
 operators work modulo 2b, given b-bit representation. This means that thevalue of every arithmeti
 operation with operands of type unsigned int is well-de�ned.It does not ne
essarily give the mathemati
ally 
orre
t value, but the unique value in the
unsigned int range that is 
ongruent to it modulo 2b. For example, if a is a variable oftype unsigned int with non-zero value, then -a has value 2b − a.No su
h rule exists for the signed integral types, meaning that over- and under
oware dealt with at the dis
retion of the 
ompiler.
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Sequences of + and -. We have argued above that it is usually 
lear whi
h operators o

urin an expression, even though some of them share their token. But sin
e the 
hara
ters
+ and - are heavily overused in operator tokens, spe
ial rules are needed to resolve themeanings of sequen
es of +'s, or of -'s.For example, only from arities, pre
eden
es and asso
iativities it is not 
lear how tointerpret the expressions a+++b or ---a. The �rst expression 
ould mean (a++)+b, but it
ould as well mean a+(++b) or a+(+(+b). Similarly, the se
ond expression 
ould eithermean -(--a), --(-a) or -(-(-a).The C++ standard resolves this dilemma by de�ning that a sequen
e 
onsisting onlyof +'s, or only of -'s, has to be grouped into pairs from left to right, with possibly oneremaining + or - at the end. Thus, a+++b means (a++)+b, and ---a means --(-a). Notethat for example the expression a++b would make sense when parenthesized as a+(+b),but a

ording to the rule just established, it is not a well-formed expression, sin
e a unaryoperator ++ 
annot have operands on both sides. The expression ---a with its logi
alparentheses --(-a) is invalid for another reason: the operand of the pre-in
rement mustbe an lvalue, but the expression -a is an rvalue.
Other integral types. C++ 
ontains a number of fundamental signed and unsigned inte-gral types. The signed ones are signed char, short int, int and long int. The stan-dard spe
i�es that ea
h of them is represented by at least as many bits as the previousone in the list. The number of bits used to represent int values depends on the platform.The 
orresponding sequen
e of unsigned types is unsigned char, unsigned short int,
unsigned int and unsigned long int.These types give 
ompilers the freedom of o�ering integers with larger or smallervalue ranges than int and unsigned int. Smaller value ranges are useful when memory
onsumption is a 
on
ern, and larger ones are attra
tive when over- and under
ow o
-
urs. The signi�
an
e of these types (whi
h are already present in the C programminglanguage) has faded in C++. The reason is that we 
an quite easily implement our owntailor-made integral types in C++, if we need them. In C this is mu
h more 
umber-some. Consequently, many C++ 
ompilers simply make short int and long int analias for int, and the same holds for the 
orresponding unsigned types.
Order of effects and sequence points In
rement and de
rement operators as well as assign-ment operators 
onstru
t expressions with an e�e
t. Su
h operators have to be usedwith 
are for two reasons.The obvious reason is that (as we have already learned in the end of Se
tion 2.1.1)the evaluation order for the sub-expressions of a given expression is not spe
i�ed ingeneral. Consequently, value and e�e
t may depend on the evaluation order. Considerthe expression
++i + iwhere we suppose that i is a variable of type int. If i is initially 5, say, then the valueof the 
omposite expression may in pra
ti
e be 11 or 12. The result depends on whether
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t of the left operand ++i of the addition is pro
essed before the rightoperand i is evaluated. The value of the expression ++i + i is therefore unspe
i�ed bythe C++ standard.To explain the se
ond (and mu
h less obvious, but fortunately also mu
h less relevant)reason, let us 
onsider the following inno
ent looking expression that involves a variable
i of type int.
i = ++i + 1This expression has two e�e
ts: the in
rement of i and the assignment to i. Be
ausethe assignment 
an only happen after the operands have been evaluated, it seems thatthe order of the two e�e
ts is 
lear: the in
rement 
omes before the assignment, and theoverall value and e�e
t are well-de�ned.However, this is not true, for reasons that have to do with our underlying 
omputermodel, the von Neumann ar
hite
ture. From the 
omputer's point of view, the evaluationof the sub-expression ++i 
onsists of the following steps.1. Copy the value of i from the main memory into one of the CPU registers;2. Add 1 to this value in the register;3. Write the register 
ontent ba
k to main memory, at the address of i;Clearly, the �rst two steps are ne
essary to obtain the value of the expression ++i and,hen
e, have to be pro
essed before the assignment. But the third step does not ne
essarilyhave to be 
ompleted before the assignment. In order to allow the 
ompiler to optimizethe transfer of data between CPU registers and main memory (whi
h is very mu
hplatform dependent), this order has not been spe
i�ed. In fa
t, it is not unreasonableto assume that the traÆ
 between registers and main memory is organized su
h thatseveral items are transferred at on
e or qui
kly after another, using so-
alled bursts.Suppose as before that i initially has value 5. If the assignment is performed afterthe register 
ontent is written ba
k to main memory, i = ++i + 1 sets i to 7. But ifthe assignment happens before, the later transfer of the register value 6 overrides theprevious value of 7, and i is set to 6 instead.The C++standard de�nes a sequen
e point to be a point during the evaluation se-quen
e of an expression at whi
h is guaranteed that all e�e
ts of previously evaluated(sub)expressions have been 
arried out. It was probably the existen
e of highly opti-mized C 
ompilers that let the C++ standard refrain from de
laring the assignment as asequen
e point. In other words, when the assignment to i takes pla
e in the evaluation
i = ++i + 1, it is not spe
i�ed whether the e�e
t of the previously evaluated in
rementoperator has been 
arried out or not. In 
ontrast, the semi
olon that terminates anexpression statement is always a sequen
e point.Therefore, we only have an issue with expressions that have more than one e�e
t.Hen
e, if you prefer not to worry about e�e
t order, ensure that ea
h expression thatyou write generates at most one e�e
t. Expressions with more than one e�e
t 
an make
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e points separate the e�e
ts andput them into a well-de�ned order. This is summarized in the following rule.
Single Modification Rule: Between two sequen
e points, the evaluation of an expressionmay modify the value of an obje
t of fundamental type at most on
e.An expression like i = ++i + 1 that violates this rule is 
onsidered semanti
allyillegal and leads to unde�ned behavior.If you per
eive this example as arti�
ial, here is a \more natural" violation of thesingle modi�
ation rule: if nextvalue is a variable of type int, it might seem that

nextvalue = 5 * nextvalue + 3
ould more 
ompa
tly be written as
(nextvalue *= 5) += 3This will 
ompile: (nextvalue *= 5) is an lvalue, so we 
an assign to it. Still, the latterexpression is invalid sin
e it modi�es nextvalue twi
e.At this point, an attentive reader should wonder how an expression that involves sev-eral output operators 
omplies with the Single Modi�
ation Rule. Indeed, an expressionlike
std::cout << a << "^8 = " << b * b << ".\n"has several e�e
ts all of whi
h modify the lvalue std::cout. This works sin
e the typeof std::cout (whi
h we will not dis
uss here) is not fundamental and, hen
e, the SingleModi�
ation Rule does not apply in this 
ase.
2.2.11 Goals

Dispositional. At this point, you should . . .1) know the three Arithmeti
 Evaluation Rules;2) understand the 
on
epts of operator pre
eden
e and asso
iativity;3) know the arithmeti
 operators for the types int and unsigned int;4) be aware that 
omputations involving the types int and unsigned int may deliverin
orre
t results, due to possible over- and under
ows.
Operational. In parti
ular, you should be able to . . .(G1) parenthesize and evaluate a given arithmeti
 expression involving operands oftypes unsigned int and int, the binary arithmeti
 operators +,-, *, /, %, andthe unary - (the paragraph on parenthesizing a general expression in the Detailsse
tion enables you to do this for all arithmeti
 operators);(G2) derive basi
 statements about arithmeti
 expressions;
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onvert a given de
imal number into binary representation and vi
e versa;(G4) derive the two's 
omplement representation of a given number in b-bit represen-tation, for some b 2 N;(G5) write programs whose output is determined by a �xed number of arithmeti
 ex-pressions involving literals and input variables of types int and unsigned int;(G6) determine the value range of integral types on a given ma
hine (using a program).
2.2.12 Exercises

Exercise 13 Parenthesize the following expressions and then evaluate them step bystep. This means that types and values of all intermediate results that are 
omputedduring the evaluation should be provided. (G1)a) -2-4*3 b) 10%6*8%3 
) 6-3+4*5d) 5u+5*3u e) 31/4/2 f) -1-1u+1-(-1)

Exercise 14 Whi
h of the following 
hara
ter sequen
es are not legal expressions, andwhy? (Here, a, b, and c are variables of type int.) For the ones that are legal, givethe logi
al parentheses. (In order to avoid (misleading?) hints, we have removedthe spa
es that we usually in
lude for the sake of better readability.) (G1)a) c=a+7+--b b) c=-a=b 
) c=a=-bd) a-a/b*b e) b*=++a+b f) a-a*+-bg) 7+a=b*2 h) a+3*--b+a++ i) b+++--aThese exer
ises require you to read the paragraph on logi
ally parenthesizing a generalexpression in the Details se
tion. Exer
ise i) also requires you to read the paragraph onsequen
es of + and - in the Details se
tion.
Exercise 15 For all legal expressions from Exer
ise 14, provide a step-by-step eval-uation, supposing that initially a has value 5, b has value 2, and the value of c isunde�ned. Whi
h of the expressions result in unspe
i�ed or unde�ned behavior?(G1)
Exercise 16 Prove that for all a � 0 and b, c > 0, the following equation holds.

(a divb) div c = a div(bc).Does this imply that the two expressions a/b/c and a/(b*c) are equivalent forall su
h values of the variables a, b, and c (whi
h are assumed to be of type
unsigned int)? (G2)
Exercise 17 Compute by hand binary representations of the following de
imal num-bers. (G3)a) 15 b) 172 
) 329 d) 1022
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Exercise 18 Compute by hand de
imal representations of the following binary num-bers. (G3)a) 110111 b) 1000001 
) 11101001 d) 101010101
Exercise 19 By September 2009, the largest known Mersenne Prime is 243,112,609 − 1,see Se
tion 1.1. What is the number of de
imal digits that this number has? Explainhow you got your answer! (G3)

Hint: You may need the basi
 rules of logarithms and a po
ket 
al
ulator.
Exercise 20 Assuming a 4-bit representation, 
ompute the binary two's 
omplementrepresentations of the following de
imal numbers. (G4)a) 6 b) -4 
) -8 d) 9 e) -3
Exercise 21 Suppose that someone drives from A to B at an average speed of 50km/h. On the way ba
k from B to A, there is a traÆ
 jam, and the average speedis only 30 km/h. What is the average speed over the whole roundtrip?When 
onfronted with this question, many people would answer \40 km/h," butthis is wrong. Write a program that lets the user enter two average speeds in km/h(A → B and B → A) and 
omputes from this the average speed over the wholeroundtrip (A → B → A). Both inputs should be positive integers, and the outputshould be rounded down to the next smaller integer.
Exercise 22 Write a program celsius.cpp that 
onverts temperatures from degreesFahrenheit into degrees Celsius.The initial output that prompts the user to enter the temperature in degreesFahrenheit should also 
ontain lower and upper bounds for the allowed inputs.These bounds should be 
hosen su
h that no over- and under
ows 
an o

ur inthe subsequent 
omputations, given that the user respe
ts the bounds. You may forthis exer
ise assume that the integer division rounds towards zero for all operands:for example, -5 / 2 then rounds the exa
t result −2.5 to −2.The program should output the 
orre
t result in degrees Celsius as a mixed ra-tional number of the form xy

9
(meaning x + y/9), where x, y 2 Z and |y| � 8. Forexample, 134

9

ould be output simply as 13 4/9. We also allow for example theoutput -1 -1/9 (meaning −1 − 1/9 = −10/9). (G5)

Exercise 23 Write a program threebin.cpp that reads a (de
imal) number a � 0 fromstandard input and outputs the last three bits of a's binary representation. Fill upwith leading zeros in 
ase the binary representation has less than three bits. (G5)
Exercise 24 Write a program vat.cpp that 
omputes from a net amount (in integralunits of CHF) a total amount, in
luding value-added tax (VAT). The VAT rateshould be provided to the 
omputation in form of a 
onstant (in one tenth of aper
ent, to allow VAT rates like 7.6%). The net amount is the input. The output
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imal point. (G5)An example run of the program may look like this (assuming a VAT rate of 7.6%).
Net amount =? 59

VAT = 4,48

Total amount = 63,48

2.2.13 Challenges

Exercise 25 Josephus was a Jewish military leader in the Jewish-Roman war of 66-73. After the Romans had invaded his garrison town, the few soldiers (amongthem Josephus) that had survived the killings by the Romans de
ided to 
ommitsui
ide. But somehow, Josephus and one of his 
omrades managed to surrender tothe Roman for
es without being killed (Josephus later be
ame a Roman 
itizen andwell-known historian).This histori
al event is the ba
kground for the Josephus Problem that o�ers a(mythi
al) explanation about how Josephus was able to avoid sui
ide. Here is theproblem.41 people (numbered 0, 1, ..., 40) are standing in a 
ir
le, and every k-th per-son is killed until no one survives. For k = 3, the killing order is therefore
2, 5, 8, ..., 38, 0, 4, .... Where in the 
ir
le does Josephus have to position himself inorder to be the last survivor (who then obviously doesn't need to kill himself)?a) Write a program that solves the Josephus problem; the program should re
eiveas input the number k and output the number p(k) 2 {0, ..., 40} of the lastsurvivor.b) Let us assume that Josephus is not able to 
hose his position in the 
ir
le, butthat he 
an in return 
hoose the parameter k 2 {1, . . . , 41}. Is it possible forhim to survive then, no matter where he initially stands?

Hint: This exer
ise has a theoreti
al part in whi
h you need to 
ome up with aformula for the survivor number that you 
an evaluate using the subset of the C++language that you know so far.
Exercise 26 A triple (a, b, c) of positive integers is 
alled a Pythagorean triple if
a2 + b2 = c2. For example, (3, 4, 5) is a Pythagorean triple. Write a program
pythagoras.cpp that allows you to list all Pythagorean triples for whi
h a + b+ c =

1000. We're not demanding that the program lists them dire
tly, but the programshould \prove" that your list is 
orre
t. How many su
h Pythagorean triples arethere? (This is a slight variation of Problem 9 from the Proje
t Euler, see http://

projecteuler.net/.)
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2.3 Booleans The truth always lies somewhere else.FolkloreThis se
tion dis
usses the type bool used to represent truth values orBooleans, for short. You will see a number of operations on Booleansand why only few of these operations suÆ
e to express all the others.You will learn how to evaluate expressions involving the type bool, usingshort-
ir
uit evaluation.What is the simplest C++ type you 
an think of? If we think of types in termsof their value ranges, then you will probably 
ome up with a type whose value rangeis empty or 
onsists of one possible value only. Arguably, values of su
h types are veryeasy to represent, even without spending any memory resour
es. However, although su
htypes are useful in 
ertain 
ir
umstan
es, you 
an't do a lot of interesting 
omputationswith them. After all, there is no operation on them other than the identity.So, let us rephrase the above question: What is the simplest non-trivial C++ type you
an think of? After the above dis
ussion we 
ertainly have one 
andidate: a type with avalue range that 
onsists of exa
tly two elements. At �rst sight, su
h a type may againappear very limited. Nevertheless, we will see below that it allows for many interestingoperations. A
tually, su
h a type is suÆ
ient as a basis for all kinds of 
omputations you
an imagine. (Re
all, for example, that integral numbers 
an be represented in binaryformat, that is, using the two values 0 and 1 only.)
2.3.1 Boolean functionsThe name \Boolean" stems from the British mathemati
ian George Boole (1815{1864)who pioneered in establishing 
onne
tions between logi
 and symboli
 algebra. By theterm Boolean fun
tion we denote a fun
tion f : Bn→ B, where B := {0, 1} and n 2 N.(Read 0 as false and 1 as true.)Clearly the number of di�erent Boolean fun
tions is �nite for every �xed n; Exer-
ise 27 asks you to show what exa
tly their number is. To give you a �rst hint: For
n = 1 there are only four Boolean fun
tions, the two 
onstant fun
tions c0 : x 7→ 0 and
c1 : x 7→ 1, the identity id : x 7→ x and the negation NOT : x 7→ x, where 0 := 1 and
1 := 0.In the following we restri
t our fo
us to unary and binary Boolean fun
tions, thatis, fun
tions from B or B2 to B. Su
h fun
tions are most 
onveniently des
ribed as asmall table that lists the fun
tion values for all possible arguments. An example for abinary Boolean fun
tion is AND : (x, y) 7→ x ∧ y shown in Figure 5(a). It is namedAND be
ause x ∧ y = 1 if and only if x = 1 and y = 1. You may guess why the
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tion f : (x, y) 7→ x ∨ y de�ned in Figure 5(b) is 
alled OR. In fa
t, there are twopossible interpretations of the word \or": You 
an read it as \at least one of", butjust as well it 
an mean \either . . . or", that is, \exa
tly one of". The fun
tion that
orresponds to the latter interpretation is shown in Figure 5(
). It is usually referred toas XOR : (x, y) 7→ x � y or ex
lusive or. Figure 5(e) depi
ts the table for the unaryfun
tion NOT.
x y x ∧ y

0 0 0

0 1 0

1 0 0

1 1 1(a) AND.
x y x ∨ y

0 0 0

0 1 1

1 0 1

1 1 1(b) OR.
x y x� y

0 0 0

0 1 1

1 0 1

1 1 0(
) XOR.
x y x ↑ y

0 0 1

0 1 1

1 0 1

1 1 0(d) NAND.
x x

0 1

1 0(e) NOT.
Figure 4: Examples for Boolean fun
tions.

Completeness. Figure 4 shows just a few examples. However, in a 
ertain sense, itshows you everything about binary Boolean fun
tions. Some of these fun
tions areso fundamental that every binary Boolean fun
tion 
an be generated from them. Forexample, XOR 
an be generated from AND, OR and NOT:XOR(x, y) = AND(OR(x, y),NOT(AND(x, y))).Informally, \either or" means \or" but not \and". Formulas like this are easily 
he
kedby going through all (four) possible 
ombinations of arguments.Similarly, the fun
tion NAND : (x, y) 7→ x ↑ y des
ribed in Figure 5(d) 
an begenerated from NOT and AND (hen
e the name):NAND(x, y) = NOT(AND(x, y)).Let us de�ne what we mean by \generate".
Definition 2 Consider a set F of boolean fun
tions. A binary boolean fun
tion f is
alled generated by F if f 
an be expressed by a formula that only 
ontains thevariables x and y, the 
onstants 0 and 1, and the fun
tions from F.For a set F of binary fun
tions, a set F of binary fun
tions is said to be completeif and only if every fun
tion f 2 F 
an be generated by F.We are now prepared for a 
ompleteness proof.
Theorem 1 The set of fun
tions {AND,OR,NOT} is 
omplete for the set of binaryBoolean fun
tions.
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Proof. Every binary Boolean fun
tion f is 
ompletely des
ribed by its 
hara
teris-ti
 ve
tor (f(0, 0), f(0, 1), f(1, 0), f(1, 1)). For example, AND has 
hara
teristi
 ve
tor
(0, 0, 0, 1), or 0001 for short. Let fb1b2b3b4

denote the Boolean fun
tion with 
hara
teris-ti
 ve
tor b1b2b3b4. For example, AND = f0001.In the �rst step of the proof, we show that all those fun
tions 
an be generated whose
hara
teristi
 ve
tor 
ontains a single 1. Indeed,
f0001(x, y) = AND(x, y),

f0010(x, y) = AND(x,NOT(y)),

f0100(x, y) = AND(y,NOT(x)),

f1000(x, y) = NOT(OR(x, y)).To 
he
k the formula for f0010, for example, we 
an 
reate a table for the fun
tionAND(x,NOT(y)) as in Figure 4 and 
onvin
e ourselves that the resulting 
hara
teristi
ve
tor is 0010.In the se
ond step, we show that every fun
tion whose 
hara
teristi
 ve
tor is nonzero
an be generated. This is done by 
ombining the already generated \single-1" fun
tionsthrough OR, whi
h simply adds up their 1's. For example,
f1100(x, y) = OR(f1000(x, y), f0100(x, y)),

f0111(x, y) = OR(OR(f0100(x, y), f0010(x, y)), f0001(x, y)).We abstain from working this argument out formally, sin
e we believe that you get itsidea. Finally, we generate f0000 as
f0000(x, y) = 0.

�Exer
ise 30 asks you to show that the sets {AND,NOT}, {OR,NOT}, and even the setthat 
onsists of the single fun
tion {NAND} are 
omplete for the set of binary Booleanfun
tions.
2.3.2 The type boolIn C++, Booleans are represented by the fundamental type bool. Its value range 
onsistsof the two elements true and false that are asso
iated with the literals true and false,respe
tively. For example,
bool b = true;de�nes a variable b of type bool and initializes it to true.Formally, the type bool is an integral type, de�ned to be less general than int (whi
hin turn is less general than unsigned int, see Se
tion 2.2.7). An expression of type bool,or of a type whose values 
an be 
onverted to bool, is 
alled a predi
ate.
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Logical operators. The 
omplete set of binary Boolean fun
tions is available via the log-i
al operators && (AND), || (OR), and ! (NOT). Compared to the notation used inSe
tion 2.3.1 we simply identify 1 with true and 0 with false. Both && and || are bi-nary operators, while ! is unary. All operands are rvalues of type bool, and all logi
aloperators also return rvalues of type bool. Like in logi
s, && binds more strongly than
||, and ! binds more strongly than && (re
all that an operator binds more strongly thananother if its has higher pre
eden
e).
Relational operators. There is also a number of operators on arithmeti
 types whose resultis of type bool. For ea
h arithmeti
 type there exist the six relational operators <, >,
<=, >=, ==, and !=. These are binary operators whose two rvalue operands are of somearithmeti
 type and whose result is an rvalue of type bool. The operators <= and >=
orrespond to the mathemati
al relations � and �, respe
tively. The operator == testsfor equality and != tests for inequality.Sin
e bool is an integral type, the relational operators may also have operands of type
bool. The respe
tive 
omparisons are done a

ording to the 
onvention false<true.

Watch out! A frequent beginner's mistake is to use the assignment operator =where the equality operator == is meant.As a general rule, arithmeti
 operators bind more strongly than relational ones, andthese in turn bind more strongly than the logi
al operators.
Boolean Evaluation Rule: Binary arithmeti
 operators have higher pre
eden
e thanrelational operators, and these have higher pre
eden
e than binary logi
al operators.All binary relational and logi
al operators are (as the binary arithmeti
 operators)left-asso
iative, see also Table 2. For example, the expression

7 + x < y && y != 3 * zis logi
ally parenthesized as
((7 + x) < y) && (y != (3 * z)).Be 
areful with mathemati
al short
ut notation su
h as a = b = c. As a C++ expression,
a == b == cis not equivalent to
a == b && b == c.By left asso
iativity of ==, the expression a == b == c is logi
ally parenthesized as
(a == b) == c. If all of a, b, and c are variables of type int with value 0, the evaluationyields
(0 == 0) == 0 −→ true == 0 −→ 1 == 0 −→ false ,just the opposite of what you usually mean by a = b = c.
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De Morgan’s laws. The well-known formulae of how to express AND in terms of OR andvi
e versa with the help of NOT, are named after the British mathemati
ian Augustus DeMorgan (1806{1871). He was a pioneer in symboli
 algebra and logi
s. Also the rigorousformulation of \mathemati
al indu
tion" as we know and use it today goes ba
k to him.The de-Morgan-formulae state that (in C++-language)
!(x && y) == (!x || !y)and
!(x || y) == (!x && !y) .These formulae 
an often be used to transform a Boolean expression (an expression oftype bool) into a \simpler" equivalent form. For example,
!(x < y || x + 1 > z) && !(y <= 5 * z || !(y > 7 * z))
an equivalently be written as
x >= y && x + 1 <= z && y > 5 * z && y > 7 * zwhi
h is 
learly preferable in terms of readability.For more details about pre
eden
es and asso
iativities of the logi
al and relationaloperators, see Table 2. You may �nd this information helpful in order to solve Exer
ise 32.

Description Operator Arity Prec. Assoc.logi
al not ! 1 16 rightless < 2 11 leftgreater > 2 11 leftless or equal <= 2 11 leftgreater or equal >= 2 11 leftequality == 2 10 leftinequality != 2 10 leftlogi
al and && 2 6 leftlogi
al or || 2 5 left
Table 2: Pre
eden
es and asso
iativities of logi
al and relational operators. Alloperands and return values are rvalues.
Conversion and promotion. It is possible that the two operands of a relational operatorhave di�erent type. This 
ase is treated in the same way as for the arithmeti
 operators.The 
omposite expression is evaluated on the more general type, to whi
h the operand ofthe less general type is impli
itly 
onverted. In parti
ular, bool operands are 
onvertedto the respe
tive integral type of the other operand. Here, the value false is 
onvertedto 0, and true to 1. If the integral type is int, this 
onversion is de�ned to be apromotion. A promotion is a spe
ial 
onversion for whi
h the C++ standard guaranteesthat no information gets lost.
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onversion goes into the other dire
tion for logi
al operators. In mixed expres-sions, the integral operands of logi
al operators are 
onverted to bool in su
h a way that
0 is 
onverted to false and any other value is 
onverted to true.These 
onversions also take pla
e in initializations and assignments, as in the followingexamples.
bool b = 5; // b is initialized to true

int i = b; // i is initialized to 1

2.3.3 Short circuit evaluationThe evaluation of expressions involving logi
al and relational operators pro
eeds a

ord-ing to the general rules, as dis
ussed in Se
tions 2.2.1 and 2.2.3. However, there is oneimportant di�eren
e regarding the order in whi
h the operands of an operator are eval-uated. While in general this order is unspe
i�ed, the binary logi
al operators && and
|| always guarantee that their left operand is evaluated �rst. Moreover, if the value ofthe 
omposite expression is already determined by the value of the left operand then theright operand is not evaluated at all. This evaluation s
heme is known as short 
ir
uitevaluation.How 
an it happen that the �nal value is already determined by the left operandonly? Suppose that in an && operator the left operand evaluates to false ; then no matterwhat the right operand gives, the result will always be false. Hen
e, there is no need toevaluate the right operand at all. The analogous situation o

urs if in an || operatorthe left operand evaluates to true.At �rst sight it looks as if short 
ir
uit evaluation is merely a matter of eÆ
ien
y.But there is another bene�t. It o

urs when dealing with expressions that are de�nedfor 
ertain parameters only. Consider for example the division operation that is de�nedfor a nonzero divisor only. Due to short 
ir
uit evaluation, we 
an write
x != 0 && z / x > yand be sure that this expression is always valid. If the right operand was evaluated for
x having value 0, then the result would be unde�ned.
2.3.4 Details

Naming. The XOR fun
tion is also frequently 
alled antivalen
e and denoted by =.The NAND fun
tion is also known as alternate denial or She�er stroke. The lattername is after the Ameri
an mathemati
ian Henry M. She�er (1883{1964) who provedthat all other logi
al operations 
an be expressed in terms of NAND.
Bitwise operators. We have seen in Se
tion 2.2.8 that integers 
an be represented inbinary format, that is, as a sequen
e of bits ea
h of whi
h is either 0 or 1. Boolean
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tions 
an naturally be extended to integral types by applying them bitwise to thebinary representations.
Definition 3 Consider a nonnegative integer b and two integers x =

∑b

i=0 ai2
i and

y =
∑b

i=0 bi2
i, for whi
h ai, bi 2 {0, 1} for all 0 � i � b.For a unary Boolean fun
tion f : {0, 1}→ {0, 1} the bitwise operator ϕf 
orrespond-ing to f is de�ned as ϕf(x) =

∑b

i=0 f(ai)2
i.For a binary Boolean fun
tion g : {0, 1}2 → {0, 1} the bitwise operator ϕg 
orre-sponding to g is de�ned as ϕg(x, y) =

∑b

i=0 g(ai, bi)2
i.For illustration, suppose that we have an unsigned integral type with a 4-bit repre-sentation. That is, 0000 represents 0, 0001 represents 1, and so on, up to 1111 whi
hrepresents 15.Then you 
an 
he
k that ϕOR(4, 13) = 13, ϕNAND(13, 9) = 6, and ϕNOT(2) = 13.Several bitwise operators are de�ned for the integral types in C++. There is abitwise AND &, a bitwise OR |, and a bitwise XOR ^, as well as a bitwise NOT ~ thatis usually referred to as 
omplement. As the arithmeti
 operators, the binary bitwiseoperators (ex
ept for ~) have a 
orresponding assignment operator. The pre
eden
es andasso
iativity of these operators are listed in Table 3.

Description Operator Arity Prec. Assoc.bitwise 
omplement ~ 1 16 rightbitwise and & 2 9 leftbitwise xor ^ 2 8 leftbitwise or | 2 7 leftand assignment &= 2 4 rightxor assignment ^= 2 4 rightor assignment |= 2 4 right
Table 3: Pre
eden
e and asso
iativity of bitwise operators.Note that the fun
tionality of these operators is implementation de�ned, sin
e thebitwise representations of integral type values are not spe
i�ed by the C++ standard.We have only dis
ussed the most frequent (and most likely) su
h representations inSe
tion 2.2.8. You should therefore only use these operators when you know the rep-resentation. Even then, expressions involving the bitwise operators are implementationde�ned.This is most obvious with the bitwise 
omplement: even if we assume the standardbinary representation of Se
tion 2.2.8, the value of the expression ~0 depends on thenumber b of bits in the representation. This value therefore 
hanges when you swit
hfrom a 32-bit ma
hine to a 64-bit ma
hine.
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2.3.5 Goals

Dispositional. At this point, you should . . .1) know the basi
 terminology around Boolean fun
tions and understand the 
on
eptof 
ompleteness;2) know the type bool, its value range, and the 
onversions and operations involving
bool;3) understand the evaluation of expressions involving logi
al and relational operators,in parti
ular the Boolean Evaluation Rule and the 
on
ept of short 
ir
uit evaluation.

Operational. In parti
ular, you should be able to . . .(G1) prove or disprove basi
 statements about Boolean fun
tions;(G2) prove whether or not a given set of binary Boolean fun
tions is 
omplete;(G3) evaluate a given expression involving arithmeti
, logi
al, and relational operators;(G4) read and understand a given simple program (see below), involving obje
ts ofarithmeti
 type (in
luding bool) and arithmeti
, logi
al, and relational operators.The term simple program refers to a program that 
onsists of a main fun
tion whi
hin turn 
onsists of a sequen
e of de
laration and expression statements. Naturally, onlythe fundamental types and operations dis
ussed in the pre
eding se
tions are used.
2.3.6 Exercises

Exercise 27 For n 2 N, how many di�erent Boolean fun
tions f : Bn→ B exist? (G1)
Exercise 28 Prove or disprove that for all x, y, z 2 B (G1)a) (x� y)� z = x� (y� z). (i.e., XOR is asso
iative)b) (x ∧ y) ∨ z = (x ∨ z) ∧ (y ∨ z). (i.e., (AND,OR) is distributive)
) (x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧ z). (i.e., (OR,AND) is distributive)d) (x ↑ y) ↑ z = x ↑ (y ↑ z). (i.e., NAND is asso
iative)
Exercise 29 For x1, . . . , xn, n 2 N, give a verbal des
ription of x1 � x2 � . . . � xn interms of the xi, 1 � i � n. (G1)
Exercise 30 Show that the following sets of fun
tions are 
omplete for the set ofbinary Boolean fun
tions. (G2)a) {AND,NOT}
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) {NAND}d) {NOR}, where NOR := NOT ÆOR.e) {XOR,AND}You may use the fa
t that {AND,OR,NOT} is a 
omplete set of binary Boolean fun
tions.
Exercise 31 Suppose a, b, and c are all variables of type int. Find values for a,
b, and c for whi
h the expressions a < b < c and a < b && b < c yield di�erentresults. (G3)
Exercise 32 Parenthesize the following expressions a

ording to operator pre
eden
esand asso
iativities. (G3)a) x != 3 < 2 || y && -3 <= 4 - 2 * 3b) z > 1 && ! x != 2 - 2 == 1 && y
) 3 * z > z || 1 / x != 0 && 3 + 4 >= 7

Exercise 33 Evaluate the expressions given in Exer
ise 32 step-by-step, assuming that
x, y, and z are all of type int with x==0, y==1, and z==2. (G3)
Exercise 34 What 
an you say about the output of the following program? Chara
-terize it depending on the input and explain your reasoning. (G4)1 #include <iostream >2 int main()3 {4 int a;5 std::cin >> a;6 std::cout << (a++ < 3) << ".\n";7 const bool b = a * 3 > a + 4 && !(a >= 5);8 std::cout << (!b || ++a > 4) << ".\n";9 return 0;10 }

Exercise 35 Find the logi
al parentheses in lines 9 and 12 of the following program.What 
an you say about the output of the following program? Chara
terize itdepending on the input and explain your reasoning. (G4)1 #include <iostream >23 int main ()4 {



2.3. BOOLEANS 775 unsigned int a;6 std::cin >> a;78 unsigned int b = a;9 b /= 2 + b / 2;10 std::cout << b << "\n";1112 const bool c = a < 1 || b != 0 && 2 * a / (a - 1) > 2;13 std::cout << c << "\n";1415 return 0;16 }

2.3.7 Challenges

Exercise 36 The Reverse Polish Notation (RPN) is a format of writing expressionswithout any parentheses. RPN be
ame popular in the late nineteensixties when the
ompany Hewlett-Pa
kard started to use it as input format for expressions on theirdesktop and handheld 
al
ulators.In RPN, we �rst write the operands, and then the operator (that's what theReverse stands for). For example, the expressionAND(OR(0,NOT(AND(0, 1))), 1)
an be written like this in RPN:
0 0 1 AND NOT OR 1 AND.The latter sequen
e of operands and operators de�nes a spe
i�
 evaluation se-quen
e of the expression, see Se
tion 2.2.3. To evaluate an expression in RPN, wego through the sequen
e from left to right; whenever we �nd an operand, we don'tdo anything, but when we �nd an operator (of arity n), we evaluate it for the noperands dire
tly to the left of it and repla
e the involved n + 1 sequen
e elementsby the result of the evaluation. Then we go to the next sequen
e element. In 
ase ofour example above, this pro
eeds as follows (
urrently pro
essed operator in bold):

0 0 1 AND︸ ︷︷ ︸
0

NOT OR 1 AND
0 0 NOT︸ ︷︷ ︸

1

OR 1 AND
0 1 OR︸ ︷︷ ︸

1

1 AND
1 1 AND︸ ︷︷ ︸

1

1



78 CHAPTER 2. FOUNDATIONSTo see that this is indeed a way of evaluating the original expressionAND(OR(0,NOT(AND(0, 1))), 1),you 
an for example make a bottom-up drawing of an expression tree (Se
tion 2.2.2)that 
orresponds to the evaluation sequen
e in RPN. You will �nd that this tree isalso valid for the original expression.Here 
omes the a
tual exer
ise. Write programs and.cpp, or.cpp, and not.cppthat re
eive as input a sequen
e s of boolean values in {0, 1} (\all operands to the leftof the operator"). The output should be the sequen
e s 0 that we get by repla
ing thelast n operands in s with the result of evaluating the respe
tive operator for them.In 
ase of and.cpp and or.cpp, we use n = 2, and for not.cpp n = 1. For example,on input (1, 1, 0), program and should output the sequen
e (1, 0), while not shouldyields (1, 1, 1).In addition, write programs zero.cpp and one.cpp that output the sequen
e s 0obtained by appending a 0 or 1 to the input s. Finally, write a program eval.cpp(with no input) that outputs the empty sequen
e.The goal of all this is to evaluate boolean fun
tions in RPN by simply 
alling the
orresponding sequen
e of programs (pre
eded by a 
all to eval), where the outputof one program is used as input for the next one in the sequen
e. In Unix andLinux this 
an elegantly be done via a pipe. For example, to evaluate the exampleexpression from above in RPN, we simply type the 
ommand
./eval |./zero |./zero |./one |./and |./not |./or |./one |./andThis 
alls all listed programs in turn, where a separating pipe symbol | has thee�e
t that the output of the program to the left of it is used as the input for (\ispiped into") the program to the right of it.Consequently, the whole aforementioned 
ommand should simply write 1 to stan-dard output, the result of the evaluation. Also test your programs with some otherRPN sequen
es, in parti
ular the \obvious" ones of the form
./eval |./zero |./one |./or(this one should output 1) to make sure that they work as expe
ted.
Hint: It is not ne
essary that your programs a

ept sequen
es s of arbitrary lengthas input. A maximum length of 32, for example, is suÆ
ient for all pra
ti
al pur-poses; in this 
ase, the sequen
e 
an be en
oded by one value of type unsigned int.



2.4. CONTROL STATEMENTS 79
2.4 Control statementsWe are what we repeatedly do. Ex
ellen
e, then, is not an a
tbut a habit. Will Durant in a summary of Aristotle's ideas,The Story of Philosophy: The Lives and Opinionsof the World's Greatest Philosophers (1926)This se
tion introdu
es four 
on
epts to 
ontrol the exe
ution of a pro-gram: sele
tion, iteration, blo
ks, and jumps. These 
on
epts enable usto deviate from the default linear 
ontrol 
ow whi
h exe
utes statementby statement from top to bottom. You will learn how these 
on
eptsare implemented in C++, and how to apply them to 
reate interestingprograms.The programs that we have seen so far are all pretty simple. They 
onsist of a sequen
eof statements that are exe
uted one by one from the �rst to the last. Su
h a programis said to have a linear 
ontrol 
ow. This type of 
ontrol 
ow is quite restri
tive, asea
h statement in the sour
e 
ode is exe
uted at most on
e during the exe
ution of theprogram. Suppose you want to implement an algorithm that performs 10,000 steps forsome input. Then you would have to write a program with at least 10,000 lines of 
ode.Obviously this is undesirable. Therefore, in order to implement non-trivial algorithms,more powerful me
hanisms to 
ontrol the 
ow of a program are needed.
2.4.1 Selection: if– and if-else statementsOne parti
ularly simple way to deviate from linear 
ontrol 
ow is to sele
t whether ornot a parti
ular statement is exe
uted. In C++ this 
an be done via an if statement.The syntax is
if ( 
ondition )statementwhere 
ondition is an expression or variable de
laration of a type whose values 
an be
onverted to bool, and statement | as the name suggests | is a statement. In 
aseyou are missing a semi
olon after statement: re
all that this semi
olon is part of thestatement. The semanti
s is the following: 
ondition is evaluated; if and only if its valueis true, statement is exe
uted afterwards. In other words, an if statement splits the
ontrol 
ow into two bran
hes. The value of 
ondition sele
ts whi
h of these bran
hes isexe
uted. For example, the following lines of 
ode
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int a;

std::cin >> a;

if (a % 2 == 0) std::cout << "even";read a number from standard input into the variable a and write \even" to standardoutput if and only if a is even.Optionally, an if statement 
an be 
omplemented by an else-bran
h. The syntax is
if ( 
ondition )statement1
elsestatement2and the semanti
s is as follows: 
ondition is evaluated; if its value is true, statement1is exe
uted afterwards; otherwise, statement2 is exe
uted afterwards. For example, thefollowing lines of 
ode
int a;

std::cin >> a;

if (a % 2 == 0)

std::cout << "even";

else

std::cout << "odd";read a number from standard input into the variable a. Then if a is even, \even" iswritten to standard output; otherwise, \odd" is written to standard output.When formatting an if statement, it is 
ommon to insert a line break before state-ment1, before else, and before statement2. Moreover, statement1 and statement2 areindented and else is aligned with if, as shown in the example above. If the wholestatement �ts on a single line then it 
an also be typeset as a single line.Colle
tively, if- and if-else statements are known as sele
tion statements.
2.4.2 Iteration: for statementsA mu
h more powerful way of manipulating the 
ontrol 
ow is provided by iterationstatements. Iteration allows to exe
ute a statement many times, possibly with di�erentparameters ea
h time. Iteration statements are also 
alled loops, as they \loop through" astatement (potentially) several times. Sele
tion and iteration statements are 
olle
tivelyreferred to as 
ontrol statements.Consider the problem of 
omputing the sum Sn =

∑n

i=1 i of the �rst n naturalnumbers, for a given n 2 N. Program 7 reads in a variable n from standard input,de�nes another variable s to 
ontain the result, 
omputes the result and �nally outputsit. In order to understand why the program sum_n.cpp indeed behaves as 
laimed, wehave to explain the di�erent parts of a for statement.



2.4. CONTROL STATEMENTS 811 // Program: sum_n.cpp2 // Compute the sum of the first n natural numbers.34 #include <iostream >56 int main()7 {8 // input9 std::cout << "Compute the sum 1+...+n for n =? ";10 unsigned int n;11 std::cin >> n;1213 // computation of sum_{i=1}^n i14 unsigned int s = 0;15 for (unsigned int i = 1; i <= n; ++i) s += i;1617 // output18 std::cout << "1+...+" << n << " = " << s << ".\n";19 return 0;20 }

Program 7: progs/le
ture/sum n.
pp
for statement. The for statement is a very 
ompa
t form of an iteration statement, asit 
ombines three statements or expressions into one. In most 
ases, the for statementserves as a \
ounting loop" as in Program 7. Its syntax is de�ned by
for ( init-statement 
ondition; expression )statementwhere init-statement is an expression statement, a de
laration statement, or the nullstatement, see Se
tion 2.1.15. In all of these 
ases, init-statement ends with a semi
olonsu
h that there are always two semi
olons in between the parentheses after a for. Usuallyinit-statement de�nes and initializes a variable that is used to 
ontrol and eventuallyend the iteration statement's exe
ution. In sum_n.cpp, init-statement is a de
larationstatement that de�nes the variable i.As in an if statement, 
ondition is an expression or variable de
laration whose type
an be 
onverted to bool. It de�nes how long the iteration goes on, namely as long as
ondition returns true. It is allowed that 
ondition is empty in whi
h 
ase its value isinterpreted as true. As the name suggests, expression is an arbitrary expression thatmay also be empty (in whi
h 
ase it has no e�e
t). statement is an arbitrary statement.It is referred to as the body of the for statement.
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ally, expression has the e�e
t of 
hanging a value that appears in 
ondition.Su
h an e�e
t is said to \make progress towards termination". The goal is that 
ondi-tion is false after expression has been evaluated a �nite number of times. In that sense,every evaluation of expression makes a step towards the end of the for statement. In
sum_n.cpp, expression in
rements the variable i whi
h is bounded from above in 
ondi-tion. In 
ases like this where the value of a single variable is a

essed and 
hanged by
ondition and expression, we 
all this variable the 
ontrol variable of the for statement.We are now ready to pre
isely de�ne the semanti
s of a for statement. First, init-statement is exe
uted on
e. Thereafter 
ondition is evaluated. If it returns true, aniteration of the loop starts. If 
ondition returns false, the for statement terminates,that is, its pro
essing ends immediately.Ea
h single iteration of a for statement 
onsists of �rst exe
uting statement and thenevaluating expression. After ea
h iteration, 
ondition is evaluated again. If it returnstrue, another iteration follows. If 
ondition returns false, the for statement terminates.The exe
ution order is therefore init-statement, 
ondition, statement, expression, 
ondi-tion, statement, expression, . . . until 
ondition returns false.Let's see this in a
tion: Consider the for statement
for (unsigned int i = 1; i <= n; ++i) s += i;in sum_n.cpp and suppose n == 2. First, the variable i is de�ned and initialized to
1. Then it is tested whether i <= n. As 1 <= 2 is true, the �rst iteration starts. Thestatement s += i is exe
uted, setting s to 1, and thereafter i is in
remented by one su
hthat i == 2. One iteration is now 
omplete. As a next step, the 
ondition i <= n isevaluated again. As 2 <= 2 is true, another iteration follows. First s += i is exe
uted,setting s to 3. Thereafter, i is in
remented by one su
h that i == 3. The se
onditeration is now 
omplete. The subsequent evaluation of i <= n entails 3 <= 2 whi
his false. Thus, no further iteration takes pla
e and the pro
essing of the for statementends. The value of s is now 3, the sum of the �rst 2 natural numbers.
Infinite loops. It is easily possible to 
reate loops that do not terminate. For example,re
all that both 
ondition and expression may be empty. Moreover, both init-statementand statement 
an be the null statement. In this 
ase we get the for statement
for (;;);As the empty 
ondition has value true, exe
uting this statement runs through iterationafter iteration without a
tually doing anything. Therefore, for (;;) may be read as\forever". In general, a statement whi
h does not terminate is 
alled an in�nite loop.Clearly, in�nite loops are extremely undesirable and programmers try hard to avoidthem. Nevertheless, sometimes su
h loops o

ur even in real life software. If you regularlyuse a 
omputer, you have probably experien
ed this kind of phenomenon: a program\hangs".
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ompiler simply dete
t in�nite loops and warns meabout them just as it 
omplains about syntax errors? Indeed, this would be a great thingto have and it would solve many problems in software development. The problem is thatin�nite loops are not always as easy to spot as in the above example. Loops 
an bepretty 
ompli
ated, and possibly they loop in�nitely when exe
uted in 
ertain programstates only.In fa
t, the situation is hopeless: It 
an be shown that the problem of dete
tingin�nite loops (
ommonly referred to as the halting problem) 
annot be solved by a
omputer, as we have and understand it today (see the Details). Therefore, some 
are isneeded when designing loops. We have to 
he
k \by hand" that the iteration statementterminates for all possible program states that 
an o

ur.
Gauss. You may know or have realized that our program sum_n.cpp is a
tually a badexample. It is bad in the sense that it does not 
onvin
ingly demonstrate the power of
ontrol statements.In his primary s
hool days, the German mathemati
ian Carl Friedri
h Gauss (1777{1855) was told to sum up the numbers 1, 2, 3, . . . , 100. The tea
her had planned to keephis students busy for a while, but Gauss 
ame up with the 
orre
t result 5050 veryqui
kly. He had imagined writing down the numbers in in
reasing order, and one linebelow on
e again in de
reasing order. Clearly, the two numbers in ea
h 
olumn sum upto 101; hen
e, the overall sum is 100 � 101 = 10100, half of whi
h is the number that wasasked for.1 2 3 . . . 98 99 100100 99 98 . . . 3 2 1101 101 101 . . . 101 101 101In this way, Gauss dis
overed the formula

n∑

i=1

i = n(n + 1)/2,for every n 2 N. The for statement in sum_n.cpp 
an therefore be repla
ed by the mu
hmore elegant and eÆ
ient statement
s = n * (n + 1) / 2;Note that in this statement, the integer division 
oin
ides with the real division, sin
efor all n, the produ
t n(n+1) is even. We next get to a real appli
ation of sele
tion anditeration statements.
Prime numbers. In the introdu
tory Se
tion 1.1, we have talked a lot about prime num-bers. How would a program look like that tests whether or not a given number isprime? A number n 2 N, n � 2 is prime if and only if it is not divisible by any number
d 2 {2, . . . , n − 1}. The strategy for our program is therefore 
lear: Write a loop that
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h of them for being a divisor of n. If adivisor is found, we 
an stop and output a fa
torization of n into two numbers, provingthat n is not prime. Otherwise, we output that n is prime. Program 8 implements thisstrategy in C++, using one for statement, and one if statement. Remarkably, the forstatement has an empty body, sin
e we have put the divisibility test into the 
ondition.The important observation is that the 
ondition n % d != 0 de�nitely returns false for
d == n, so that the loop is guaranteed to terminate; if (and only if) 
ondition returnsfalse earlier, we have found a divisor of n in the range {2, . . . , n − 1}.1 // Program: prime.cpp2 // Test if a given natural number is prime.34 #include <iostream >56 int main ()7 {8 // Input9 unsigned int n;10 std::cout << "Test if n>1 is prime for n =? ";11 std::cin >> n;1213 // Computation: test possible divisors d14 unsigned int d;15 for (d = 2; n % d != 0; ++d);1617 // Output18 if (d < n)19 // d is a divisor of n in {2,...,n-1}20 std::cout << n << " = " << d << " * " << n / d << ".\n";21 else22 // no proper divisor found23 std::cout << n << " is prime.\n";2425 return 0;26 }

Program 8: progs/le
ture/prime.
ppWe would like to point out that the above arguments are only valid for n � 2;Exer
ise 45 asks you to 
onsider the 
ases n = 0, 1.
2.4.3 Blocks and scopeIn C++ it is possible to group a sequen
e of one or more statements into one singlestatement that is then 
alled a 
ompound statement, or simply a blo
k. This me
hanism
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ontrol 
ow dire
tly. Blo
ks allow to stru
ture a program bygrouping statements that logi
ally belong together. In parti
ular, they are a tool todesign powerful and at the same time readable 
ontrol statements.Synta
ti
ally, a blo
k is simply a sequen
e of zero or more statements that are en
losedin 
urly bra
es.f statement1 statement2 ... statementN gEa
h of the statements may in parti
ular be a blo
k, so it is possible to have nestedblo
ks. The simplest blo
k is the empty blo
k {}.You have already seen blo
ks. Ea
h program 
ontains a spe
ial blo
k, the so-
alledfun
tion body of the main fun
tion. This blo
k en
loses the sequen
e of statements thatis exe
uted when the main fun
tion is 
alled by the operating system.Using blo
ks, one 
an 
reate sele
tion and iteration statements whose body 
ontainsa sequen
e of two or more statements. For example, suppose that for testing purposeswe would like to write out all partial sums during the 
omputation in sum_n.cpp:
for (unsigned int i = 1; i <= n; ++i) {

s += i;

std::cerr << i << "-th partial sum is " << s << "\n";

}Here two statements are exe
uted in ea
h iteration of the loop. First, the next summandis added to s, then the 
urrent value of s is written to standard error output.Blo
ks should in general be formatted as shown above. That is, a line break appearsafter the opening and before the 
losing bra
e, and all lines in between are indented onelevel. Only if the blo
k 
onsists of just one single statement and it all �ts on one line,the blo
k 
an be formatted as one single line.The kind of test output we have 
reated in the previous example is 
alled debuggingoutput. A bug is a 
ommonly used term to denote a programming error, hen
e \debug-ging" is the pro
ess of �nding and eliminating su
h errors. It is good pra
ti
e to writedebugging output to standard error output sin
e it 
an then more easily be separatedfrom the \real" program output that usually goes to standard output.
Visibility. Blo
ks do not only stru
ture a program visually but they also provide a logi
alboundary around de
larations (of variables, for example). Every de
laration that appearsinside a blo
k is 
alled lo
al to that blo
k. A lo
al de
laration extends only until theend of the blo
k in whi
h it appears. A name that is introdu
ed by a lo
al de
larationis not \visible" outside of the blo
k where it is de
lared. For example, in1 int main()2 {3 {4 const int i = 2;5 }



86 CHAPTER 2. FOUNDATIONS6 std::cout << i; // error , undeclared identifier7 return 0;8 }the variable i de
lared inside the blo
k in line 3{5 is not visible in the output statementin line 6. Thus, if you 
onfront the 
ompiler with this 
ode, it issues an error message.
Control statements and blocks. Control statements a
t like blo
ks themselves. Thereforeevery de
laration appearing in a 
ontrol statement is lo
al to that 
ontrol statement. Inparti
ular, this applies to a variable de�ned in the init-statement of a for statement.For example, in1 int main()2 {3 for (unsigned int i = 0; i < 10; ++i) s += i;4 std::cout << i; // error , undeclared identifier5 return 0;6 }the expression i in line 4 does not refer to the variable i de�ned in line 3.
Declarative region. After having seen these �rst examples, we will now introdu
e thepre
ise terminology that allows us to dedu
e whi
h names 
an be used where in theprogram. Ea
h de
laration has an asso
iated de
larative region. This region is the partof the program in whi
h the de
laration appears. Su
h a region 
an be a blo
k, a fun
tionde�nition, or a 
ontrol statement. In all these 
ases the de
laration is said to have lo
als
ope. A de
laration 
an also have namespa
e s
ope, if it appears inside a namespa
e,see Se
tion 2.1.3. Finally, a de
laration that is outside of any parti
ular other stru
turehas global s
ope.
Scope. A name introdu
ed by a de
laration D is valid or visible in a part of its de
lara-tion's de
larative region, 
alled the s
ope of the de
laration. Within the s
ope of D, thename introdu
ed by D may be used and a
tually refers to the de
laration D. In most
ases, the s
ope of a de
laration is equal to its potential s
ope.The potential s
ope of a de
laration starts at the point where the de
laration appears.For the name to be de
lared this is 
alled its point of de
laration. The potential s
opeextends until the end of the de
larative region.To get the s
ope of a de
laration, we start from its potential s
ope but we possiblyhave to remove some parts of it. This happens when the potential s
ope 
ontains one ormore de
larations of the same name. As an example, 
onsider Program 9.1 #include <iostream >23 int main()



2.4. CONTROL STATEMENTS 874 {5 const int i = 2;6 for (int i = 0; i < 5; ++i)7 std::cout << i; // outputs 0, 1, 2, 3, 48 std::cout << i; // outputs 29 return 0;10 }

Program 9: progs/le
ture/s
ope.
ppThe i in line 7 refers to the de
laration from line 6, whereas the i in line 8 refers tothe de
laration from line 5. Therefore, the program outputs �rst 0, 1, 2, 3, 4, and then
2. In some sense, the de
laration in line 6 temporarily hides the previous de
laration of
i from line 5. This phenomenon is 
alled name hiding. But when the de
larative regionof the se
ond de
laration ends in line 7, the se
ond de
laration \be
omes invisible" (wesay: \it runs out of s
ope") and the �rst de
laration takes over again. In parti
ular,sin
e the name i in line 8 refers to the 
onstant de�ned in line 5, we get the output 2 inline 8.It is good pra
ti
e to avoid name hiding sin
e this unne
essarily obfus
ates the pro-gram. On the other hand, name hiding allows us (like in Program 9) to use our favoriteidenti�er i as the name of the 
ontrol variable in a for statement, without having to
he
k whether there is some other name i somewhere else in the program. This is ana

eptable and even useful appli
ation of name hiding.Now we 
an get to the formal de�nition of s
ope in the general 
ase (possible presen
eof multiple de
larations of the same name). The s
ope of a de
laration D is obtainedfrom its potential s
ope as follows: For ea
h de
laration E in the potential s
ope of Dsu
h that both D and E de
lare the same name, the potential s
ope of E is removed fromthe s
ope of D. Figure 5 gives a symboli
 pi
ture of the situation.In Program 9, the de
larative region of the de
laration in line 5 is line 4{10 (a blo
k),its potential s
ope is line 5{10, and its s
ope is line 5 plus line 8{10. For the de
larationin line 6, de
larative region (a 
ontrol statement), potential s
ope and s
ope are line 6{7.Breaking down the s
opes into lines is in general not possible, of 
ourse, sin
e linebreaks may (or may not) appear almost anywhere. If we want to talk about s
ope on aline-by-line basis, we have to format the program a

ordingly.
Storage duration. Related to the s
ope of a variable is its storage duration. This termdenotes the time in whi
h the address of the variable is valid, that is, some memorylo
ation is assigned to it.For a variable with lo
al s
ope, the storage duration is usually the time in whi
hthe program's 
ontrol is in the variable's potential s
ope. During program exe
ution,this means that whenever the variable de
laration is rea
hed, some memory lo
ation isassigned and the address be
omes valid. And whenever the exe
ution gets to the end ofthe de
larative region, the asso
iated memory is freed and the variable's address be
omes
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Figure 5: Potential s
opes of de
larations D, E1, E2, E3 of the same name, drawn asre
tangles with the 
orresponding de
laration in the upper left 
orner (left);on the right, we see the resulting s
opes of D (dark gray), E1, E3 (light gray)and E2 (white).invalid. We therefore get a \fresh instan
e" of the variable everytime its de
laration isexe
uted.This behavior is 
alled automati
 storage duration. For example, in
for (unsigned int i = 0; i < 10; ++i) {

const int k = i;

...

}the initialization takes pla
e in ea
h iteration, and it yields a di�erent value ea
h time.This is �ne, sin
e the \
onstness" individually refers to ea
h of the ten instan
es of kthat are being generated throughout the loop.As a more 
on
rete example, 
onsider the following 
ode fragment.1 int i = 5;2 for (int j = 0; j < 5; ++j) {3 std::cout << ++i; // outputs 6, 7, 8, 9, 104 int k = 2;5 std::cout << --k; // outputs 1, 1, 1, 1, 16 }Sin
e line 3 belongs to the s
ope of the de
laration in line 1, the e�e
t of line 3 is toin
rement the variable de�ned in line 1 in every iteration of the for statement. Line 5,on the other hand, belongs to the s
ope of the de
laration in line 4; the e�e
t of line 5 istherefore to de
rement the \fresh" variable k in every iteration, and this always resultsin value 1.In 
ontrast, a variable that is de�ned in namespa
e s
ope or global s
ope has stati




2.4. CONTROL STATEMENTS 89storage duration. This means that its address is determined at the beginning of theprogram's exe
ution, and it does not 
hange (hen
e \stati
") nor be
ome invalid untilthe exe
ution of the program ends. The variables named by std::cin and std::cout,for instan
e, have stati
 storage duration. Variables with stati
 storage duration are alsoreferred to as stati
 variables.
2.4.4 Iteration: while statementsSo far, we have seen one iteration statement, the for statement. The while statementis a simpli�ed for statement, where both init-statement and expression are omitted. Itssyntax is
while ( 
ondition )statementwhere 
ondition and statement are as in a for statement. As before, statement is referredto as the body of the while statement. Semanti
ally, a while statement is equivalent tothe 
orresponding for statement
for ( ; 
ondition ; )statementThe exe
ution order is therefore 
ondition, statement, 
ondition,. . . until 
ondition re-turns false.Sin
e while statements are so easy to rewrite as for statements, why do we needthem? The main reason is readability. As its name suggests, a for statement is typi
allyper
eived as a 
ounting loop in whi
h the in
rement (or de
rement) of a single variableis responsible for the progress towards termination. In this 
ase, the progress is most
onveniently made in the for statement's expression. But the situation 
an be more
omplex: the progress may depend on the values of several variables, or on some 
onditionthat we 
he
k in the loop's body. In some of these 
ases, a while statement is preferable.The next se
tion des
ribes an example.
The Collatz problem. Given a natural number n 2 N, we 
onsider the Collatz sequen
e
n0, n1, n2, . . . with n0 = n and

ni =

{
ni−1/2, if ni−1 is even

3ni−1 + 1, if ni−1 is odd i � 1.For example, if n = 5, we get the sequen
e 5, 16, 8, 4, 2, 1, 4, 2, 1, . . .. Sin
e the sequen
egets repetitive as soon as 1 appears, we may stop at this point. Program 10 reads in anumber n and outputs the elements of the sequen
e (ni)i�1 until the number 1 appears.



90 CHAPTER 2. FOUNDATIONS1 // Program: collatz.cpp2 // Compute the Collatz sequence of a number n.34 #include <iostream >56 int main()7 {8 // Input9 std::cout << "Compute the Collatz sequence for n =? ";10 unsigned int n;11 std::cin >> n;1213 // Iteration14 while (n > 1) {15 if (n % 2 == 0)16 n = n / 2;17 else18 n = 3 * n + 1;19 std::cout << n << " ";20 }21 std::cout << "\n";22 return 0;23 }

Program 10: progs/le
ture/
ollatz.
ppThe loop 
an of 
ourse be written as a for statement with empty init-statementand expression, but the resulting variant of the program is less readable sin
e it tries toadvertise the rather 
ompli
ated iteration as a simple 
ounting loop. As a rule of thumb,if there is a simple expression that 
aptures the loop's progress, use a for statement.Otherwise, 
onsider formulating your loop as a while statement.Talking about progress: is it 
lear that the number 1 always appears? If not, theprogram collatz.cpp 
ontains an in�nite loop for 
ertain values of n. If you play withthe program, you will observe that 1 indeed appears for all numbers you try, althoughthis may take a while. You will �nd, for example, that the Collatz sequen
e for n = 27is
27, 82, 41, 124, 62, 31, 94, 47, 142, 71, 214, 107, 322, 161, 484, 242, 121,

364, 182, 91, 274, 137, 412, 206, 103, 310, 155, 466, 233, 700, 350, 175, 526,
263, 790, 395, 1186, 593, 1780, 890, 445, 1336, 668, 334, 167, 502, 251, 754,
377, 1132, 566, 283, 850, 425, 1276, 638, 319, 958, 479, 1438, 719, 2158, 1079,
3238, 1619, 4858, 2429, 7288, 3644, 1822, 911, 2734, 1367, 4102, 2051, 6154,
3077, 9232, 4616, 2308, 1154, 577, 1732, 866, 433, 1300, 650, 325, 976, 488,
244, 122, 61, 184, 92, 46, 23, 70, 35, 106, 53, 160, 80, 40, 20, 10, 5, 16, 8, 4,
2, 1.
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omes up for all values of n, but mathe-mati
ians have not yet been able to produ
e a proof of this 
onje
ture. As inno
ent asit looks, this problem seems to be a very hard mathemati
al nut to 
ra
k (see also theDetails se
tion), but you are 
ertainly invited to give it a try!
2.4.5 Iteration: do statements

Do statements are similar to while statements, ex
ept that the 
ondition is evaluatedafter every iteration of the loop instead of before every iteration. Therefore, in 
ontrastto for{ and while statements, the body of a do statement is exe
uted at least on
e.The syntax of a do statement is as follows.
dostatement
while ( expression );where expression is of a type whose values 
an be 
onverted to bool.The semanti
s is de�ned as follows. An iteration of the loop 
onsists of �rst exe
utingstatement and then evaluating expression. If expression returns true then another iter-ation follows. Otherwise, the do statement terminates. The exe
ution order is thereforestatement, expression, statement, expression, . . . until expression returns false.Alternatively, the semanti
s 
ould be de�ned in terms of the following equivalent forstatement.
for ( bool firsttime = true; firsttime || expression; firsttime = false )statementThis behaves like our \simulation" of the while statement, ex
ept that in the �rstiteration, expression is not evaluated (due to short 
ir
uit evaluation, see Se
tion 2.3.3),and statement is exe
uted un
onditionally.Consider a simple 
al
ulator-type appli
ation in whi
h the user enters a sequen
e ofnumbers, and after ea
h number the program outputs the sum of the numbers enteredso far. By entering 0, the user indi
ates that the program should stop. This is mostnaturally written using a do statement, sin
e the termination 
ondition 
an only be
he
ked after the next number has been entered.
int a; // next input value

int s = 0; // sum of values so far

do {

std::cout << "next number =? ";

std::cin >> a;

s += a;

std::cout << "sum = " << s << "\n";

} while (a != 0);
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ase, it is not possible to de
lare a where we would usually do it, namely imme-diately before the input statement. The reason is that a would then be lo
al to the bodyof the do statement and would not be visible in the do statement's expression a != 0.
2.4.6 Jump statementsAt this point, we would like to extend our arsenal of 
ontrol statements with a spe
ialtype of statements that are referred to as jump statements. These statements are notne
essary in the sense that they would allow you to do something whi
h is not possibleotherwise. Instead, just like while{ and do statements (whi
h are also unne
essary in thatsense), jump statements provide additional 
exibility in designing iteration statements.You should use this 
exibility wherever it allows you to improve your 
ode. However, bealso warned that jump statements should be used with 
are sin
e they tend to 
ompli
atethe 
ontrol 
ow. The 
ompli
ation of the 
ontrol 
ow has to be balan
ed by a signi�
antgain in other 
ategories (su
h as 
ode readability). Therefore, think 
arefully beforeintrodu
ing a jump statement!When a jump statement is exe
uted, the program 
ow un
onditionally \jumps" to a
ertain point. There are two di�erent jump statements that we want to dis
uss here.The �rst jump statement is 
alled a break statement ; its syntax is rather simple.
break;When a break statement is exe
uted within an iteration statement, the smallest en
losingiteration statement terminates immediately. The exe
ution 
ontinues at the statementafter the iteration statement (if any). For example,
for (;;) break;is not an in�nite loop but rather a 
ompli
ated way of writing a null statement. Here isa more useful appearan
e of break. In our 
al
ulator example from Page 91, it would bemore elegant to suppress the irrelevant addition of 0 in the last iteration. This 
an bedone with the following loop.
for (;;) {

std::cout << "next number =? ";

std::cin >> a;

if (a == 0) break;

s += a;

std::cout << "sum = " << s << "\n";

} Here, we see the typi
al usage of break, namely the termination of a loop \somewherein the middle". Note that we 
ould equivalently write
do {

std::cout << "next number =? ";
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std::cin >> a;

if (a == 0) break;

s += a;

std::cout << "sum = " << s << "\n";

} while (true);In this 
ase for is preferable, though, sin
e it ni
ely reads as \forever". Of 
ourse,the same fun
tionality is possible without break, but the resulting 
ode requires anadditional blo
k and evaluates a != 0 twi
e.
do {

std::cout << "next number =? ";

std::cin >> a;

if (a != 0) {

s += a;

std::cout << "sum = " << s << "\n";

}

} while (a != 0);The se
ond jump statement is 
alled a continue statement ; again the syntax issimple.
continue;When a 
ontinue statement is exe
uted, the remainder of the smallest en
losing iterationstatement's body is skipped, and exe
ution 
ontinues at the end of the body. Theiteration statement itself is not terminated.If the surrounding iteration statement is a while or do statement, the exe
ution there-fore 
ontinues by evaluating its 
ondition (expression, respe
tively). If the surroundingiteration statement is a for statement, the exe
ution 
ontinues by evaluating its ex-pression and then its 
ondition. Like the break statement, the continue statement 
antherefore be used to manipulate the 
ontrol 
ow \in the middle" of a loop.In our 
al
ulator example, the following variant of the loop ignores negative input.Again, it would be possible to do this without continue, at the expense of another nestedblo
k.
for (;;) {

std::cout << "next number =? ";

std::cin >> a;

if (a < 0) continue;

if (a == 0) break;

s += a;

std::cout << "sum = " << s << "\n";

}
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2.4.7 Equivalence of iteration statementsIn terms of pure fun
tionality, the while{ and do statements are redundant, as both ofthem 
an equivalently be expressed using a for statement. This may 
reate the impres-sion that for statements have more expressive power than while{ and do statements.In this se
tion we show that this is not the 
ase: all three iteration statements arefun
tionally equivalent. More pre
isely, we show how to use� do statements to express while statements, and� while statements to express for statements.If we denote \A 
an be used to express B" by A⇒ B, we therefore have

do statement ⇒ while statement ⇒ for statement ⇒ do statement,where we know the last impli
ation from the previous se
tion. Together, this 
learly\proves" the 
laimed equivalen
e.Note that we put the word proves in quotes, as our reasoning 
annot be 
onsidereda formal proof. In order to really prove a statement like this, we �rst of all would haveto be more formal in de�ning the semanti
s of statements. Semanti
s of programminglanguages is a subje
t of its own, and the formal treatment of semanti
s is way beyondwhat we 
an do here. In other words: The following is as mu
h of a \proof" as youwill get here, but it is suÆ
ient to understand the relations between the three iterationstatements.
do statement ⇒ while statement. Consider the while statement
while ( 
ondition )statementYour �rst idea how to simulate this using a do statement might look like this:
if ( 
ondition )
dostatement
while ( 
ondition );Indeed, this indu
es the exe
ution order 
ondition, statement, 
ondition,. . . until 
ondi-tion returns false and the statement terminates. But there is a simple te
hni
al problem:if 
ondition is a variable de
laration, we 
an't use it as the expression in the do state-ment. Here is a reformulation that works. (We are not saying that this should be done inpra
ti
e. On the 
ontrary, this should never be done in pra
ti
e. This se
tion is about
on
eptual equivalen
e, not about pra
ti
al equivalen
e.)

do

if ( 
ondition )
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else

break;
while ( true );This indu
es exa
tly the while statement's exe
ution order 
ondition, statement, 
ondi-tion,. . . until 
ondition returns false and the loop is terminated using break.
while statement ⇒ for statement. Simulating the for statement
for ( init-statement 
ondition; expression )statementby a while statement seems easy:f init-statement
while ( 
ondition ) fstatementexpression;ggIndeed, this will work, unless statement 
ontains a continue. In the for statement,exe
ution would then pro
eed with the evaluation of expression, but in the simulating

while statement, expression is skipped, and 
ondition 
omes next. This reformulationis therefore wrong. Here is a version that works:f init-statement
while ( 
ondition ) f
bool b = false;
while ( b = !b )statement
if ( b ) break;expression;ggThis looks somewhat more 
ompli
ated, so let us explain what is going on.We may suppose that the identi�er b does not appear in the given for statement(otherwise we 
hoose a di�erent name). Note that the whole statement forms a separateblo
k, as does a for statement. A potential de
laration in init-statement as well as thes
ope of b is thus limited to this blo
k.Consider an exe
ution of the outer while statement. First, 
ondition is evaluated,and if it returns false the statement terminates. Otherwise, the variable b is set to true inthe inner while statement's 
ondition, meaning that statement is exe
uted next. (Re
all
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ontain a break, the inner loop evaluates its 
ondition for the se
ond time. In doingso, b is set to false, and the 
ondition returns false. Therefore, the inner loop terminates.Sin
e b is now false, expression is evaluated next, followed by 
ondition. This indu
esthe for statement's exe
ution order 
ondition, statement, expression, 
ondition,. . . until
ondition returns false and the outer loop terminates.In the 
ase where statement 
ontains a break, the inner loop terminates immediately,and b remains true. In this 
ase, we also terminate the outer loop that represents ouroriginal for statement.In retrospe
t, we should now 
he
k that jump statements 
ause no harm in ourprevious reformulation of the while statement in terms of the do statement. We leavethis as an exer
ise.
2.4.8 Choosing the “right” iteration statementsWe have seen that from a fun
tional point of view, the for statement, the while state-ment and the do statement are equivalent. Moreover, the break and continue statementsare redundant. Still, C++ o�ers all of these statements, and this gives you the freedom(but also the burden) of 
hoosing the appropriate 
ontrol statements for your parti
ularprogram.Writing programs is a dynami
 pro
ess. Even though the program may do what youwant at some point, the requirements 
hange, and you will keep 
hanging the program inthe future. Even if there is 
urrently no need to 
hange the fun
tionality of the program,you may want to repla
e a 
ompli
ated iteration statement by an equivalent simplerformulation. The general theme here is refa
toring : the pro
ess of rewriting a programto improve its readability or stru
ture, while keeping its fun
tionality un
hanged.Here is a simple guideline for writing \good" loops. Choose the loop that leads tothe most readable and 
on
ise formulation. This means� few statements,� few lines of 
ode,� simple 
ontrol 
ow, and� simple expressions.Almost never there is the one and only best formulation; however, there are alwaysarguably bad 
hoi
es whi
h you should try to avoid. Usually, there are some tradeo�s,like fewer lines of 
ode versus more 
ompli
ated expressions, and there is also someamount of personal taste involved. You should experien
e and �nd out what suits youbest.Let us look at some examples to show what we mean. Suppose that you want tooutput the odd numbers between 0 and 100. Having just learned about the continuestatement, you may write the following loop.
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for (unsigned int i = 0; i < 100; ++i) {

if (i % 2 == 0) continue ;

std::cout << i << "\n";

}This is perfe
tly 
orre
t, but the following version is preferable sin
e it has fewer state-
ments and fewer lines of code.
for (unsigned int i = 0; i < 100; ++i)

if (i % 2 != 0) std::cout << i << "\n";This variant still 
ontains nested 
ontrol statements; but you 
an get rid of the ifstatement and obtain 
ode with simpler control flow.
for (unsigned int i = 1; i < 100; i += 2)

std::cout << i << "\n";The same output 
an be produ
ed with a while statement and equally simple 
ontrol
ow.
int i = -1;

while ((i += 2) < 100)

std::cout << i << "\n";But here, the 
ondition is more 
ompli
ated, sin
e it 
ombines assignment and 
ompar-ison operators. Su
h expressions are 
omparatively diÆ
ult to understand due to thee�e
t of the assignment operation. Also, the initialization of i to −1 is 
ounter-intuitive,given that we deal with natural numbers.You 
an solve the latter problem and at the same time get simpler expressions by writing
unsigned int i = 1;

while (i < 100) {

std::cout << i << "\n";

i += 2;

}The pri
e to pay is that you get less 
on
ise 
ode; there are now �ve lines instead of thetwo lines that the for statement needs. It seems that for the simple problem of writingout odd numbers, a for statement with expression i += 2 is the loop of 
hoi
e.
2.4.9 Details

Nested if-else statements. Consider the statement
if(true) if (false); else std::cout << "Where do I belong?";It is not a priori 
lear what its e�e
t is: if the else bran
h belongs to the outer if, therewill be no output (sin
e the 
ondition has value true), but if the else bran
h belongsto the inner if, we get the output Where do I belong?
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h belongs to the if immediately pre
edingit, in our 
ase to the inner if. Therefore, the output is Where do I belong?, and weshould a
tually format the statement like this:
if(true)

if (false)

; // null statement

else

std::cout << "Where do I belong?";Whenever you are unsure about rules like this, you 
an make the stru
ture 
lear throughexpli
it blo
ks:
if(true) {

if (false) {

; // null statement

}

else {

std::cout << "Where do I belong?";

}

}

The switch statement. Besides if. . . else there exists a se
ond sele
tion statement inC++: the switch statement. It is useful to sele
t between many alternative statements,using the following syntax.
switch ( 
ondition )statementThe value of 
ondition must be 
onvertible to an integral type. This is in 
ontrast to theother 
ontrol statements where 
ondition has to be 
onvertible to bool.statement is usually a blo
k that 
ontains several labels of the form
case literal:where literal is a literal of integral type. For no two labels shall these literals have thesame value. There 
an also be a label default:.The semanti
s of a switch statement is the following. 
ondition is evaluated and theresult is 
ompared to ea
h of the literals whi
h appear in a label in statement. If for anyof them the values agree, the exe
ution 
ontinues at the statement immediately followingthe label. If there is no agreement but a default: label, the exe
ution 
ontinues at thestatement immediately following the default: label. Otherwise, statement is ignoredand the exe
ution 
ontinues after the switch statement.Note that switch only sele
ts an entry point for the pro
essing of statement, it doesnot exit when the exe
ution rea
hes another label. If one wants to separate the di�erentalternatives, one has to use break (and this is the only legal use of break outside of
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e of 
ode, and let ussuppose that x is a variable of type int.
switch (x) {

case 0: std::cout << "0";

case 1: std::cout << "1"; break;

default: std::cout << "whatever ";

}For x==0 the output is 01; for x==1 the output is 1; otherwise we get the output whatever.The switch statement is powerful in the sense that it allows the di�erent alternativesto share 
ode. However, this power also makes switch statements hard to read and errorprone. A frequent problem is that one forgets to put a break where there should be one.Therefore, we mention switch here for 
ompleteness only. Whenever there are only afew alternatives to be distinguished, play it safe and use if. . . else rather than switch.
The Halting Problem, Decidability, and Computability. The halting problem is one of thefundamental problems in the theory of 
omputation. Informally speaking, the problemis to de
ide (using an algorithm) whether a given program halts (terminates) whenexe
uted on a given input (program state). The term \program" may refer to a C++-program, but also to a program in any other 
ommon programming language.To atta
k the problem formally, the British mathemati
ian Alan Turing (1912-1954)de�ned in a seminal paper a \minimal" programming language; a program in this lan-guage is known as a Turing ma
hine.Turing proved that the halting problem is unde
idable for Turing ma
hines, but thesame arguments 
an also be used to prove the same statement for C++ programs.What does \unde
idable" mean? We have seen a simple loop for whi
h it was painfullyevident that it is an in�nite loop, haven't we? Yes, indeed one 
an de
ide the haltingproblem for many 
on
rete programs. Unde
idable means that (in a parti
ular modelof 
omputation) there 
annot be an algorithm that de
ides the halting problem for allpossible programs.Despite their simpli
ity, Turing ma
hines are a widely a

epted model of 
omputa-tion; in fa
t, just like ma
hine language, Turing ma
hines 
an do everything that C++programs 
an do, ex
ept that they usually need a huge number of very primitive opera-tions for that.At the same time as Turing, the Ameri
an mathemati
ian Alonzo Chur
h (1903{1995) developed a 
omputational model 
alled λ-
al
ulus. As it turned out, his modelis equivalent to Turing ma
hines in terms of 
omputational power. The Chur
h-Turingthesis states that \every fun
tion that is naturally regarded as 
omputable 
an be 
om-puted by a Turing ma
hine". As there is no rigorous de�nition of what is \naturallyregarded as 
omputable", this statement is not a theorem but a hypothesis that 
annotbe proven mathemati
ally. As of today, the hypothesis has not been disproved. In the-oreti
al 
omputer s
ien
e the term 
omputable used without further quali�
ation is asynonym for \
omputable by a Turing ma
hine" (equivalently, a C++ program).
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Point of declaration. Our approa
h of de�ning potential s
ope and s
ope line by line isa simpli�
ation, even if the 
ode is suitably formatted and we only have one de
larationper line. The truth is that the point of de
laration of i in
int i = 5;is in the middle of the de
laration, after the name i has appeared. The potential s
opetherefore does not in
lude the full line, but only the part starting from =. This explainswhat happens in the following 
ode fragment, but fortunately this is 
onsistent with ourline-by-line approa
h. In1 int i = 5;2 {3 int i = i;4 }the name i after the = in line 3 refers to the de
laration in line 3. Consequently, i isinitialized with itself in this line, meaning that its value will be unde�ned, and not 5.In other situations it may happen, though, that the appearan
e of a name in thede
laration of the same name refers to a previous de
laration of this name. For now,we 
an easily avoid su
h subtleties by the following rule: any de
laration should 
ontainthe name to be de
lared on
e only.
The Collatz problem and the ?-operator. The Collatz sequen
e goes ba
k to the Germanmathemati
ian Lothar Collatz (1910{1990) who studied it in the 1930's. Several prizeshave been o�ered to anyone who proves or disproves the 
onje
ture that the number
1 appears in the Collatz sequen
e of every number n � 1. The famous Hungarianmathemati
ian Paul Erd}os o�ered $500, whi
h is mu
h by his standards (he used to o�ermu
h lower amounts for very diÆ
ult problems). Erd}os said that \Mathemati
s is notyet ready for su
h problems". Indeed, the 
onje
ture is still unsolved.We have presented the 
omputation of the Collatz sequen
e as an appli
ation of the
while statement, pointing out that the 
onditional 
hange of n is too 
ompli
ated toput it into a for statement's expression. Well, that's not exa
tly true: the designersof C, the pre
ursor to C++, had a weakness for very 
ompa
t 
ode and 
ame up withthe 
onditional operator that allows us to simulate if statements by expressions. Thesyntax of this ternary operator (arity 3) is
ondition ? expression1 : expression2Here, 
ondition is an expression of a type whose values 
an be 
onverted to bool, and ex-pression1 and expression2 are expressions. The semanti
s is as follows. First, 
onditionis evaluated. If it returns true, expression1 is evaluated, and its value is returned as thevalue of the 
omposite expression. Otherwise (if 
ondition returns false), expression2 isevaluated, and its value is returned. The token ? is a sequen
e point (see Se
tion 2.2.10),meaning that all e�e
ts of 
ondition are pro
essed before either expression1 or expres-sion2 are evaluated.
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onditional operator, the loop of Program 10 
ould quite 
ompa
tly bewritten as follows.
for ( ; n > 1; std::cout << (n % 2 == 0 ? n=n/2 : n=3*n+1) << " ");We leave it up to you to de
ide whether you like this variant better.
Static variables. The dis
ussion about storage duration above does not tell the wholestory: it is also possible to de�ne variables with lo
al s
ope that have stati
 storageduration.This is done by prepending the keyword static to the variable de
laration. Forexample, in
for (int i = 0; i < 5; ++i) {

static int k = i;

k += i;

std::cout << k << "\n";

} the address of k remains the same during all iterations, and k is initialized to i on
eonly, in the �rst iteration. The above pie
e of 
ode will therefore output the sequen
eof values 0, 1, 3, 6, 10 (remember Gauss). Without the static keyword, the result wouldsimply be the sequen
e of even numbers 0, 2, 4, 6, 8.Stati
 variables have been quite useful in C, for example to 
ount how often a spe
i�
pie
e of 
ode is exe
uted; in C++, they are less important.For variables of fundamental type the initial value may be unde�ned, as in the de�-nition int x;. However, the value is unde�ned only if x has automati
 storage duration.In 
ontrast, variables with stati
 storage duration are always zero-initialized, that is,�lled with a \zero" of the appropriate type.
Jump statements. There are two more jump statements in C++ that we haven't dis-
ussed in this se
tion. One of them is the return statement that you already know(Se
tion 2.1.15): it may o

ur only in a fun
tion, and its exe
ution lets the program 
owjump to the end of the 
orresponding fun
tion body. The other jump statement is the
goto statement, but sin
e this one is rarely needed (and somewhat diÆ
ult to use), weomit it.
2.4.10 Goals

Dispositional. At this point, you should . . .1) know the syntax and semanti
s of if. . . else{, for{, while{, and do statements;2) understand the 
on
epts blo
k, sele
tion, iteration, de
larative region, s
ope, andstorage duration;
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on
ept of an in�nite loop and be aware of the diÆ
ulty of dete
tingsu
h loops;4) understand the 
on
eptual equivalen
e of for{, while{, and do statements;5) know the syntax and semanti
s of continue{ and break statements;6) know at least four 
riteria to judge the 
ode quality of iteration statements.
Operational. In parti
ular, you should be able to . . .(G1) 
he
k a given simple program (as de�ned below) for synta
ti
al 
orre
tness andpoint out possible errors;(G2) read and understand a given simple program and explain what happens duringits exe
ution;(G3) �nd (potential) in�nite loops in a given simple program;(G4) �nd the mat
hing de
laration for a given identi�er;(G5) determine de
larative region and s
ope of a given de
laration;(G6) reformulate a given for{, while{, or do statement equivalently using any of theother two statements;(G7) 
ompare the 
ode quality of two given iteration statements and pi
k the one thatis preferable (if any);(G8) design simple programs for given tasks.The term simple program refers to a program that 
onsists of a main fun
tion in whi
hup to four (possibly nested) iteration statements appear, plus some sele
tion statements.Naturally, only the fundamental types and operations dis
ussed in the pre
eding se
tionsare used.
2.4.11 Exercises

Exercise 37 Corre
t all syntax errors in the program below. What does the resultingprogram output for the following inputs?(a) -4 (b) 0 (
) 1 (d) 3 (G1)(G2)1 #include <iostraem >2 int main()3 {4 unsinged int x = +1;5 { std::cin >> x; }6 for (int y = 0u; y < x) {7 std:cout << ++y;8 return 0;9 }
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Exercise 38 What is the problem with the 
ode below? Fix it and explain what theresulting 
ode 
omputes. (G2)(G3)1 unsigned int s = 0;2 do {3 int i = 1;4 if (i % 2 == 1) s *= i;5 } while (++i < 10);

Exercise 39 For ea
h variable de
laration in the following program give its de
larativeregion and its s
ope in the form \line x{y". What is the output of the program?(G2)(G5)1 #include <iostream >2 int main()3 {4 int s = 0;5 {6 int i = 0;7 while (i < 4)8 {9 ++i;10 const int f = i + 1;11 s += f;12 const int s = 3;13 i += s;14 }15 const unsigned int t = 2;16 std::cout << s + t << "\n";17 }18 const int k = 1;19 return 0;20 }

Exercise 40 Consider the program given below for ea
h of the listed input numbers.Determine the values of x, s, and i at begin of the �rst �ve iterations of the for-loop, before the 
ondition is evaluated. What does the program output for theseinputs? (a) -1 (b) 1 (
) 2 (d) 3 (G2)(G3)1 #include <iostream >2 int main()3 {4 int x;5 std::cin >> x;6 int s = 0;7 for (int i = 0; i < x; ++i) {
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Exercise 41 Find at least four problems in the 
ode given below. (G3)(G4)(G5)1 #include <iostream >2 int main()3 {4 { unsigned int x; }5 std::cin << x;6 unsigned int y = x;7 for (unsigned int s = 0; y >= 0; --y)8 s += y;9 std::cout << "s=" << s << "\n";10 return 0;11 }

Exercise 42 For whi
h input numbers is the output of the program given below well de-�ned? List those input/output pairs and argue why your list is 
omplete. (G3)(G4)(G5)1 #include <iostream >2 int main()3 {4 unsigned int x;5 std::cin >> x;6 int s = 0;7 for (unsigned int y = 1 + x; y > 0; y -= x)8 s += y;9 std::cout << "s=" << s << "\n";10 return 0;11 }

Exercise 43 Reformulate the 
ode below equivalently in order to improve its readabil-ity. Des
ribe the program's output as a fun
tion of its input n. (G2)(G6)(G7)1 unsigned int n;2 std::cin >> n;3 int x = 1;4 if (n > 0) {5 int k = 0;6 bool e = true;7 do {
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Exercise 44 Reformulate the program below equivalently in order to improve its read-ability and eÆ
ien
y. Des
ribe the program's output as a fun
tion of its input x.(G2)(G6)(G7)1 #include <iostream >2 int main()3 {4 int x;5 std::cin >> x;6 int s = 0;7 int i = -10;8 do9 for (int j = 1;;)10 if (j++ < i) s += j - 1; else break;11 while (++i <= x);12 std::cout << s << "\n";13 return 0;14 }

Exercise 45 What is the behavior of Program 8 on Page 84 if the user inputs 0 or
1? Rewrite the program (if this is ne
essary at all) so that it 
orre
tly handlesall possible inputs (we adopt the 
onvention that 0 and 1 are not prime numbers).(G2)(G3) (G8)
Exercise 46 Write a program fak-1.cpp to 
ompute the fa
torial n! of a given inputnumber n. (G8)
Exercise 47 Write a program dec2bin.cpp that inputs a natural number n and outputsthe binary digits of n in reverse order. For example, for n==2 the output is 01 andfor n==11 the output is 1101 (see also Exer
ise 50). (G8)
Exercise 48 Write a program cross_sum.cpp that inputs a natural number n and out-puts the sum of the (de
imal) digits of n. For example, for n==10 the output is 1and for n==112 the output is 4. (G8)
Exercise 49 Write a program perfect.cpp to test whether a given natural number nis perfe
t. A number n 2 N is 
alled perfe
t if and only if it is equal to the sum of itsproper divisors, that is, n =

∑
k2N,s.t.k<n ∧ k|n k. For example, 28 = 1 + 2 + 4 + 7 + 14is perfe
t, while 12 < 1 + 2 + 3 + 4 + 6 is not.
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t numbers between 1 and n. How manyperfe
t numbers exist in the range [1, 50000]? (G8)
Exercise 50 Write a program dec2bin2.cpp that inputs a natural number n and out-puts the binary digits of n in the 
orre
t order. For example, for n==2 the outputis 10 and for n==11 the output is 1011 (see also Exer
ise 47). (G8)
Exercise 51 Pete and Colin play a di
e game against ea
h other. Pete has threefour-sided (pyramidal) di
e, ea
h with fa
es numbered 1, 2, 3, 4. Colin has twosix-sided (
ubi
al) di
e, ea
h with fa
es numbered 1, 2, 3, 4, 5, 6. Peter and Colinroll their di
e and 
ompare totals: the highest total wins. The result is a draw ifthe totals are equal.What is the probability that Pyramidal Pete beats Cubi
 Colin? What is theprobability that Cubi
 Colin beats Pyramidal Pete? And what is the probability ofa draw? As a 
onsequen
e, is it a fair game, and if not, who would you rather be?Write a program dice.cpp that outputs the aforementioned probabilities as ra-tional numbers of the form p/q. (This is a simpli�ed version of Problem 205 fromthe Proje
t Euler, see http://projecteuler.net/.) (G8)
Exercise 52 We know from Se
tion 1.1 that it took Frank Nelson Cole around threeyears to �nd the fa
torization

761838257287 � 193707721of the Mersenne number 267 − 1 by hand 
al
ulations. Write a program cole.cppthat performs the same task (hopefully in less than three years). (G8)
Hint: You will need the type ifm::integer, see Se
tion 2.1.16.

2.4.12 Challenges

Exercise 53 The Ulam spiral is named after the Polish mathemati
ian StanislawUlam who dis
overed it a

identally in 1963 while being bored during a s
ienti�
meeting.The Ulam spiral is a method of \drawing" prime numbers. For this, one �rstlists all natural numbers in a spiral fashion, so that the integer grid Z2 gets �lledwith the natural numbers (see Figure 7(a)). For the drawing, every grid point 
on-taining a prime number is repla
ed with a bla
k pixel, while the 
omposite numbersare repla
ed with white pixels (Figure 7(b)). When this is done for the �rst n num-bers (n large), one observes a surprising phenomenon: the prime numbers tend toa

umulate along diagonals (see Figure 7(
)).Write a program that outputs the Ulam spiral generated by the �rst n numbers,where n is read from the input. You may restri
t n su
h that the drawing �ts intoa window of 500� 500 pixels, say. (G8)
Hint: You may use the libwindow library to produ
e the drawing. The exampleprogram in its do
umentation should give you an idea how this 
an be done.
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(a) A spiral-shape listing of the nat-ural numbers (b) Repla
ing prime num-bers with bla
k and
omposite numberswith white pixels (
) A larger spiral (around

200x 200 grid points)
Figure 6: The Ulam Spiral

Exercise 54 The n-queens problem is to pla
e n queens on an n� n 
hessboard su
hthat no two queens threaten ea
h other. Formally, this means that there is nohorizontal, verti
al, or diagonal with more than one queen in it. Write a programthat outputs the number of di�erent solutions to the n-queens problem for a giveninput n. Assuming a 32 bit system, the program should work up to n = 9 at least.Che
k through a web sear
h whether the numbers that your program 
omputes are
orre
t.
Exercise 55 The largest Mersenne prime known as of September 2009 is

243,112,609 − 1,see Se
tion 1.1. In Exer
ise 19, we have asked you to �nd the number of de
imaldigits that this number has. In this 
hallenge, we originally wanted to ask you to listall these digits, but in the interest of the TA that has to mark your solution, we de-
ided to swit
h to the following variant: Write a program famous_last_digits.cppthat 
omputes and outputs the last 10 de
imal digits of the above Mersenne prime!
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2.5 Floating point numbersFurthermore, it has revealed the ratio of the 
hord and ar
 ofninety degrees, whi
h is as seven to eight, and also the ratioof the diagonal and one side of a square whi
h is as ten toseven, dis
losing the fourth important fa
t, that the ratio ofthe diameter and 
ir
umferen
e is as �ve-fourths to four.Indiana House Bill No. 246, de�ning

2
p

2
π

= 7
8
, p2 = 10

7
, and 1

π
= 5/16 (1897)This se
tion dis
usses the 
oating point number types float and doublefor approximating real numbers. You will learn about 
oating pointnumber systems in general, and about the IEEE standard 754 that de-s
ribes two spe
i�
 
oating point number systems. We will point outthe strengths and weaknesses of 
oating point numbers and give youthree guidelines to avoid 
ommon pitfalls in 
omputing with 
oating pointnumbers.When 
onverting degrees Celsius into Fahrenheit with the program fahrenheit.cppin Se
tion 2.2, we make mistakes. For example, 28 degrees Celsius are 82.4 degreesFahrenheit, but not 82 as output by fahrenheit.cpp. The reason for this mistake isthat the integer division employed in the program simply \
uts o�" the fra
tional part.What we need is a type that allows us to represent and 
ompute with fra
tional numberslike 82.4.For this, C++ provides two 
oating point number types float and double. Indeed,if we simply repla
e the de
laration int celsius in fahrenheit.cpp by float celsius,the resulting program outputs 82.4 for an input value of 28. Floating point numbersalso solve another problem that we had with the types int and unsigned int: floatand double have a mu
h larger value range and are therefore suitable for \serious"
omputations. In fa
t, 
omputations with 
oating point numbers are very fast on modernplatforms, due to spe
ialized pro
essors.

Fixed versus floating point. If you think about how to represent de
imal numbers like 82.4using a �xed number of de
imal digits (10 digits, say), a natural solution is this: youpartition the 10 available digits into 7 digits before the de
imal point, say, and 3 digitsafter the de
imal point. Then you 
an represent all de
imal numbers of the form
6∑

i=−3

βi10i,with βi 2 {0, . . . , 9} for all i. This is 
alled a �xed point representation.



2.5. FLOATING POINT NUMBERS 109There are, however, two obvious disadvantages of a �xed point representation. Onthe one hand, the value range is very limited. We have already seen in Se
tion 2.2.5 thatthe largest int value is so small that it hardly allows any interesting 
omputations (asan example, try out Program 1 on some larger input). A �xed point representation iseven worse in this respe
t, sin
e it reserves some of our pre
ious digits for the fra
tionalpart after the de
imal point, even if these digits are not|or not fully|needed (as in
82.4).The se
ond disadvantage is 
losely related: even though the two numbers 82.4 and
0.0824 have the same number of signi�
ant digits (namely 3), the latter number is notrepresentable with only 3 digits after the de
imal point. Here, we are wasting the 7 digitsbefore the de
imal point, but we are la
king digits after the de
imal point.A 
oating point representation resolves both issues by representing a number simplyas its sequen
e of de
imal digits (an integer 
alled the signi�
and), plus the information\where the de
imal point is". Te
hni
ally, one possibility to realize this is to store anexponent su
h that the represented number is of the formsigni�
and � 10exponent .For example,

82.4 = 824 � 10−1,

0.0824 = 824 � 10−4.

2.5.1 The types float and doubleThe types float and double are fundamental types provided by C++, and they storenumbers in 
oating point representation.While the fundamental types int and unsigned int are meant to approximate the\mathemati
al types" Z and N, respe
tively, the goal of both float and double isto approximate the set R of real numbers. Sin
e there are mu
h more real numbersthan integers, this goal seems even more ambitious (and less realisti
) than trying toapproximate Z, say, with a �nite value range. Nevertheless, the two types float and
double are very useful in pra
ti
al appli
ations. The 
oating point representation allowsvalues that are mu
h larger than any value of type int and unsigned int. In fa
t, thevalue ranges of the 
oating point number types float and double are suÆ
ient in mostappli
ations.Values of these two types are referred to as 
oating point numbers, where doubleusually allows higher (namely, double) pre
ision in approximating real numbers.On the types float and double we have the same arithmeti
, relational, and assign-ment operators as on integral types, with the same asso
iativities and pre
eden
es. Theonly ex
eption is that the modulus operators % and %= are available for integral typesonly. This makes sense, sin
e division over float and double is meant to model the truedivision over R whi
h has no remainder.
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oating point number types are arithmeti
 types, and this
ompletes the list of fundamental arithmeti
 types in C++.
Literals of type float and double. Literals of types float and double are more 
ompli
atedthan literals of type int or unsigned int. For example, 1.23e-7 is a valid double literal,representing the value 1.23 � 10−7. Literals of type float look the same as literals of type
double, followed by the letter f or F.In its most general form, a double literal 
onsists of an integer part, followed by afra
tional part (starting with the de
imal point .), and an exponential part (startingwith the letter e or E). The literal 1.23e-7 has all of these parts.Both the integer part as well as the fra
tional part (after the de
imal point) aresequen
es of digits from 0 to 9, where one of them may be empty, like in .1 (meaning
0.1) and in 1. (meaning 1.0). The exponential part (after the letter e or E) is also asequen
e of digits, pre
eded by an optional + or -. Either the fra
tional part or theexponential part may be omitted. Thus, 123e-9 and 1.23 are valid double literals, but
123 is not, in order to avoid 
onfusion with int literals.The value of the literal is obtained by s
aling the fra
tional de
imal value de�ned bythe integer part and the fra
tional part by 10e, where e is the (signed) de
imal integerin the exponential part (de�ned as 0, if the exponential part is missing).To show 
oating point numbers in a
tion, let us write a program that \
omputes" afully-
edged real number, namely the Euler 
onstant

∞∑

i=0

1

i!
= 2.71828 . . .You may re
all that this sum 
onverges qui
kly, so we should already get a good approx-imation for the Euler 
onstant when we sum up the �rst 10 terms, say. Program 11 doesexa
tly this.1 // Program: euler.cpp2 // Approximate Euler’s constant e.34 #include <iostream >56 int main ()7 {8 // values for term i, initialized for i = 09 float t = 1.0f; // 1/i!10 float e = 1.0f; // i-th approximation of e1112 std::cout << "Approximating the Euler constant ...\n";13 // steps 1,...,n14 for (unsigned int i = 1; i < 10; ++i) {



2.5. FLOATING POINT NUMBERS 11115 e += t /= i; // compact form of t = t / i; e = e + t16 std::cout << "Value after term " << i << ": " << e << "\n";17 }1819 return 0;20 }

Program 11: progs/le
ture/euler.
ppWhen you run the program, its output may look like this.
Approximating the Euler constant ...

Value after term 1: 2

Value after term 2: 2.5

Value after term 3: 2.66667

Value after term 4: 2.70833

Value after term 5: 2.71667

Value after term 6: 2.71806

Value after term 7: 2.71825

Value after term 8: 2.71828

Value after term 9: 2.71828It seems that we do get a good approximation of the Euler 
onstant in this way.What remains to be explained is how the mixed expression e += t /= i in line 15 isdealt with that 
ontains operands of types unsigned int and float. Note that sin
ethe arithmeti
 assignment operators are right-asso
iative (Table 1 on Page 51), thisexpression is impli
itly parenthesized as e += (t /= i). When evaluated in iteration i,it therefore �rst divides t by i (
orresponding to the step from 1/(i − 1)! to 1/i!), andthen it adds the resulting value 1/i! to the approximation e.
2.5.2 Mixed expressions, conversions, and promotionsThe 
oating point number types are de�ned to be more general than any integral type.Thus, in mixed 
omposite expressions, integral operands get 
onverted to the respe
-tive 
oating point number type (see also Se
tion 2.2.7 where we �rst saw this me
ha-nism for mixed expressions over the types int and unsigned int). The resulting valueis the representable value nearest to the original value, where ties are broken in animplementation-de�ned fashion. In parti
ular, if the original integer value is in the valuerange of the relevant 
oating point number type, the value remains un
hanged.This in parti
ular explains why the 
hange of int celsius to float celsius in theprogram fahrenheit.cpp leads to the behavior we want: during evaluation of the ex-pression 9 * celsius / 5 + 32, all integral operands are eventually 
onverted to float,so that the 
omputation takes pla
e ex
lusively over the type float.In the program euler.cpp, we have the same kind of 
onversion: in the mixed ex-pression t /= i, the unsigned int operand i gets 
onverted to the type float of theother operand t.
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ompositeexpression involving operands of types float and double is of type double. When su
han expression gets evaluated, every operand of type float is promoted to double. Re
allfrom Se
tion 2.3.2 that promotion is a term used to denote 
ertain privileged 
onversionsin whi
h no information gets lost. In parti
ular, the value range of double must 
ontainthe value range of float.In summary, the hierar
hy of arithmeti
 types from the least general to the mostgeneral type is
bool � int � unsigned int � float � double.We already know that a 
onversion may also go from the more general to the lessgeneral type, see Se
tion 2.2.7. This happens for example in the de
laration statement

int i = -1.6f;When a 
oating point number is 
onverted to an integer, the fra
tional part is dis
arded.If the resulting value is in the value range of the target type, we get this value, otherwisethe result of the 
onversion is unde�ned. In the previous example, this rule initializes iwith −1 (and not with the nearest representable value −2).When double values are 
onverted to float, we again get the nearest representablevalue (with ties broken in an implementation-dependent way), unless the original valueis larger or smaller than any float value. In this latter 
ase, the 
onversion is unde�ned.
2.5.3 Explicit conversionsConversions between integral and 
oating point number types are 
ommon in pra
ti
e.For example, the 
onversion of a nonnegative float value x to the type unsigned int
orresponds to the well-known 
oor fun
tion bx
 that rounds down to the next integer.Conversely, it 
an make sense to perform an integral 
omputation over a 
oating pointnumber type, if this latter type has a larger value range.Expli
it 
onversion allows to 
onvert a value of any arithmeti
 type dire
tly intoany other arithmeti
 type, without the detour of de�ning an extra variable like in
int i = -1.6f; To obtain the int value resulting from the float value −1.6, we 
ansimply write the expression int(-1.6f).The general syntax of an expli
it 
onversion, also 
alled a 
ast expression, isT ( expr )where T is a type, and expr is an expression. The 
ast expression is valid if and only ifthe 
orresponding 
onversion of expr to the type T (as in T x = expr) is de�ned.For 
ertain \
ompli
ated" type names T, it is ne
essary to parenthesize T, like in the
ast expression (unsigned int)(1.6f).
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2.5.4 Value rangeFor integral types, the arithmeti
 operations may fail to 
ompute 
orre
t results onlydue to over- or under
ow. This is be
ause the value range of ea
h integral type is a
ontiguous subset of Z, with no \holes" in between.For 
oating point number types, this is not true: with �nite (and even with 
ountable)value range, it is impossible to represent a subset of R with more than one element butno holes. In 
ontrast, over- or under
ows are less of an issue: the representable valuesusually span a huge interval, mu
h larger than for integral types. If you print the largest
double value on your platform via the expression
std:: numeric_limits <double >::max()you might for example get the output 1.79769e+308. Re
all that this means 1.79769 �
10308, a pretty large number.Let us approa
h the issue of holes with a very simple program that asks the user toinput two 
oating point numbers and their di�eren
e. The program then 
he
ks whetherthis is indeed the 
orre
t di�eren
e. Program 12 performs this task.1 // Program: diff.cpp2 // Check subtraction of two floating point numbers34 #include <iostream >56 int main()7 {8 // Input9 float n1;10 std::cout << "First number =? ";11 std::cin >> n1;1213 float n2;14 std::cout << "Second number =? ";15 std::cin >> n2;1617 float d;18 std::cout << "Their difference =? ";19 std::cin >> d;2021 // Computation and output22 std::cout << "Computed difference - input difference = "23 << n1 - n2 - d << ".\n";24 return 0;25 }

Program 12: progs/le
ture/di�.
pp
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orre
tly subtra
t 1from 1.5.
First number =? 1.5

Second number =? 1.0

Their difference =? 0.5

Computed difference - input difference = 0.But the authors 
an apparently not 
orre
tly subtra
t 1 from 1.1:
First number =? 1.1

Second number =? 1.0

Their difference =? 0.1

Computed difference - input difference = 2.23517e-08.What is going on here? After double 
he
king our mental arithmeti
, we must 
on
ludethat it's the 
omputer and not us who 
annot 
orre
tly subtra
t. To understand why,we have to take a somewhat 
loser look at 
oating point numbers in general.
2.5.5 Floating point number systemsA �nite 
oating point number system is a �nite subset of R, de�ned by four numbers
2 � β 2 N (the base), 1 � p 2 N (the pre
ision), emin 2 Z (the smallest exponent)and emax 2 Z (the largest exponent).The set F(β, p, emin, emax) of real numbers represented by this system 
onsists of all
oating point numbers of the form

s � p−1∑

i=0

diβ
−i � βe,where s 2 {−1, 1}, di 2 {0, . . . , β − 1} for all i, and e 2 {emin, . . . , emax}.The number s is the sign, the sequen
e d0d1 . . . dp−1 is 
alled the signi�
and (anolder equivalent term is mantissa), and the number e is the exponent.We sometimes write a 
oating point number in the form�d0.d1 . . . dp−1 � βe.For example, using base β = 10, the number 0.1 
an be written as 1.0 � 10−1, and as

0.1 � 100, 0.01 � 101 and in many other ways.The representation of a number be
omes unique when we restri
t ourselves to theset F�(β, p, emin, emax) of normalized numbers, i.e. the ones with d0 6= 0. The downsideof this is that we lose some numbers (in parti
ular the number 0, but let's not worryabout this now). More pre
isely, normalization loses exa
tly the numbers of absolutevalue smaller than βemin (see also Exer
ise 62).For a �xed exponent e, the smallest positive normalized number is
1.0 . . . 0 � βe = βe,
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i=0 xi = (xn+1 − 1)/(x − 1) for x 6= 1)
(β − 1).(β − 1) . . . (β − 1) � βe =

p−1∑

i=0

(β − 1)β−i � βe =

 
1 −

 
1

β

!p!
βe+1 < βe+1.This means that the normalized numbers are \sorted by exponent".Most 
oating point number systems used in pra
ti
e are binary, meaning that theyhave base β = 2. In a binary system, the de
imal numbers 1.1 and 0.1 are not repre-sentable, as we will see next; 
onsequently, errors are made in 
onverting them to 
oatingpoint numbers, and this explains the strange behavior of Program 12.

Computing the floating point representation. In order to 
onvert a given positive de
imalnumber x into a normalized binary 
oating point number system F�(2, p, emin, emax), we�rst 
ompute its binary expansion
x =

∞∑

i=−∞
bi2

i, bi 2 {0, 1} for all i.This is similar to the binary expansion of a natural number as dis
ussed in Se
tion 2.2.8.The only di�eren
e is that we have to allow all negative powers of 2, sin
e x 
an bearbitrarily 
lose to 0. The binary expansion of 1.25 for example is
1.25 = 1 � 2−2 + 1 � 20.We then determine the smallest and largest values of i, i and i, for whi
h bi is nonzero(note that i may be −∞, but i is �nite sin
e x is �nite). The number i− i+1 2 N[ {∞}is the number of signi�
ant digits of x.With di := bi−i, we get d0 6= 0 and
x =

i∑

i=i

bi2
i =

i−i∑

i=0

bi−i2
i−i =

i−i∑

i=0

di2
−i � 2i.This implies that x 2 F�(2, p, emin, emax) if and only if i − i < p and emin � i � emax.Equivalently, if the binary expansion of x has at most p signi�
ant digits, and theexponent of the normalized representation is within the allowable range.In 
omputing the binary expansion of x > 0, let us assume for simpli
ity that x < 2.This is suÆ
ient to explain the issue with the de
imal numbers 1.1 and 0.1, and all other
ases 
an be redu
ed to this 
ase by separately dealing with the largest even integersmaller or equal to x: writing x = y + 2k with k 2 N and y < 2, we get the binaryexpansion of x by 
ombining the expansions of y and 2k.For x < 2, we have

x =

0∑

i=−∞
bi2

i = b0 +

−1∑

i=−∞
bi2

i = b0 +

0∑

i=−∞
bi−12

i−1 = b0 +
1

2

0∑

i=−∞
bi−12

i

︸ ︷︷ ︸
=:x0 .
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ompute the binary expansion of x. If
x � 1, the most signi�
ant digit b0 is 1, otherwise it is 0. The other digits bi, i � −1,
an subsequently be extra
ted by applying the same te
hnique to x 0 = 2(x − b0).Doing this for x = 1.1 yields the following sequen
e of digits.

1.1 → b0 = 1

2(1.1 − 1) = 2 � 0.1 = 0.2 → b−1 = 0

2(0.2 − 0) = 2 � 0.2 = 0.4 → b−2 = 0

2(0.4 − 0) = 2 � 0.4 = 0.8 → b−3 = 0

2(0.8 − 0) = 2 � 0.8 = 1.6 → b−4 = 1

2(1.6 − 1) = 2 � 0.6 = 1.2 → b−5 = 1

2(1.2 − 1) = 2 � 0.2 = 0.4 → b−6 = 0
...We now see that the binary expansion of the de
imal number 1.1 is periodi
: the 
orre-sponding binary number is 1.00011, and it has in�nitely many signi�
ant digits. Sin
e allnumbers in the 
oating point number systems F(2, p, emin, emax) and F�(2, p, emin, emax)have at most p signi�
ant digits, it follows that x = 1.1 is not representable in a binary
oating point number system, regardless of p, emin and emax. The same is true for x = 0.1.

The Excel 2007 bug. We have shown in the previous paragraph that it is impossibleto 
onvert some 
ommon de
imal numbers (like 1.1 or 0.1) into binary 
oating-pointnumbers, without making small errors. This has the embarrassing 
onsequen
e that thetypes float and double are unable to represent the values of some of their own literals.Despite this problem, a huge number of de
imal-to-binary 
onversions take pla
e on
omputers worldwide, the minute you read this. For example, whenever you enter anumber into a spreadsheet, you do it in de
imal format. But 
han
es are high thatinternally, the number is 
onverted to and represented in binary 
oating-point format.The small errors themselves are usually not the problem; but the resulting \weird"
oating-point numbers extremely 
lose to some \ni
e" de
imal value may expose otherproblems in the program.A re
ent su
h issue that has re
eived a lot of attention is known as the the Ex
el2007 bug. Users have reported that the multipli
ation of 77.1 with 850 in Mi
rosoftEx
el does not yield 65, 535 (the mathemati
ally 
orre
t result) but 100, 000.Mi
rosoft rea
ted to this by admitting the bug, but at the same time pointing outthat the 
omputed value is 
orre
t, and that the error only happens when this valueis displayed in the sheet. But how 
an it happen that the ni
e integer value 65, 535 isin
orre
tly displayed? Well, it doesn't happen: when you multiply 65, 535 with 1, forexample, the result is 
orre
tly displayed as 65, 535.The point is that the 
omputed value is not 65, 535, but some other number extremely
lose to it. The reason is that a small but unavoidable error is made in 
onverting the
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imal value 77.1 into the 
oating-point number system internally used by Ex
el: like
1.1 and 0.1, the number 77.1 has no �nite binary representation.This error 
an of 
ourse not be \repaired" by the multipli
ationwith 850, so Ex
el getsa value only very 
lose to 65, 535. This would be a

eptable, but exa
tly for this value(and 11 others, a

ording to Mi
rosoft), the display fun
tionality has a bug. Naturally,if only 12 \weird" numbers out of all 
oating-point numbers are a�e
ted by this bug, itis easy not to dete
t the bug during regular tests.While Mi
rosoft earned quite some ridi
ule for the Ex
el 2007 bug (for whi
h itqui
kly o�ered a �x), it should in all fairness be admitted that su
h bugs 
ould still behidden in software of other vendors as well.
Relative error. If we are not able to represent a real number x exa
tly as a binary 
oatingpoint number in the system F�(2, p, emin, emax), it is natural to approximate it by the
oating point number nearest to x. What is the error we make in this approximation?Suppose that x is positive and has binary expansion

x =

i∑

i=−∞
bi2

i = bi.bi−1 . . . � 2i, where bi = 1.There are two natural ways of approximating x with p or less signi�
ant digits. Oneway is to round down, resulting in the number
x = bi.bi−1 . . . bi−p+1 � 2i =

i∑

i=i−p+1

bi2
i.This trun
ates all the digits bi, i � i − p, and the error we make is

x − x =

i−p∑

i=−∞
bi2

i � i−p∑

i=−∞
2i = 2i−p+1.Alternatively, we 
ould round up to the number

x = x + 2i−p+1where our previous error estimate shows that indeed, x � x holds. For this, we have to
he
k that x has at most p signi�
ant digits. This is true if bi−p+1 = 0, sin
e then theaddition of 2i−p+1 adds exa
tly one digit to the at most p−1 signi�
ant digits of x. Andif bi−p+1 = 1, the addition of 2i−p+1 removes the least signi�
ant 
oeÆ
ient of 2i−p+1 andmay 
reate one extra 
arry digit at the other end.This means that x is between two numbers that are 2i−p+1 apart, so the nearer of thetwo numbers is at most 2i−p away from x. On the other hand, x has size at least 2i,meaning that
|x − x̂|/x � 2−p,
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oating point number nearest to x. The number 2−p, referred to as thema
hine epsilon, is the relative error made in approximating x with its nearest 
oatingpoint number x̂.The previous inequality also holds for negative x and their 
orresponding best ap-proximation x̂, so that we get the general relative error formula
|x − x̂|

|x|
� 2−p, x 6= 0.This means that the distan
e of x to its nearest 
oating point number is in theworst 
ase proportional to the size of x. This is be
ause the 
oating point numbersare not equally spa
ed along the real line. Close to 0, their density is high, but themore we go away from 0, the sparser they be
ome. As a simple example, 
onsider thenormalized 
oating point number system F�(2, 3, −2, 2). The smallest positive number is

1.00 �2−2 = 1/4, and the largest one is 1.11 �22 = 7 (re
all that the digits are binary). Thedistribution of all positive numbers over the interval [1/4, 7] is shown in the followingpi
ture.
0 1 2 3 4 5 6 7 8From this pi
ture, it is 
lear that the relative error formula 
annot hold for very large

x. But also if x is very 
lose to zero, the relative error formula may fail. In fa
t, there isa substantial gap between 0 and the smallest positive normalized number. Numbers xin that gap are not ne
essarily approximable by normalized 
oating point numbers withrelative error at most 2−p.Where is the mistake in our 
al
ulations, then? There is no mistake, but the 
al
ula-tions are only appli
able if the 
oating point number x̂ nearest to x is in fa
t a 
oatingpoint number in the system we 
onsider, i.e. if it has its exponent in the allowed range
{emin, . . . , emax}. This fails if x̂ is too large or too small.
Arithmetic operations. Performing addition, subtra
tion, multipli
ation, and division with
oating point numbers is easy in theory: as these are real numbers, we simply performthe arithmeti
 operations over the set R of real numbers; if the result is not representablein our 
oating point number system, we apply some rounding rule (su
h as 
hoosing thenearest representable 
oating point number).In pra
ti
e, 
oating point number arithmeti
 is not more diÆ
ult than integer arith-meti
. Let us illustrate this with an example. Suppose that p = 4, and that we have abinary system; we want to perform the addition

1.111 � 2−2

+ 1.011 � 2−1 .
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h that they have the same exponent. Thismeans to \denormalize" one of the two numbers, e.g. the se
ond one:
1.111 � 2−2

+ 10.110 � 2−2 .Now we 
an simply add up the two signi�
ands, just like we add integers in binaryrepresentation. The result is
100.101 � 2−2.Finally, we renormalize and obtain
1.00101 � 20.We now realize that this exa
t result is not representable with p = 4 signi�
ant digits, sowe have to round. In this 
ase, the nearest representable number is obtained by simplydropping the last two digits:
1.001 � 20.

2.5.6 The IEEE standard 754

Value range. The C++ standard does not pres
ribe the value range of the types floatand double. It only stipulates that the value range of float is 
ontained in the valuerange of double su
h that a float value 
an be promoted to a double value.In pra
ti
e, most platforms support (variants of) the IEEE standard 754 for rep-resenting and 
omputing with 
oating point numbers. Under this standard, the valuerange of the type float is the set
F�(2, 24, −126, 127)of single pre
ision normalized 
oating point numbers, plus some spe
ial numbers (
on-veniently, 0 is one of these spe
ial numbers). The value range of double is the set
F�(2, 53, −1022, 1023)of double pre
ision normalized 
oating point numbers, again with some spe
ial numbersadded, in
luding 0.These parameters may seem somewhat arbitrary at �rst, but they are motivated bya 
ommon memory layout in whi
h 32 bits 
an be manipulated at on
e. Indeed, 32 bitsof memory are used to represent a single pre
ision number. The signi�
and requires 23bits; re
all that in a normalized binary 
oating point number system, the �rst digit ofthe signi�
and is always 1, hen
e it need not expli
itly be stored. The exponent requiresanother 8 bits for representing its 254 = 28−2 possible values, and another bit is neededfor the sign.
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ision numbers, the signi�
and requires 52 bits, the exponent has 11bits for its 2046 = 211 − 2 possible values, and one bit is needed for the sign. In total,this gives 64 bits.Note that in both 
ases, two more exponent values 
ould be a

ommodated withoutin
reasing the total number of bits. These extra values are in fa
t used for representingthe spe
ial numbers mentioned above, in
luding 0.
Requirements for the arithmetic operations. The C++ standard does not pres
ribe the a
-
ura
y of arithmeti
 operations over the types float and double, but the IEEE standard754 does. The requirements are as stri
t as possible: the result of any addition, subtra
-tion, multipli
ation, or division is the representable value nearest to the true value. Ifthere are two nearest values (meaning that the true value is halfway in between them),the one that has least signi�
ant digit dp−1 = 0 is 
hosen. This is 
alled round-to-even ; other rounding modes 
an be enabled if ne
essary. The same rule applies to the
onversion of de
imal values like 1.1 to their binary 
oating point representation.Moreover, 
omparisons of values have to be exa
t under all relational operators (Se
-tion 2.3.2).
2.5.7 Computing with floating point numbersWe have seen that for every 
oating point number system, there are numbers that it
annot represent, and these are not ne
essarily very exoti
, as our example with thede
imal number 1.1 shows. On the other hand, the IEEE standard 754 guaranteesthat we will get the nearest representable number, and the same holds for the result ofevery arithmeti
 operation, up to (rare) over- and under
ows. Given this, one mightbe tempted to believe that the results of most 
omputations involving 
oating pointnumbers are 
lose to the mathemati
ally 
orre
t results, with respe
t to relative error.Indeed, this is true in many 
ases. For example, our initial program euler.cpp
omputes a pretty good approximation of the Euler 
onstant. Nevertheless, some 
arehas to be taken in general. The goal of this se
tion is to point out 
ommon pitfalls, andto provide resulting guidelines for \safe" 
omputations with 
oating point numbers.We start with the �rst and most important guideline that may already be obvious toyou at this point.

Floating Point Arithmetic Guideline 1: Never 
ompare two 
oating point numbers forequality, if at least one of them results from inexa
t 
oating point 
omputations.Even very simple expressions involving 
oating point numbers may be mathemati
allyequivalent, but still return di�erent values, sin
e intermediate results are rounded. Twosu
h expressions are x * x - y * y and (x + y) * (x - y). Therefore, testing theresults of two 
oating point 
omputations for equality using the relational operators ==or != makes little sense. Sin
e equality is sensitive to the tiniest errors, we won't getequality in most 
ases, even if mathemati
ally, we would.
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ular 
oating point 
omputation is exa
t or not. Exa
tness usually dependson the representation and is, therefore, hard to 
laim in general. However, there are
ertain operations whi
h are easily seen to be exa
t. For instan
e, multipli
ation anddivision by a power of the base (usually, 2) do not 
hange the signi�
and, but only theexponent. Thus, these operations are exa
t, unless they lead to an over- or under
ow inthe exponent.Moreover, it is safe to assume that the largest exponent is (mu
h) higher than thepre
ision p, and in this 
ase we 
an also exa
tly represent all integers of absolute valuesmaller than βp. Consequently, integer additions, subtra
tions, and multipli
ationswithin this range are exa
t.The next two guidelines are somewhat less obvious, and we motivate them by �rstshowing the underlying problem. Throughout, we assume a binary 
oating point numbersystem of pre
ision p.
Adding numbers of different sizes. Suppose we want to add the two 
oating point numbers
2p and 1. What will be the result? Mathemati
ally, it is

2p + 1 =

p∑

i=0

bi2
i,with (bp, bp−1, . . . , b0) = (1, 0, . . . , 0, 1). Sin
e this binary expansion has p+1 signi�
antdigits, 2p + 1 is not representable with pre
ision p. Under the IEEE standard 754, theresult of the addition is 2p (
hosen from the two nearest 
andidates 2p and 2p + 2), sothis addition has no e�e
t.The general phenomenon here is that adding 
oating point numbers of di�erent sizes\kills" the less signi�
ant digits of the smaller number (in our example, all its digits).The larger the size di�eren
e, the more drasti
 is the e�e
t.To 
onvin
e you that this is not an arti�
ial phenomenon, let us 
onsider the problemof 
omputing Harmoni
 numbers (sear
h the web for the 
oupon 
olle
tor's problem to�nd an interesting o

urren
e of Harmoni
 numbers). For n 2 N, the n-th Harmoni
number Hn is de�ned as the sum of the re
ipro
als of the �rst n natural numbers, thatis,

Hn =

n∑

i=1

1

i
.It should now be an easy exer
ise for you to write a program that 
omputes Hn fora given n 2 N. You only need a single loop running through the numbers 1 up to n,adding their re
ipro
als. Just as well you 
an make your loop run from n down to 1 andsum up the re
ipro
als. Why not, that should not make any di�eren
e, right? Let us tryboth variants and see what we get. The program harmonic.cpp shown below 
omputesthe two sums and outputs them.



122 CHAPTER 2. FOUNDATIONS1 // Program: harmonic .cpp2 // Compute the n-th harmonic number in two ways.34 #include <iostream >56 int main()7 {8 // Input9 std::cout << "Compute H_n for n =? ";10 unsigned int n;11 std::cin >> n;1213 // Forward sum14 float fs = 0;15 for (unsigned int i = 1; i <= n; ++i)16 fs += 1.0f / i;1718 // Backward sum19 float bs = 0;20 for (unsigned int i = n; i >= 1; --i)21 bs += 1.0f / i;2223 // Output24 std::cout << "Forward sum = " << fs << "\n"25 << "Backward sum = " << bs << "\n";26 return 0;27 }

Program 13: progs/le
ture/harmoni
.
ppThink for a se
ond and re
all why it is important to not write 1 / i in line 16 andline 21. Now let us have a look at an exe
ution of the program. On the platform of theauthors, the following happens.
Compute H_n for n =? 10000000

Forward sum = 15.4037

Backward sum = 16.686The results di�er signi�
antly. The di�eren
e be
omes even more apparent when we trylarger inputs.
Compute H_n for n =? 100000000

Forward sum = 15.4037

Backward sum = 18.8079Noti
e that the forward sum did not 
hange, whi
h 
annot be 
orre
t. Using the
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1

2(n + 1)
< Hn − lnn − γ <

1

2n
,where γ = 0.57721666 . . . is the Euler-Mas
heroni 
onstant, we get Hn � 18.998 for

n = 108. That is, the ba
kward sum provides a mu
h better approximation of Hn.Why does the forward sum behave so badly? The reason is simple: As the largersummands are added up �rst, the intermediate value of the sum to be 
omputed grows(
omparatively) fast. At some point, the size di�eren
e between the partial sum and thesummand 1
i
to be added is so large that the addition does not 
hange the partial sumanymore, just like in 2p + 1 00 = 00 2p. Thus, regardless of how many more summands areadded to it, the sum stays the same.In 
ontrast, the ba
kward sum starts to add up the small summands �rst. Therefore,the value of the partial sum grows (
omparatively) slowly, allowing the small summandsto 
ontribute. The summands treated in the end of the summation have still a good
han
e to in
uen
e the signi�
and of the partial sum, sin
e they are (
omparatively)large.The phenomenon just observed leads us to our se
ond guideline.

Floating Point Arithmetic Guideline 2: Avoid adding two numbers that 
onsiderablydi�er in size.
Cancellation. Consider the quadrati
 equation

ax2 + bx + c = 0, a 6= 0.It is well known that its two roots are given by
r1,2 =

−b�p
b2 − 4ac

2a
.In a program that 
omputes these roots, we might therefore want to 
ompute the value

d = b2 − 4ac of the dis
riminant. If b2 and 4ac are representable as 
oating pointnumbers with pre
ision p, our previous error estimates guarantee that the result d̂ ofthe �nal subtra
tion has small relative error: |d − d̂| � 2−p|d|. This means, even if d is
lose to zero, d̂ will be away from d by mu
h less than the distan
e of d to zero.The problem arises if the numbers b2 and/or 4ac are not representable as 
oatingpoint numbers, in whi
h 
ase errors are made in 
omputing them. Assume b = 2p, a =

2p−1−1, c = 2p−1+1 (all these numbers are exa
tly representable). Then the exa
t valueof d is 4. The value b2 = 22p is a representable 
oating point number, but 4ac = 22p − 4is not, sin
e this number has 2p−2 signi�
ant digits (all of them equal to 1) in its binaryexpansion. The nearest 
oating point number is obtained by rounding up (adding 4), and
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tion, we get d̂ = 0. The relative error of this 
omputationis therefore 1 instead of 2−p.The reason is that in subtra
ting two numbers that are almost equal, the more signif-i
ant digits 
an
el ea
h other. If, on the other hand, the remaining less signi�
ant digitsalready 
arry some errors from previous 
omputations, the subtra
tion hugely ampli�esthese errors: the 
an
ellation promotes the previously less signi�
ant digits to mu
hmore signi�
ant digits of the result.Again, the example we gave here is arti�
ial, but be assured that 
an
ellation happensin pra
ti
e. Even in the quadrati
 equation example, it might be that the equations that
ome up in an appli
ation have the property that their dis
riminant b2 − 4ac is mu
hsmaller than a, b and c themselves. In this 
ase, 
an
ellation will happen.The dis
ussion 
an be summarized in form of a third guideline.
Floating Point Arithmetic Guideline 3: Avoid subtra
ting two numbers of almost equalsize, if these numbers are results of other 
oating point 
omputations.

2.5.8 Details

Other floating point number systems. The IEEE standard 754 de�nes two more 
oatingpoint number systems, single-extended pre
ision (p = 32), and double-extended pre-
ision (p = 64), and some platforms o�er implementations of these types. There isalso the IEEE standard 854 that allows base β = 10, for obvious reasons: the de
imalformat is the one in whi
h we think about numbers, and in whi
h we usually representnumbers. In parti
ular, a base-10 system has no holes in the value range at de
imalfra
tional numbers like 1.1 and 0.1.
IEEE compliance. While on most platforms, the types float and double 
orrespond tothe single and double pre
ision 
oating point numbers of the IEEE standard 754, this
orresponden
e is usually not one-to-one. For example, if you are trying to reprodu
ethe 
an
ellation example we gave, you might write
const float b = 16777216.0f; // 2^24

const float a = 8388607.0f; // 2^23 - 1

const float c = 8388609.0f; // 2^23 + 1

std::cout << b * b - 4.0f * a * c << "\n";and expe
t to get the predi
ted wrong result 0. But it may easily happen that you getthe 
orre
t result 4, even though your platform 
laims to follow the IEEE standard 754.The most likely reason is that the platform internally uses a register with more bits toperform the 
omputation. While this seems like a good idea in general, it 
an be fatalfor a program whose fun
tionality 
riti
ally relies on the IEEE standard 754.You will most likely see the 
an
ellation e�e
t in the following seemingly equivalentvariant of the above 
ode.
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float b = 16777216.0f; // 2^24

float a = 8388607.0f; // 2^23 - 1

float c = 8388609.0f; // 2^23 + 1

float bb = b * b;

float ac4 = 4.0f * a * c;

std::cout << bb - ac4 << "\n";Here, the results of the intermediate 
omputations are written ba
k to float variables,probably resulting in the expe
ted rounding of 4ac. Then the �nal subtra
tion revealsthe 
an
ellation e�e
t. Unless, of 
ourse, the 
ompiler de
ides to keep the variable ac4in a register with more pre
ision. For this reason, you 
an typi
ally provide a 
ompileroption to make sure that 
oating point numbers are not kept in registers.What is the morale of this? You usually 
annot fully trust the IEEE 
omplian
eof a platform, and it is neither easy nor worthwhile to predi
t how 
oating point num-bers exa
tly behave on a spe
i�
 platform. It is more important for you to know andunderstand 
oating point number systems in general, along with their limitations. Thisknowledge will allow you to identify and work around problems that might 
ome up onspe
i�
 platforms.
The type long double. The C++ standard pres
ribes another fundamental 
oating pointnumber type 
alled long double. Its literals end with the letter l or L, and it is guar-anteed that the value range of double is 
ontained in the value range of long double.Despite this, the 
onversion from double to long double is not de�ned to be a promotionby the C++ standard.While float and double usually 
orrespond to single and double pre
ision of theIEEE standard 754, there is no su
h default 
hoi
e for long double. In pra
ti
e,
long double might simply be a synonym for double, but it might also be somethingelse. On the platform used by the authors, for example, long double 
orresponds to thenormalized 
oating point number system F�(2, 64, −16382, 16384)| this is exa
tly thedouble-extended pre
ision of the IEEE standard 754.
Numeric limits. If you want to know the parameters of the 
oating point number sys-tems behind float, double and long double on your platform, you 
an employ the
numeric_limits we have used before in the program limits.cpp in Se
tion 2.2.5. Hereare the relevant expressions together with their meanings, shown for the type float.expression (of type int) meaning

std::numeric_limits<float>::radix β

std::numeric_limits<float>::digits p

std::numeric_limits<float>::min_exponent emin + 1

std::numeric_limits<float>::max_exponent emax + 1
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float value (be
ause of the sign bit, this smallest value is simply the negative of thelargest value), but the smallest normalized positive value.
Special numbers. We have mentioned that the 
oating point systems pres
ribed by theIEEE standard 754 
ontain some spe
ial numbers; their en
oding uses exponent valuesthat do not o

ur in normalized numbers.On the one hand, there are the denormalized numbers of the form�d0.d1 . . . dp−1 � βemin ,with d0 = 0. A denormalized number has smaller absolute value than any normalizednumber. In parti
ular, 0 is a denormalized number.The other spe
ial numbers 
annot really be 
alled numbers. There are values rep-resenting +∞ and −∞, and they are returned by over
owing operations. Then thereare several values 
alled NaNs (for \not a number") that are returned by operations withunde�ned result, like taking the square root of a negative number. The idea behindthese values is to provide more 
exibility in dealing with ex
eptional situations. Insteadof simply aborting the program when some operation fails, it makes sense to return anex
eptional value. The 
aller of the operation 
an then de
ide how to deal with thesituation.
2.5.9 Goals

Dispositional. At this point, you should . . .1) know the 
oating point number types float and double, and that they are moregeneral than the integral types;2) understand the 
on
ept of a 
oating point number system, and in parti
ular itsadvantages over a �xed point number system;3) know that the IEEE standard 754 des
ribes spe
i�
 
oating point number systemsused as models for float and double on many platforms;4) know the three Floating Point Arithmeti
 Guidelines;5) be aware that 
omputations involving the types float and double may deliver in-exa
t results, mostly due to holes in the value range.
Operational. In parti
ular, you should be able to . . .(G1) evaluate expressions involving the arithmeti
 types int, unsigned int, floatand double;(G2) 
ompute the binary representation of a given real number;
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ompute the 
oating point number nearest to a given real number, with respe
tto a �nite 
oating point number system;(G4) work with a given 
oating point number system;(G5) re
ognize usage of 
oating point numbers that violates any of the three FloatingPoint Arithmeti
 Guidelines;(G6) write programs that perform 
omputations with 
oating point numbers.
2.5.10 Exercises

Exercise 56 For every expression in the following list, determine its type, its value,and whether it is an rvalue or an lvalue. In ea
h of the expressions, the variable xis of type int and has value 1. (G1)a) 1 + true == 2b) 3 % 2 + 1 * 4
) x = 10 / 2 / 5 / 2d) x / 2.0e) 1 + x++f) ++x

Exercise 57 For every expression in the following list, determine its type and itsvalue. We assume a 
oating point representation a

ording to IEEE 754, that is,
float 
orresponds to F�(2, 24, −126, 127) and double to F�(2, 53, −1022, 1023). Wealso assume that 32 bits are used to represent int values. (G1)a) 2e2-3e3f>-23.0b) -7+7.5
) 1.0f/2+1/3+1/4d) true||false&&falsee) 1u-2u<0f) 1+2*3+4g) int(8.5)-int(7.6)h) 100*1.1==110i) 10*11.0==110
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Exercise 58 Evaluate the following expressions step-by-step, a

ording to the 
on-version rules of mixed expressions. We assume a 
oating point representationa

ording to IEEE 754, that is, float 
orresponds to F�(2, 24, −126, 127) and double
orresponds to F�(2, 53, −1022, 1023). We also assume that 32 bits are used to rep-resent int values. (G1)a) 6 / 4 * 2.0f - 3b) 2 + 15.0e7f - 3 / 2.0 * 1.0e8
) 392593 * 2735.0f - 8192 * 131072 + 1.0d) 16 * (0.2f + 262144 - 262144.0)

Exercise 59 Compute the binary expansions of the following de
imal numbers.a) 0.25 b) 1.52 
) 1.3 d) 11.1 (G2)
Exercise 60 For the numbers in Exer
ise 59, 
ompute nearest 
oating point numbersin the systems F�(2, 5, −1, 2) and F(2, 5, −1, 2). (G3)
Exercise 61 What are the largest and smallest positive normalized single and doublepre
ision 
oating point numbers, a

ording to the IEEE standard 754? (G4)
Exercise 62 How many 
oating point numbers do the systems F�(β, p, emin, emax) andF(β, p, emin, emax) 
ontain? (G4)
Exercise 63 Compute the value of the variable d after the de
laration statement
float d = 0.1;Assume the IEEE standard 754. (G3)
Exercise 64 What is the problem with the following loop (assuming the IEEE stan-dard 754)? (G5)
for (float i = 0.1f; i != 1.0f; i += 0.1f)

std::cout << i << "\n";

Exercise 65 What is the problem with the following loop (assuming the IEEE stan-dard 754)? (G5)
for (float i = 0.0f; i < 100000000.0f; ++i)

std::cout << i << "\n";
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Exercise 66 Write a program that outputs for a given de
imal input number x, 0 <

x < 2, its normalized float value on your platform. The output should 
ontain the(binary) digits of the signi�
and, starting with 1, and the (de
imal) exponent. Youmay assume that the 
oating point number system underlying the type float hasbase β = 2. (G3)(G6)
Exercise 67 Write a program that tests whether a given value of type double is a
-tually an integer, and test the program with various inputs like 0.5, 1, 1234567890,
1234567890.2. Simply 
onverting to a value of type int and 
he
king whether this
hanges the value does not work in general, sin
e the given value might be an inte-ger outside the value range of int. You may assume that the 
oating point numbersystem underlying the type double has base β = 2. (G3)(G6)
Exercise 68 The number π 
an be de�ned through various in�nite sums. Here aretwo of them.

π

4
= 1 −

1

3
+

1

5
−

1

7
+ � � �

π

2
= 1 +

1

3
+

1 � 2
3 � 5 +

1 � 2 � 3
3 � 5 � 7 + � � �Write a program for 
omputing an approximation of π, based on these formulas.Whi
h formula is better for that purpose? (G6)

Exercise 69 The fun
tion sin(x) 
an be de�ned through the following power series.sin(x) = x −
x3

3!
+

x5

5!
−

x7

7!
+ � � � .a) Implement and test|based on the �rst 20 terms of this power series|a fun
-tion

// POST: returns an approximation of sin(x)

double sinus (double x);b) What happens if the argument value is very large, x = 10, 000, say? Does yourfun
tion still yield reasonable results, then? If not, do you see a way to �xthis? (G6)
Exercise 70 There is a well-known iterative pro
edure (the Babylonian method) for
omputing the square root of a positive real number s. Starting from any value
x0 > 0, we 
ompute a sequen
e x0, x1, x2, . . . of values a

ording to the formula

xn =
1

2
(xn−1 +

s

xn−1

).
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an be shown thatlim
n→∞

xn =
p

s.Write a program babylonian.cpp that reads in the number s and 
omputes anapproximation of ps using the Babylonian method. To be 
on
rete, the programshould output the �rst number xi su
h that (G6)
|x2

i − s| < 0.001.

Exercise 71 Write a program fpsys.cpp to visualize a normalized 
oating point num-ber system F�(2, p, emin, emax). The program should read the parameters p, emin, and
emax as inputs and for ea
h positive number x from F�(2, p, emin, emax) draw a 
ir
leof radius x around the origin. Use the library libwindow that is available at the
ourse homepage to 
reate graphi
al output. Use the program to verify the numbersyou 
omputed in Exer
ise 62. (G4)(G6)
Exercise 72 We have seen that the de
imal number 0.1 has no �nite representationin a binary 
oating-point number system (β = 2). Mr. X. M. Plestudent 
laimsthat this is due to β < 10. He suggests to work with a hexade
imal system (β = 16)and argues that in su
h a system, 0.1 does have a �nite representation. Is Mr.Plestudent right or not?Somewhat more formally, is there a natural number p and numbers d1, . . . , dpwith di 2 {0, 1, . . . , 15} for all i, su
h that

1

10
=

p∑

i=1

di16−i = \0.d1 . . . dp"holds? (G4)
Exercise 73 We have seen that there are de
imal numbers without a �nite binaryrepresentation (su
h as 1.1 and 0.1). Conversely, every (fra
tional) binary numberdoes have a �nite de
imal representation, a fa
t that may be somewhat surprisingat �rst sight. Prove this fa
t!More formally, given a number b of the form

b =

k∑

i=1

bi2
−i, b1, b2, . . . , bk 2 {0, 1},prove that there is a natural number ℓ su
h that b 
an be written as an ℓ-digitde
imal number

b =

ℓ∑

i=1

di10−i, d1, d2, . . . , dℓ 2 {0, 1, . . . , 9}. (G4)
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2.5.11 Challenges

Exercise 74 We have seen that de
imal numbers do not ne
essarily have �nite binaryrepresentations (examples are the de
imal numbers 1.1 and 0.1). Vi
e versa, binarynumbers do have �nite de
imal representations (Exer
ise 73). And Exer
ise 72 askswhether every de
imal number has a �nite hexade
imal representation. The goal ofthis 
hallenge is to understand the general pi
ture.Let β � 2 and γ � 2 be two natural numbers We say that γ re�nes β if for every
p, emin, emax, there are q, fmin, fmax su
h thatF(β, p, emin, emax) � F(γ, q, fmin, fmax).In other words, every 
oating-point number system to the base β is 
ontained insome 
oating-point number system to the base γ.In this language, the result of Se
tion 2.5.5 is that 2 does not re�ne 10. Exer-
ise 73 implies that 10 re�nes 2, and Exer
ise 72 asks whether 16 re�nes 10.Here is the 
hallenge: 
hara
terize the pairs (β, γ) for whi
h γ re�nes β!
Exercise 75 The Mandelbrot set is a subset of the 
omplex plane that be
ame popularthrough its fra
tal shape and the beautiful drawings of it. Below you see the set'smain 
ardioid and a detail of it at mu
h higher zoom s
ale.

The Mandelbrot set is de�ned as follows. For c 2 C, we 
onsider the sequen
e
z0(c), z1(c), . . . of 
omplex numbers given by z0(c) = 0 and

zn(c) = zn−1(c)
2 + c, n > 0.There are two 
ases: either |zn(c)| � 2 for all n (this obviously happens for exampleif c = 0), or |zn(c)| > 2 for some n (this obviously happens for example if |c| > 2).The Mandelbrot set 
onsists of all c for whi
h we are in the �rst 
ase. It followsthat the Mandelbrot set 
ontains 0 and is 
ontained in a disk of radius 2 around 0in the 
omplex plane.Write a program that draws (an approximation of) the Mandelbrot set, restri
tedto a re
tangular subset of the 
omplex plane. It should be possible to zoom in, mean-ing that the re
tangular subset be
omes smaller, and more details be
ome visible in



132 CHAPTER 2. FOUNDATIONSthe drawing window. Obviously, you 
an't pro
ess all in�nitely many 
omplex num-bers c in the re
tangle, and for given c, you 
annot really 
he
k whether |zn(c)| � 2for all n, so it is ne
essary to dis
retize the re
tangle into pixels, and to establishsome upper bound N on the number of iterations. If |zn(c)| � 2 for all n � N, youmay simply assume that c is in the Mandelbrot set. Per se, there is no guaranteethat the resulting drawing is even 
lose to the Mandelbrot set (espe
ially at �nerlevel of detail), but for the sake of obtaining ni
e pi
tures, we 
an generously glossover this issue.
Hint: You may use the libwindow library to produ
e the drawing. The exampleprogram in its do
umentation should give you an idea how this 
an be done.

Exercise 76 The following email was sent to a mailing list for users of the softwarelibrary CGAL.
Hi all,

This should be a very easy question.

When I check if the points (0.14, 0.22), (0.15, 0.21) and (0.19,0.17) are

collinear, using CGAL::orientation, it returns CGAL::LEFT_TURN, which is

false, because those points are in fact collinear.

However, if I do the same with the points (14, 22), (15, 21) and (19, 17) I

get the correct answer: CGAL::COLLINEAR.a) Find out what this email is about; in parti
ular, what is CGAL, what is theorientation of a point triple, what is CGAL::orientation, what does \
ollinear"mean, and why is the writer of the email surprised about the observed behav-ior?b) Draft an answer to this email that explains the observations of the CGALuser that wrote it.
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2.6 Arrays and pointersAs all real programmers know, the only useful data stru
tureis the array.Ed Post, Real Programmers don't use Pas
al (1983)Reading into an array without making a "silly error" is be-yond the ability of 
omplete novi
es - by the time you get thatright, you are no longer a 
omplete novi
e.Bjarne Stroustrup, C++ Style and Te
hnique FAQThis se
tion introdu
es arrays as 
ontainers for sequen
es of obje
ts ofthe same type, with random a

ess to individual members of the sequen
e.An array is the most primitive but at the same time a very eÆ
ient 
on-tainer for storing, pro
essing, and iterating over large amounts of data.You will also learn about pointers as expli
it obje
t addresses and abouttheir 
lose relationship with arrays. While the C++ standard library
ontains less primitive and generally better alternatives, the 
on
epts be-hind arrays and pointers are of fundamental importan
e.In Se
tion 2.4 on 
ontrol statements, we have learned about the 
on
ept of iteration.For example, we 
an now iterate over the sequen
e of numbers 1, 2, . . . , n and performsome operations like adding up all the numbers, or identifying the prime numbers amongthem. Similarly, we 
an iterate over the odd numbers, the powers of two, et
.In real appli
ations, however, we often have to pro
ess (and in parti
ular iterate over)sequen
es of data. For example, if you want to identify the movie theaters in town thatshow your desired movie tonight, you have to iterate over the sequen
e of movie theaterrepertoires. These repertoires must be stored somewhere, and there must be a way toinspe
t them in turn. In C++, we 
an deal with su
h tasks by using arrays.
2.6.1 Array typesAn array of length n aggregates n obje
ts of the same type T into a sequen
e. To a

essone of the aggregated obje
ts (the elements), we use its index or subs
ript (position)in the sequen
e. All these length-n sequen
es form an array type whose value range
orresponds to the mathemati
al type Tn. In the 
omputer's main memory, an arrayo

upies a 
ontiguous part, with the elements stored side-by-side (see Figure 7).Let us start by showing an array in a
tion: Eratosthenes' Sieve is a fast method for
omputing all prime numbers smaller than a given number n, based on 
rossing out the



134 CHAPTER 2. FOUNDATIONSnumbers that are not prime. It works like this: you write down the sequen
e of numbersbetween 2 and n−1. Starting from 2, you always go to the next number not 
rossed outyet, report it as prime, and then 
ross out all its proper multiples.Let's not dwell on the 
orre
tness of this method but go right to the implementation.If you think about it for a minute, the major question is this: how do we 
ross outnumbers?The following program uses an array type variable crossed_out for the list, whereevery value crossed_out[i] is of type bool and represents the (
hanging) informationwhether the number i has already been 
rossed out or not. Array indi
es always startfrom 0, so in order to get to index n − 1, we need an array of length n. The programruns Eratosthenes' Sieve for n = 1, 000.1 // Program: eratosthenes.cpp2 // Calculate prime numbers in {2,...,n-1} using3 // Eratosthenes’ sieve.45 #include <iostream >67 int main()8 {9 const unsigned int n = 1000;1011 // definition and initialization: provides us with12 // Booleans crossed_out[0],..., crossed_out[n-1]13 bool crossed_out[n];14 for (unsigned int i = 0; i < n; ++i)15 crossed_out[i] = false;1617 // computation and output18 std::cout << "Prime numbers in {2,...," << n-1 << "}:\n";19 for (unsigned int i = 2; i < n; ++i)20 if (! crossed_out[i]) {21 // i is prime22 std::cout << i << " ";23 // cross out all proper multiples of i24 for (unsigned int m = 2*i; m < n; m += i)25 crossed_out[m] = true;26 }27 std::cout << "\n";2829 return 0;30 }

Program 14: progs/le
ture/eratosthenes.
pp
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Definition. An array variable (or simply array) a with n > 0 elements of underlyingtype T is de�ned through the following de
laration.T a[expr℄Here, expr must be a 
onstant expression of integral type whose value is n. For ex-ample, literals like 1000, arithmeti
 expressions over literals (like 1+1), and 
onstants(Se
tion 2.1.9) are 
onstant expressions; all of them have the property that their valueis known at 
ompile time. This allows the 
ompiler to �gure out how mu
h memory thearray variable needs.The type of a is \T[n]", but we put this in double quotes here (only to omit themlater). The reason is that T[n] is not the oÆ
ial name: we 
an't write int[5] a, forexample, to de
lare an array a of type int[5].The value range of T[n] is Tn, the set of all sequen
es (t1, t2, . . . , tn) with all ti beingof type T.The fa
t that the array length must be known at 
ompile time 
learly limits theusefulness of array variables. For example, this limitation does not allow us to write aversion of Eratosthenes' sieve in whi
h the number n is read from the input. But we willshortly see how this restri
tion 
an be over
ome|for the time being, let's simply livewith it.
2.6.2 Initializing arraysThe de�nition of an array with underlying fundamental type does not initialize the valuesof the array elements. We 
an assign values to the elements afterwards (like we do it inProgram 14), but we 
an also provide the values dire
tly, as in the following de
larationstatement.
int a[5] = {4,3,5,2,1};Sin
e the number of array elements 
an be dedu
ed from the length of the initializerlist, we 
an also write
int a[] = {4,3,5,2,1};The de
laration int a[] without any initialization is invalid, though, sin
e it does notfully determine the type of a. We say that a has in
omplete type in this 
ase.
2.6.3 Random access to elementsThe most 
ommon and useful way of a

essing and modifying the elements of an arrayis by random a

ess. If expr is of integral type and has value i, the lvaluea[expr℄
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ounting from 0) of
a. The number i is 
alled the index or subs
ript of the element. If n is the length of a,the index i must satisfy 0 � i < n. The operator [] is 
alled the subs
ript operator.The somewhat strange de
laration format of an array is motivated by the subs
riptoperator. Indeed, the de
larationT a[expr℄
an be read as \a[expr℄ is of type T". In this sense, it is an impli
it de�nition of a's type.

Watch out! You as a programmer are responsible for making sure that a givenarray index i indeed satis�es 0 � i < n, where n is the length of the array.Indi
es that are not in this range are 
alled out of bound. Unless your 
om-piler o�ers spe
i�
 debugging fa
ilities, the usage of out-of-bound indi
es in thesubs
ript operator is not 
he
ked at runtime and leads to unde�ned behaviorof the program.We have already dis
ussed the term random a

ess in 
onne
tion with the 
omputer'smain memory (Se
tion 1.2.3); random a

ess means that every array element 
an bea

essed in the same uniform way, and with (almost) the same a

ess time, no matterwhat its index is. Evaluating the expression a[0] is as fast as evaluating a[10000].In 
ontrast, the thi
k pile of pending invoi
es, bank transfers and various other paperson your desk does not support random a

ess: the time to �nd an item is roughlyproportional to its depth within the pile.In fa
t, random a

ess in an array dire
tly redu
es to random a

ess in the 
omputer'smain memory, sin
e an array always o

upies a 
ontiguous set of memory 
ells, seeFigure 7.

{a[0] a[1] a[2] a[n-1]

s cells

Figure 7: An array o

upies a 
ontiguous part of the main memory. Every elementin turn o

upies s memory 
ells, where s is the number of memory 
ellsrequired to store a single value of the underlying type T.To a

ess the element of index i in the array a, a simple 
omputation with addressestherefore suÆ
es. If p is the address (position) where the �rst element of a \starts", and
s is the number of memory 
ells that a single value of the underlying type T o

upies,then the element of index i starts at the memory 
ell whose address is p+si, see Figure 8.
2.6.4 Arrays are primitiveArray types are ex
eptional in C++. The following 
ode fragment illustrates this:
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a[0] a[1] a[2] a[n-1]

p p + s p + 2s p + (n − 1)s

0 1 2 n − 1

address

index

Figure 8: The array element of index i starts at the address p + si.
int a[5] = {4,3,5,2,1}; // array of type int[5]

int b[5];

b = a; // error: we cannot assign to an arrayWe also 
annot initialize an array from another array. Why is this? Arrays are a deadhand from the programming language C, and the design of arrays in C is quite primitive.C was designed to 
ompete with ma
hine language in eÆ
ien
y, and this didn't leaveroom for luxury. We 
an of 
ourse 
opy one array into another manually via a simpleloop, and early C programmers were not yet spoiled enough to 
omplain about this bitof extra work.When C++ was developed mu
h later, one design goal was to have C as a subset.As a 
onsequen
e, arrays are still around in C++, in their original form. Internally, anarray is represented by the address of its �rst memory 
ell, and by its memory size inbytes, see Se
tion 1.2.3. In general, if obj is any obje
t of any type, the expression
sizeof(obj)returns the number of memory 
ells used by its argument, under the agreement that onememory 
ell is required to store an obje
t of type char.The argument of sizeof 
an also be the name of a type, in whi
h 
ase the number ofmemory 
ells o

upied by one obje
t of this type is returned (the number s in Figure 7).Thus, to �nd out how many elements an array a of underlying type int has, we may usethe somewhat 
lumsy expression
sizeof(a) / sizeof(int)

2.6.5 Iteration over a containerLet's take a step ba
k, forget about the te
hni
alities of arrays for a moment, and go fora bigger pi
ture.We have already indi
ated in the introdu
tion to this se
tion that the pro
ess ofiterating over a sequen
e of data is ubiquitous. Typi
ally, the data are stored in some
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ontainer, and we need to perform a 
ertain operation for all elements in the 
ontainer.In general, a 
ontainer is an obje
t that 
an store other obje
ts (its elements), and thato�ers some ways of a

essing these elements. The only \hard" requirement here is thata 
ontainer must o�er the possibility of iterating over all its elements. In this informalsense, an array is indeed a 
ontainer, sin
e the random a

ess fun
tionality 
an be usedto iterate over the elements.
Iteration by random access. Let's get ba
k to arrays. Iterating over an array of length n
an be done by random a

ess like in lines 14{15 of Program 14. We have seen that therandom a

ess fun
tionality of arrays is internally based on address arithmeti
. Duringthe iteration, the following sequen
e of addresses is 
omputed: p, p + s, p + 2s, . . . , p +

(n − 1)s, where p and s have the usual meanings.This requires one multipli
ation and one addition for every address ex
ept the �rst.But if you think about it, the multipli
ation only 
omes in be
ause we 
ompute ea
haddress from s
rat
h, independently from the previous ones. In fa
t, the same set ofaddresses 
ould more eÆ
iently and more naturally be 
omputed by starting with p andrepeatedly adding s (\going to the next element").Using random a

ess, we 
an simulate array iteration, but we are missing the opera-tion of \going to the next element"; only this operation makes iteration over a 
ontainernatural and eÆ
ient. The following analogy illustrates the point: you 
an of 
ourse reada book by starting with page 1, then 
losing the book, opening it again on pages 2 − 3,
losing it, opening it on pages 4 − 5, et
. But unless you're somewhat e

entri
, youprobably prefer to just turn the pages in between.
Iteration by pointers. Arrays o�er natural and eÆ
ient iteration through pointers. Pointervalues 
an be thought of as a
tual addresses, and they allow operations like \adding s"in order to go to the next element in the array. Here is how we 
ould equivalently writethe iteration in lines 14{15 of Program 14 with pointers.
bool* const begin = crossed_out; // pointer to first element

bool* const end = crossed_out + n; // past -the -end pointer

// in the loop , pointer p successively points to all elements

for (bool* p = begin; p != end; ++p)

*p = false; // *p is the element pointed to by pAdmittedly, this looks more 
ompli
ated at �rst sight than the random a

ess version,but we'll explain what's going on in detail in the next se
tions. In terms of Figure 8, wehave repla
ed iteration by index with iteration by address.
2.6.6 Pointer types and functionalityFor every type T the 
orresponding pointer type isT�
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all T the underlying type of T*. An expression of type T* is 
alled a pointer (toT).The value of a pointer to T is the address of (the �rst memory 
ell of) an obje
t oftype T. We 
all this the obje
t pointed to by the pointer.We 
an visualize a pointer p as an arrow pointing to a 
ell in the 
omputer's mainmemory|the 
ell where the obje
t pointed to starts, see Figure 9.
p

Figure 9: A pointer to T represents the address of an obje
t of type T in the 
om-puter's main memory.Initialization, the assignment operator =, and the 
omparison operators == and !=are de�ned for every pointer type T*. The latter simply test whether the addresses inquestion are the same or not.Initialization and assignment 
opy the value (as usual), whi
h in this 
ase means to
opy an address; thus, if j points to some obje
t, the assignment i = j has the e�e
tthat i now also points to this obje
t. The obje
t itself is not 
opied. We remark thatpointer initialization and assignment require the types of both operands to be exa
tlythe same|impli
it 
onversions don't work. If you think about it, this is 
lear. Imaginethat the variable i is of type int*, and that you 
ould write
double* j = iSin
e double obje
ts usually require more memory 
ells than int obje
ts, j would nowbe a pointer to a double obje
t that in
ludes memory 
ells originally not belonging to i.This 
an hardly be 
alled a \
onversion". In fa
t, sin
e we only 
opy an address, there
annot be any physi
al 
onversion of the stored value, even if the memory requirementsof the two types happen to be the same.
The address operator. We 
an obtain a pointer to a given obje
t by applying the unaryaddress operator to an lvalue that refers to the obje
t. If the lvalue is of type T, thenthe result is an rvalue of type T*. The syntax of an address operator 
all is&lvalueIn the following 
ode fragment we use the address operator to initialize a variable iptrof type int* with the address of an obje
t of type int named i.
int i = 5;

int* iptr = &i; // iptr initialized with the address of i



140 CHAPTER 2. FOUNDATIONS
The dereference operator. From a pointer, we 
an get ba
k to the obje
t pointed tothrough dereferen
ing or indire
tion. The unary dereferen
e operator * applied to anrvalue of pointer type yields an lvalue referring to the obje
t pointed to. If the rvalue isof type T*, then the result is of type T. The syntax of a dereferen
e operator 
all is�rvalueFollowing up on our previous 
ode fragment, we 
an therefore write
int i = 5;

int* iptr = &i; // iptr initialized with the address of i

int j = *iptr; // j == 5The naming s
heme of pointer types is motivated by the dereferen
e operator. Thede
larationT� p
an also be read (and in fa
t legally be written; we don't do this, though) asT �pThe se
ond version impli
itly de�nes the type of p by saying that *p is of type T. Thisis the same kind of impli
it de�nition that we already know from array de
larations.Figure 10 illustrates address and dereferen
e operator.
pointer (given as rvalue)

object (given as lvalue)

& *

Figure 10: The address operator (left) and its inverse, the dereferen
e operator(right)
The null pointer. For every pointer type there is a value distinguishable from any otherpointer value. This value is 
alled the null pointer value. The integer value 0 
an be
onverted to every pointer type, and the value after 
onversion is the null pointer value.In the de
laration int* iptr = 0, for example, the variable iptr gets initialized with
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ed, sin
e it does not 
orrespond to any existing address.Using the null pointer value is the safe way of indi
ating that there is no obje
t (yet)to point to. The alternative of leaving the pointer uninitialized is bad: there is no wayof testing whether a pointer that is not a null pointer holds the address of a legitimateobje
t, or whether it holds some \random" address resulting from leaving the pointeruninitialized.In the latter 
ase, dereferen
ing the pointer usually 
rashes the program. Considerthis 
ode:
int* iptr; // uninitialized pointer

int j = *iptr; // trouble!After its de
laration, the pointer iptr has unde�ned value, whi
h in pra
ti
e means thatit may 
orrespond to an arbitrary address in memory; dereferen
ing it means to a

essthe memory 
ontent at this address. In general, this address will not belong to the partof memory to whi
h the program has a

ess; the operating system will then deny a

essto it and terminate the program with a segmentation fault.
2.6.7 Array-to-pointer conversionAny array of type T[n] 
an impli
itly be 
onverted to type T*. The resulting value isthe address of the �rst element of the array. For example, we 
an write
int a[5];

int* begin = a; // begin points to a[0]The de
laration
int* begin = &a[0]; // address of the first elementis equivalent as far as the resulting value of begin is 
on
erned, but there is a subtledi�eren
e: the latter de
laration evaluates a[0], while the former does not.The pointer-style repla
ement 
ode for the loop in lines 14{15 of Program 14 that wehave presented at the end of Se
tion 2.6.5 makes use of array-to-pointer 
onversion inthe �rst line:
bool* const begin = crossed_out; // pointer to first elementThe array-to-pointer 
onversion is trivial on the ma
hine side. For this, we re
allfrom our earlier dis
ussion in Se
tion 2.6.4 that in C and therefore also in C++, theaddress of the �rst element is part of the array's internal representation. It is importantto understand, though, that the length of the array gets lost during array-to-pointer
onversion: the resulting pointer is just a pointer, and nothing else.Array-to-pointer 
onversion automati
ally takes pla
e when an array appears in anexpression. The only ex
eption are expressions of the form sizeof(a), where a is anarray. Bjarne Stroustrup, the designer of C++, illustrates this by saying that the nameof an array 
onverts to a pointer to its �rst element at the slightest provo
ation.
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ept the length 
omputationsthrough sizeof: everything that we 
on
eptually do with an array is in reality done witha pointer to its �rst element; this in parti
ular applies to the random a

ess operation,see the paragraph 
alled \Pointer subs
ripting, or the truth about random a

ess" inSe
tion 2.6.9 below.
2.6.8 Pointers and constLet us dis
uss the strange pla
ement of the const keyword in the line
bool* const begin = crossed_out; // pointer to first elementThis de
lares the pointer variable begin to be a 
onstant pointer (Se
tion 2.1.9)whose value is the address of the �rst element of the array crossed_out. So far, we havede
lared 
onstants by putting const in front of the de
laration. With pointers, this 
analso be done but it has a di�erent meaning. The de
laration
const bool* begin = crossed_out;would make begin a (non-
onstant) pointer with underlying type const bool. Thiswould mean that not the pointer begin itself, but the obje
t pointed to by begin is
onstant. In this 
ase, begin is 
alled a 
onst pointer. We don't want this meaning, asit would not allow us to write anything into the array crossed_out. Here is why.If the obje
t pointed to by begin is 
onstant, a dire
t assignment
*begin = false;that tries to set the �rst element of crossed_out to false would lead to an error message.In our pointer-style initialization loop on page 138, we are doing the assignments with arunning pointer p that initially has value begin. Sin
e p has underlying type bool andnot const bool, shouldn't it be possible to assign false to *p? Yes, but in 
ode su
h as
const bool* begin = crossed_out;

...

for (bool* p = begin; ... )

...the 
ompiler will already reje
t the loop's init-statement bool* p = begin; with anerror message telling us that it 
annot 
onvert from type const bool* to bool*, sin
ethis would make the obje
t pointed to by begin non-
onstant through the ba
kdoor.(The 
onversion in the other dire
tion is no problem, sin
e it only \adds 
onstness".)Const-quali�ed types should be used as underlying types of arrays (and pointers toarray elements) if and only if the program does not intend to modify the values of thearray elements. In the program eratosthenes.cpp, we do want to modify the array, butthe pointers begin and end that tell us \where the array lives" won't 
hange. Followingthe Const Guideline (Page 2.1.9), we thus use the keyword const here to make thesepointers themselves 
onstant and obtain 
onst-
orre
t 
ode.



2.6. ARRAYS AND POINTERS 143
What exactly is constant? With a pointer p of type constT*, we 
annot a
hieve \absolute
onstness" of the obje
t pointed to by p. We only a
hieve that the obje
t 
an neitherdire
tly nor indire
tly be modi�ed through the pointer p. But we 
ould modify itthrough another pointer. Consider the 
ode fragment
const bool* begin1 = crossed_out;

bool* begin2 = crossed_out;

*begin1 = false; // error

*begin2 = false; // okHere, begin1 and begin2 are two pointers to the same obje
t, namely the �rst elementof the array crossed_out. With respe
t to the pointer begin1, this element is 
onstant,but with respe
t to begin2, it is not.
2.6.9 Pointer arithmeticIn order to understand why the 
ode fragment
bool* const begin = crossed_out; // pointer to first element

bool* const end = crossed_out + n; // past -the -end pointer

// in the loop , pointer p successively points to all elements

for (bool* p = begin; p != end; ++p)

*p = false; // *p is the element pointed to by pindeed sets all elements of the array crossed_out to false, we have to understand pointerarithmeti
, the art of 
omputing with addresses. We deliberately 
all this an \art",sin
e pointer arithmeti
 
omes with a lot of pitfalls, but without a safety net. On theother hand, the authors feel that there is also a 
ertain beauty in the minimalism ofpointer arithmeti
. It's like driving an oldtimer: it's loud, it's diÆ
ult to steer, seatsare un
omfortable, and there's no heating. But the he
k with it! The oldtimer looks somu
h better than a modern 
ar. Nevertheless, after driving the oldtimer for a while, itwill probably turn out that beauty is not enough, and that safety and usability are moreimportant fa
tors in the long run.
Adding integers to pointers. The binary addition operators +, - are de�ned for left operandsof any pointer type T* and right operands of any integral type. Re
all that if an ar-ray is provided as the left operand, it will impli
itly be 
onverted to a pointer usingarray-to-pointer 
onversion.For the behavior of + to be de�ned, there must be an array of some length n, su
hthat the left operand ptr is a pointer to the element of some index k, 0 � k � n, in thearray. The 
ase k = n is allowed and 
orresponds to the situation where ptr is a pointerone past the last element of the array (we 
all this a past-the-end pointer ; note thatsu
h a pointer must not be dereferen
ed).If the se
ond operand expr has some value i su
h that 0 � k + i � n, thenptr + expr



144 CHAPTER 2. FOUNDATIONSis a pointer to the (k + i)-th element of the same array. Informally, we get a pointerthat has been moved \i elements to the right" (whi
h a
tually means to the left if i isnegative). Therefore, if p is the value of ptr (an address), then the value of ptr + expris the address p + si, assuming that a value of the underlying type o

upies s memory
ells. The pleasing fa
t is that we don't have to 
are about s; the operation ptr + expr(whi
h knows s from the type of ptr) does this for us and o�ers a type-independent wayof moving a pointer i elements to the right.As before, if k + i = n, we get a past-the-end pointer. Values of i su
h that k + i isnot between 0 and n lead to unde�ned behavior.Let us repeat the point that we have made before in 
onne
tion with random a

essin Se
tion 2.6.3: by default, there are absolutely no 
he
ks that the above requirementsindeed hold, and it is entirely your responsibility to make sure that this is the 
ase.Failure to do so will result in program 
rashes, strange behavior of the program, or(probably the worst s
enario) seemingly normal behavior, but with the potential ofturning into strange behavior at any time, or on any other ma
hine.Therefore, let us summarize the requirements on
e more:� ptr must point to the element of index k in some array of length n, where 0 � k � n,and� expr must have some value i su
h that 0 � k + i � n.Binary subtra
tion is similar. If expr has value i su
h that 0 � k − i � n, thenptr − expryields a pointer to the array element of index k − i.The assignment versions += and -= of the two operators 
an be used with left operandsof pointer type as well, with the usual meaning. Similarly, the unary in
rement and de
re-ment operators ++ and -- are available for pointers. Sin
e pre
eden
es and asso
iativitiesare tied to the operator symbols, they are as in Table 1 on page 51.Now we 
an understand the se
ond line of the above 
ode fragment:
bool* const end = crossed_out + n; // pointer after last elementFirst, the array crossed_out is 
onverted to a pointer to its �rst element (the one ofindex 0). Sin
e the array has n elements, adding n yields a past-the-end pointer end forthe array. The subsequent loop
for (bool* p = begin; p != end; ++p)

*p = false; // *p is the element pointed to by pis 
lear now as well: starting with a pointer p to the �rst element (p = begin), theelement pointed to is set to false (*p = false). Then we in
rement p so that it pointsto the next element (++p). We repeat this as long as p is di�erent from the past-the-endpointer named end.
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Pointer comparison. We have already dis
ussed the relational operators == and != thatsimply test whether the two pointers in question point to the same obje
t. But we 
analso 
ompare two pointers using the operators <, <=, >, and >=. Again, pre
eden
es andasso
iativities of all relational operators are as in Table 2 on page 72.For the result to be spe
i�ed, there must be an array of some length n, su
h that theleft operand ptr1 is a pointer to the element of some index k1, 0 � k1 � n in the array,and the se
ond operand ptr2 is a pointer to the element of some index k2, 0 � k2 � n inthe same array. Again, k1 = n and k2 = n are allowed and 
orrespond to the past-the-end
ase.Given this, the result of the pointer 
omparison is determined by the integer 
om-parison of k1 and k2. In other words (and quite intuitively), the pointer to the elementthat 
omes �rst in the array is the smaller one.In our 
ode fragment, the 
omparison p != end 
ould equivalently be repla
ed bythe expression p < end whi
h yields true as long as p points to an a
tual array element,equivalently as long as p is not a past-the-end pointer.Comparing two pointers that do not meet the above requirements leads to unspe
i�edresults in the four operators <, <=, >, and >=.
Pointer subtraction. There is one more arithmeti
 operation on pointers. Assume thatptr1 is a pointer to the element of some index k1, 0 � k1 � n in some array of length
n, and the se
ond operand ptr2 is a pointer to the element of some index k2, 0 � k2 �
n in the same array (past-the-end pointers allowed). Then the result of the pointersubtra
tionptr1 − ptr2is the integer k1 − k2. Thus, pointer subtra
tion tells us \how far apart" the two arrayelements are. The behavior of pointer subtra
tion is unde�ned if ptr1 and ptr2 are notpointers to elements in (or past-the-end pointers of) the same array.Pointer subtra
tion (whi
h employs the binary subtra
tion operator, see Table 1 onpage 51 for its spe
i�
s) does not o

ur in the 
ode fragment from the beginning of thisse
tion. A typi
al use is to determine the number of elements in an array that is givenby a pointer to its �rst element and a past-the-end pointer.
Pointer subscripting, or the truth about random access. In reality, the subs
ript operator []as introdu
ed in Se
tion 2.6.3 does not operate on arrays, but on pointers. Invoking thisoperator on an array 
onstru
ts an expression and therefore triggers an array-to-pointer
onversion.Given a pointer ptr and an expression expr of integral type, the expressionptr[expr℄is equivalent (also in its requirements on ptr and expr) to
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es to the right ofthe one pointed to by ptr. In parti
ular, if ptr results from an array-to-pointer 
onversion,this agrees with the semanti
s of random a

ess for arrays as introdu
ed in Se
tion 2.6.3.Table 4 summarizes the new pointer-spe
i�
 binary operators.
Description Operator Arity Prec. Assoc.subs
ript [] 2 17 leftdereferen
e * 1 16 rightaddress & 1 16 right

Table 4: Pre
eden
es and asso
iativities of pointer operators. The subs
ript operatorexpe
ts rvalues as operands and returns an lvalue. The dereferen
e operatorexpe
ts an rvalue and returns an lvalue, while the address operator expe
tsan lvalue and returns an rvalue.
What have we gained with pointers? So far it seems that the only use of pointers is tomake iteration through an array a little more eÆ
ient than iteration by index. Butunless we are in the realm of extremely time-
riti
al loops, the savings are marginal. Forthe sake of readability, we therefore often still use iteration by index. So what is the realjusti�
ation for the pointer 
on
ept?There are a
tually two justi�
ations, and one of them will be dis
ussed right awayin the next se
tion: pointers are indispensable for getting \pra
ti
al" arrays with lengthnot known at 
ompile time.The se
ond justi�
ation is not yet around the 
orner, so we will only brie
y tou
hit here. Arrays are by far not the only 
ontainers for sets of data. When we implementdata pro
essing algorithms, we should therefore make sure that they work not only forarrays.For example, �nding a 
ontainer element with a given property (movie theater thatplays your desired movie) should be possible for every 
ontainer that o�ers the fun
-tionality of iterating over its elements. The only uniformity we need is in the iterationpro
ess itself.Every data-pro
essing algorithm of the C++ standard library (we will see some ofthem later) works in this way: it expe
ts the underlying 
ontainer to o�er iterators
onforming to some well-de�ned iterator 
on
ept. The spe
i�
s of the 
ontainer itselfare irrelevant for the algorithm.Here is where pointers 
ome in: they are the iterators o�ered by arrays. Therefore,even if we don't use pointers in our own 
ode, we have to know about them in order tobe able to apply standard library algorithms to arrays.
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2.6.10 Dynamic memory allocationLet us go ba
k to Program 14 now. Its main drawba
k is that the number n is hardwiredas 1, 000 in this program, just be
ause the length of an array has to be known at 
ompiletime.At least in this respe
t, arrays are nothing spe
ial, though. All types that we havemet earlier (int, unsigned int, and bool) have the property that a single obje
t of thetype o

upies a �xed amount of memory known to the 
ompiler (for example, 32 bits foran int obje
t on many platforms). With arrays, an obvious need arises to 
ir
umventthis restri
tion.In C++, arrays whose length is determined at runtime 
an be obtained throughdynami
 memory allo
ation. Through su
h an allo
ation, we 
reate an obje
t withdynami
 storage duration.Obje
ts that we have seen so far were all tied to variables, in whi
h 
ase memorygets assigned to them (and is freed again) at predetermined points during programexe
ution (automati
 and stati
 storage duration, Se
tion 2.4.3). Obje
ts of dynami
storage duration are not tied to variables, and they may \start to live" (get memoryassigned to them) and \die" (get their memory freed) at any point during programexe
ution. The programmer 
an determine these points via new and delete expressions.The program has some (typi
ally quite large) region of the 
omputer's main memoryavailable to store dynami
ally allo
ated obje
ts. This region is 
alled the heap. It isinitially unused, but when an obje
t is dynami
ally allo
ated, it is being stored on theheap, so that the memory a
tually used by the program grows.Here is how this works for Eratosthenes' Sieve. Remember that we want the list ofprime numbers between 2 and n − 1. The following variant reads the number n fromstandard input and dynami
ally allo
ates an array of length n. The remainder of theprogram is as before, ex
ept that we expli
itly have to free the dynami
ally allo
atedstorage in the end.1 // Program: eratosthenes2.cpp2 // Calculate prime numbers in {2,...,n-1} using3 // Eratosthenes’ sieve.45 #include <iostream >67 int main()8 {9 // input10 std::cout << "Compute prime numbers in {2,...,n-1} for n =? ";11 unsigned int n;12 std::cin >> n;1314 // definition and initialization: provides us with15 // Booleans crossed_out[0],..., crossed_out[n-1]



148 CHAPTER 2. FOUNDATIONS16 bool* const crossed_out = new bool[n]; // dynamic allocation17 for (unsigned int i = 0; i < n; ++i)18 crossed_out[i] = false;1920 // computation and output21 std::cout << "Prime numbers in {2,...," << n-1 << "}:\n";22 for (unsigned int i = 2; i < n; ++i)23 if (! crossed_out[i]) {24 // i is prime25 std::cout << i << " ";26 // cross out all proper multiples of i27 for (unsigned int m = 2*i; m < n; m += i)28 crossed_out[m] = true;29 }30 std::cout << "\n";3132 delete[] crossed_out; // free dynamic memory3334 return 0;35 }

Program 15: progs/le
ture/eratosthenes2.
ppNote that the variable crossed_out is now a pointer rather than an array; after the
new de
laration, it points to the �rst element of a dynami
ally allo
ated array of length
n.
The new expression. For every type T, a new expression 
an 
ome in any of the followingthree variants.
new T
new T(...)
new T[expr℄In all 
ases, the expression returns an rvalue of type T*. Its value is the addressof an obje
t of type T that has been dynami
ally allo
ated on the heap. The obje
titself is anonymous, but we usually store the resulting address under a variable name.In Program 15, we 
all it crossed_out.In the �rst and se
ond variant, the e�e
t of the new expression is to dynami
allyallo
ate a single obje
t of type T on the heap. Variant 1 leaves the obje
t uninitialized ifT is a fundamental type, while variant 2 initializes the new obje
t with whatever appearsin parentheses. For example, the following de
larations initialize the variables i and j,both of type int*, with the addresses of two new obje
ts of type int.
int* i = new int; // *i is undefined

int* j = new int(6); // *j is 6



2.6. ARRAYS AND POINTERS 149Right now, if we wanted two su
h obje
ts of type int, we'd rather use variables withautomati
 storage duration and write
int i; // i is undefined

int j = 6; // j is 6More interesting for us is the third variant. If expr has integer value n � 0, the e�e
tof the new expression is to dynami
ally allo
ate an array of length n with underlyingtype T on the heap. The return value is the address of the �rst element. This is whatwe see in line 16 of Program 15.As usual, the n array elements remain uninitialized if T is a fundamental type.
The delete expression. Dynami
ally allo
ated memory that is no longer needed shouldbe freed. In C++, the programmer de
ides at whi
h point this is the 
ase. There areprogramming languages (Java, for example) that automati
ally dete
t and free unusedmemory on the heap. This automati
 pro
ess is 
alled garbage 
olle
tion. It is gener-ally more user-friendly than the manual deletion pro
ess in C++, but requires a moresophisti
ated implementation.Dynami
 storage duration implies that dynami
ally allo
ated obje
ts live until theprogram terminates, unless they are expli
itly freed. Dynami
ally allo
ated memoryis more 
exible than stati
 memory, but in return it also involves some administrativee�ort.The delete expressions take 
are of freeing memory. They 
ome in two variants.
delete expr
delete[℄ exprIn both variants, expr may be a null pointer, in whi
h 
ase the delete expression hasno e�e
t.Otherwise, in the �rst variant, expr must be a pointer to a single obje
t that has pre-viously been dynami
ally allo
ated with the �rst or se
ond variant of the new expression.The e�e
t is to make the 
orresponding memory available again for subsequent dynami
allo
ations on the heap.For example, at a point in the program where the two int obje
ts dynami
ally allo-
ated through
int* i = new int; // *i is undefined

int* j = new int(6); // *j is 6are no longer needed, we would write
delete j;

delete i;The order of deletion does not matter here, but many programmers 
onsider it logi
alto delete pointers in the inverse order of dynami
 allo
ation: If you need to undo twosteps, you �rst undo the se
ond step.
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ond variant of the delete expression, expr must be a pointer to the �rstelement of an array that has previously been dynami
ally allo
ated with the third variantof the new expression. The whole memory o

upied by the array is put ba
k on the heapfor reuse. This happens in line 32 of Program 15.If the plain delete is applied to a non-null pointer that does not point to a dynam-i
ally allo
ated single obje
t, the behavior is unde�ned. The same is true if one triesto delete[] an array where there is only a single obje
t. As always with pointers, theC++ language does not o�er any means of dete
ting su
h errors.
Memory leaks. Although all memory allo
ated by a program is automati
ally freed whenthe program terminates normally, it is very bad pra
ti
e to rely on this fa
t for freeingdynami
ally allo
ated memory. If a program does not expli
itly free all dynami
allyallo
ated memory it is said to have a memory leak. Su
h leaks are often a sign ofbad 
oding. They usually have no immediate 
onsequen
es, but without freeing unusedstorage, a program running for a long time (think of operating system routines) may atsome point simply exhaust the available heap storage.Therefore, we have the following guideline.
Dynamic Storage Guideline: new and delete expressions always 
ome in mat
hing pairs.
2.6.11 Arrays of charactersSequen
es of 
hara
ters en
losed in double quotes as in
std::cout << "Prime numbers in {2,...,"are 
alled string literals.So far we have used string literals only within output expressions, but we 
an workwith them in other 
ontexts as well. Most notably, a string literal 
an be used to initializean array of 
hara
ters. Chara
ters are the building blo
ks of text as we know it. InC++, they are modeled by the fundamental type char that we brie
y dis
uss next.
The type char. The fundamental type char represents 
hara
ters. Chara
ters in
ludethe letters a through z (along with their 
apital versions A through Z), the digits 0through 9, as well as numerous other spe
ial 
hara
ters like % or $. The line
char c = ’a’;de�nes a variable c of type char and value ’a’, representing the letter a. The expression
’a’ is a literal of type char. The quotes around the a
tual 
hara
ter symbol are ne
essaryin order to distinguish the literal ’a’ from the identi�er a.Formally, the type char is an integral type: it has the same operators as the types
int or unsigned int, and the C++ standard even postulates a promotion from char to
int or unsigned int. It is not spe
i�ed, though, to whi
h integer the 
hara
ter ’a’,



2.6. ARRAYS AND POINTERS 151say, will be promoted. Under the widely used ASCII 
ode (Ameri
an Standard Code for
Information Inter
hange), it is the integer 97.This setting may not seem very useful, and indeed it makes little sense to divide one
hara
ter by another. On the other hand, we 
an for example print the alphabet throughone simple loop (assuming ASCII en
oding). Exe
ution of the for-loop
for (char c = ’a’; c <= ’z’; ++c)

std::cout << c;writes the 
hara
ter sequen
e
abcdefghijklmnopqrstuvwxyzto standard output. Given this, you may think that the line
std::cout << ’a’ + 1;prints ’b’, but it doesn't. Sin
e the operands of the 
omposite expression ’a’+1 areof di�erent types, the left operand of type char will automati
ally be promoted to themore general type int of the right operand. Therefore, the type of the expression ’a’+1is int, and its value is 98 (assuming ASCII en
oding); and that's what gets printed. Ifyou want ’b’ to be printed, you must use the expli
it 
onversion char(’a’+1).The 
ategory of spe
ial 
hara
ters also in
ludes 
ontrol 
hara
ters that do somethingwhen printed. These are written with a leading ba
kslash, and the most important
ontrol 
hara
ter for us is ’\n’, whi
h 
auses a line break.A char value o

upies 8 bits (one byte) of memory; whether the value range 
orre-spond to the set of integers {−128, . . . , 127} (the signed 
ase) or the set {0, . . . , 255} (theunsigned 
ase) is implementation de�ned. Sin
e all ASCII 
hara
ters have integer valuesin {0, . . . , 127}, they 
an be represented in both 
ases.
From characters to text. A text is simply a sequen
e of 
hara
ters and 
an be modeled inC++ through an array with underlying type char. For example, the de
laration
char text[] = {’b’, ’o’, ’o’, ’l’}de�nes an array of length 4 that represents the text bool.Alternatively (and more 
onveniently), we 
an write
char text[] = "bool"This, however, is not equivalent to the former de
laration. When an array of 
hara
tersis initialized with a string literal, the terminating zero 
hara
ter ’\0’ (of integer value
0) is automati
ally appended to the array. This 
hara
ter does not 
orrespond to anyprintable 
hara
ter. After the latter de
laration, the array text therefore has length 5.The �rst four elements are ’b’, ’o’, ’o’, and ’l’, and the �fth element is the zero
hara
ter ’\0’.We 
all su
h an array zero-terminated. Unlike normal arrays, zero-terminated arrays\
ontain" their length. To get this length, we simply have to iterate over the array and
ount the number of elements before the terminating ’\0’.
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ation of (arrays of) 
hara
ters. String mat
hing is the problem of�nding the �rst or all o

urren
es of a given sear
h string (usually short) in a given text(usually long).The obvious solution is the following: assuming that the sear
h string has length m,we 
ompare it 
hara
terwise with the elements 1, 2, ..., m of the text. If a mismat
h isfound for some element, we stop and next 
ompare the sear
h string with the elements
2, 3, . . . , m+1 of the text, and so on. Sets of m 
onse
utive elements i, i+1, . . . , i+m−1in the text are 
alled a window.This algorithm is fast as long as the sear
h string is short, but it may be
ome ineÆ-
ient for long sear
h strings (see Exer
ise 85). There is a more sophisti
ated algorithm(the Knuth-Morris-Pratt algorithm) that is always fast.The following Program 16 implements the obvious algorithm. It maintains two arraysof 
hara
ters, one for the sear
h string, and one for the 
urrent window. We impose a
y
li
 order on the window (the �rst element dire
tly follows the last one); this makesit easy to shift the window one pla
e, by simply repla
ing element i of the text withelement i + m (and at the same time advan
ing the logi
al �rst position of the windowby one).1 // Program: string_matching.cpp2 // find the first occurrence of a fixed string within the3 // input text , and output the text so far45 #include <iostream >6 #include <ios> // for std:: noskipws78 int main ()9 {10 // search string11 const char s[] = "bool";1213 // determine search string length m14 unsigned int m = 0;15 for (const char* p = s; *p != ’\0’; ++p) ++m;1617 // cyclic text window of size m18 char* const t = new char[m];1920 unsigned int w = 0; // number of characters read so far21 unsigned int i = 0; // index where t logically starts2223 // find pattern in the text being read from std::cin24 std::cin >> std:: noskipws; // don’t skip whitespaces!2526 for (unsigned int j = 0; j < m;)



2.6. ARRAYS AND POINTERS 15327 // compare search string with window at j-th element28 if (w < m || s[j] != t[(i+j)%m])29 // input text still too short , or mismatch:30 // advance window by replacing first character31 if (std::cin >> t[i]) {32 std::cout << t[i];33 ++w; // one more character read34 j = 0; // restart with first characters35 i = (i+1)%m; // of string and window36 } else break; // no more characters in the input37 else ++j; // match: go to next character3839 std::cout << "\n";40 delete[] t;41 return 0;42 }

Program 16: progs/le
ture/string mat
hing.
ppWhen we apply the program to the text of the �le eratosthenes.cpp, the programoutputs Program 14 up to the �rst o

urren
e of the string "bool":
// Program: eratosthenes.cpp

// Calculate prime numbers in {2,...,n-1} using

// Eratosthenes’ sieve.

#include <iostream >

int main()

{

const unsigned int n = 1000;

// definition and initialization: provides us with

// Booleans crossed_out[0],..., crossed_out[n-1]

boolA few 
omments need to be made with respe
t to the handling of standard inputhere. The program reads the text 
hara
ter by 
hara
ter from std::cin, until thisstream be
omes \empty". To test this, we use the fa
t that stream values 
an impli
itlybe 
onverted to bool, with the result being true as long as there was no attempt atreading past the end of the stream. Sin
e the value of std::cin >> t[i] is the streamafter removal of one 
hara
ter, the 
onversion to bool exa
tly tells us whether there stillwas a 
hara
ter in the stream, or not.Most 
onveniently, the program is run by redire
ting standard input to a �le 
ontain-ing the text. In this 
ase, the stream std::cin will be
ome empty exa
tly at the end ofthe �le. The line
std::cin >> std:: noskipws ; // don’t skip whitespaces!



154 CHAPTER 2. FOUNDATIONSis ne
essary to tell the stream that whitespa
es (blanks, newlines, et
.) should notbe ignored (by default, they are). This allows us to sear
h for strings that 
ontainwhitespa
es, and it allows us to output the text (up to the �rst o

urren
e of the sear
hstring) in its original layout.
2.6.12 Multidimensional arraysIn C++, we 
an have arrays of arrays. For example, the de
laration
int a[2][3]de
lares a to be an array of length 2 whose elements are arrays of length 3 with underlyingtype int. We also say that a is a multidimensional array (in this 
ase of dimensions
2 and 3). The type of a is \int[2][3]", and the underlying type is int[3]. In general,the de
larationT a[expr1℄...[exprk℄de�nes an array a of length n1 (value of expr1) whose elements are arrays of length
n2 (value of expr2) whose elements are. . . you get the pi
ture. The values n1, . . . , nkare 
alled the dimensions of the array, and the expressions expr1,. . . , exprk must be
onstant expressions of integral type and positive value.Random a

ess in multidimensional arrays works as expe
ted: a[i] is the elementof index i, and this element is an array itself. Consequently, a[i][j] is the element ofindex j in the array a[i], and so on.Although we usually think of multidimensional arrays as tables or matri
es, the mem-ory layout is \
at" like for one-dimensional arrays. For example, the twodimensionalarray de
lared through int a[2][3] o

upies a 
ontiguous part of the memory, withspa
e for 6 = 2� 3 obje
ts of type int, see Figure 11.

a[0][0] a[0][1] a[0][2] a[1][0] a[1][1] a[1][2]

a[0] a[1]

Figure 11: Memory layout of a twodimensional arrayMultidimensional arrays 
an be initialized in a way similar to onedimensional arrays;the value for the �rst (and only the �rst) dimension may be omitted:
int a[][3] = { {2,4,6}, {1,3,5} };This de�nes an array of type int[2][3] where {2,4,6} is used to initialize the element
a[0], and {1,3,5} is used for a[1].
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Dynamic allocation of multidimensional arrays. The required dimensions of a multidimen-sional array may not be known at 
ompile time in whi
h 
ase dynami
 allo
ation is 
alledfor. Let us start with the 
ase where all dimensions but the �rst are known at 
ompiletime. If expr has value n � 0, a pointer to a dynami
ally allo
ated array of length nwith underlying type T[n2℄...[nk℄ is obtained from a new expression
new T[expr℄[expr2℄...[exprk℄where expri has value ni, i = 1, . . . , k. All dimensions but the �rst must be 
onstantexpressions. If you think about it for a minute, this is not surprising. For example, inorder to generate ma
hine language 
ode for random a

ess operations on the dynami
allyallo
ated array, the 
ompiler must know how many memory 
ells a single element of theunderlying type T[n2℄...[nk℄ o

upies (see Se
tion 2.6.3). But this is only possible if thevalues n2,. . . ,nk are known at 
ompile time.
Pointers to arrays. If we want to use the above new expression to initialize a pointervariable (with the address of the �rst element of the multidimensional array), we needthe type \pointer to T[n2℄...[nk℄". As you may suspe
t, we informally 
all this type\T[n2℄...[nk℄*", but we 
an't write it like that in C++, sin
e T[n2℄...[nk℄ is not a typename. Again, we have to resort to an impli
it de�nition of the desired pointer variable
p, as in the following 
ode fragment.
int n = 2;

int (*p)[3] = new int[n][3]; // type of *p: int[3] <=> p: int [3]*The parentheses are ne
essary here, sin
e int *p[3] (whi
h is the same as int* p[3])de
lares p to be an array of pointers to int (see also next paragraph). C++ syntax isbittersweet.
Arrays of pointers. If you're asking for a multidimensional array with non-
onstant di-mensions among n2, . . . , nk, the oÆ
ial answer is: there is none. But under the 
ounter,you 
an buy a very good imitation.One �rst solution that suggests itself when you re
onsider the 
at memory layoutof multidimensional arrays is this: you dynami
ally allo
ate a onedimensional array oflength n = n1 � n2 � � � � � nk and arti�
ially partition it into subarrays by doing somejuggling with indi
es.Let us dis
uss the twodimensional 
ase only to avoid lengthy formulae. A twodimen-sional array with dimensions n and m 
an be simulated by a onedimensional array oflength nm. The element with logi
al indi
es i 2 {0, 1, . . . , n− 1} and j 2 {0, 1, . . . , m− 1}appears at index mi + j in the onedimensional array. Vi
e versa, the element of index ℓin the onedimensional array has logi
al indi
es i = ℓ divm and j = ℓmodm. This worksbe
ause the fun
tion

(i, j) 7→mi + j
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tively maps the set of logi
al indi
es (i, j) to the set of numbers {0, 1, . . . , nm − 1}.Intuitively, this mapping 
attens the imaginary table of n rows and m 
olumns by simplyputting one row after another. As you 
an see from Figure 11, this is exa
tly whatthe 
ompiler is impli
itly doing for multidimensional arrays with 
onstant dimensions
n1, . . . , nk.Doing it expli
itly for non-
onstant dimensions is only a workaround, though, sin
ewe lose the intuitive notation a[i][j]; moreover, this workaround be
omes even more
umbersome with higherdimensional arrays.A better solution that keeps the notation a[i][j] and that smoothly extends tohigher dimensions is the following (again, we only dis
uss the 
ase of a twodimensionalarray with dimensions n and m): you �rst dynami
ally allo
ate one array of n point-ers, and then you let every single pointer point to the �rst element of an individual,dynami
ally allo
ated array of length m. The following 
ode fragment demonstratesthis.
// a points to the first element of an array of n pointers to int

int** a = new int*[n];

for (int i = 0; i < n; ++i)

// a[i] points to the first element of an array of m int’s

a[i] = new int[m];The type int** is \pointer to pointer to int". a[i] is therefore a pointer to int (seethe paragraph on pointer subs
ripting in Se
tion 2.6.9), and a[i][j] is an lvalue of type
int, just like in a \regular" twodimensional array.The memory layout is di�erent, though: Figure 11 is repla
ed by Figure 12. Thismeans, the twodimensional array is pat
hed up from a set of n onedimensional arrays,but these n arrays are not ne
essarily 
onse
utively arranged in memory. In fa
t, the
n arrays may even have di�erent lengths. This is useful for example when you want tostore a lower-triangular matrix; in this 
ase, it suÆ
es if the row of index i has length
i + 1.

a[0][0] a[0][1] a[0][2]a[1][0] a[1][1] a[1][2]a[0] a[1]

Figure 12: Memory layout of a twodimensional array realized by an array of pointers
Computing shortest paths. Let us 
on
lude this se
tion with an interesting appli
ation of(multidimensional) arrays. Imagine a re
tangular fa
tory 
oor, subdivided into square
ells. Some of the 
ells are blo
ked with obsta
les (these 
ould for example be ma
hines
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upboards, but let us abstra
tly 
all them \walls"). A robot is initially lo
ated atsome 
ell S (the sour
e), and the goal is to move the robot to some other 
ell T (thetarget). At any time, the robot 
an make one step from its 
urrent 
ell to any of thefour adja
ent 
ells, but for obvious reasons it may only use 
ells that are empty.Given this setup, we want to �nd a shortest possible robot path from S to T (or �ndout that no su
h path exists). Here, the length of a robot path is the number of stepstaken by the robot during its motion from S to T (the initial 
ell S does not 
ount; inparti
ular, it takes 0 steps to rea
h S from S). Figure 13 (left) shows an example with
8� 12 
ells.
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Figure 13: Left: What is a shortest robot path from S to T? Right: This one!In this example, a little thinking reveals that there are essentially two di�erent pos-sibilities for the robot to rea
h T : it 
an pass below the 
omponent of walls adja
ent to
S, or above. It turns out that passing above is faster, and a resulting shortest path (oflength 21) is depi
ted in Figure 13 (right). Note that in general there is not a uniqueshortest path. In our example, the �nal right turn of the path 
ould also have been madeone or two 
ells further down.We want to write a program that �nds a shortest robot path, given the dimensions
n (number of rows) and m (number of 
olumns) of the fa
tory 
oor, the 
oordinatesof sour
e and target, and the walls. How 
an this be done? Before reading further, ween
ourage you to think about this problem for a while. Please note that the brute-for
eapproa
h of trying all possible paths and sele
ting the shortest one is not an option,sin
e the number of su
h paths is simply too large already for moderate 
oor dimensions.(Besides, how do you even generate all these paths?)Here is an approa
h based on dynami
 programming. This general te
hnique isappli
able to problems whose solutions 
an qui
kly be obtained from the solutions tosmaller subproblems of the same stru
ture. The art in dynami
 programming is to �ndthe \right" subproblems, and this may require a more or less far-rea
hing generalizationof the original problem.On
e we have identi�ed suitable subproblems, we solve all of them in turn, fromthe smaller to the larger ones, and memorize the solutions. That way, we have all the
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kly 
ompute the solution to a given subproblemfrom the solutions of the (already solved) smaller subproblems.In our 
ase, we generalize the problem as follows: for all empty 
ells C on the 
oor,
ompute the length of a shortest path from S to C (where the value is∞ if no su
h pathexists). We 
laim that this also solves our original problem of 
omputing a shortest pathfrom S to T : Assume that the length of a shortest path from S to T is ℓ <∞ (otherwisewe know right away that there is no path at all). We also say that T is rea
hable from
S in ℓ steps.Now if T 6= S, there must be a 
ell adja
ent to T that is rea
hable from S in ℓ − 1steps, and adja
ent to this a 
ell rea
hable in ℓ − 2 steps et
. Following su
h a 
hain of
ells until we get to S gives us a path of length ℓ whi
h is shortest possible.Let us rephrase the generalized problem: we want to label every empty 
ell C witha nonnegative integer (possibly ∞) that indi
ates the length of a shortest path from Sto C. Here are the subproblems to whi
h we plan to redu
e this: for a given integer
i � 0, label all the 
ells that are rea
hable from S in at most i steps. For i = nm − 1(a
tually, for some smaller value), this labels all 
ells that are rea
hable from S at all,sin
e a shortest path will never enter a 
ell twi
e.Here is the redu
tion from larger to smaller subproblems: assume that we have alreadysolved the subproblem for i − 1, i.e. we have labeled all 
ells that are rea
hable from Swithin i − 1 or less steps. In order to solve the subproblem for i, we still need to labelthe 
ells that are rea
hable in i steps (but not less). But this is simple, sin
e these 
ellsare exa
tly the unlabeled ones adja
ent to 
ells with label i − 1.Figure 14 illustrates how the frontier of labeled 
ells grows in this pro
ess, for i =

0, 1, 2, 3.Continuing in this fashion, we �nally arrive at the situation depi
ted in Figure 15:all empty 
ells have been labeled (and are in fa
t rea
hable from S in this example). To�nd a shortest path from S to T , we start from T (whi
h has label 21) and follow anypath of de
reasing labels (20, 19, . . .) until we �nally rea
h S.
The shortest path program. Let's get to the C++ implementation of the above method.We represent the 
oor by a dynami
ally allo
ated twodimensional array floor withdimensions n+2 and m+2 and entries of type int. (Formally, floor is a pointer to the�rst element of an array of n + 2 pointers to int, but we still 
all this a twodimensionalarray). These dimensions leave spa
e for extra walls surrounding the 
oor. Su
h extrawalls allow us to get rid of spe
ial 
ases: 
oor 
ells having less than four adja
ent 
ells.In general, an arti�
ial data item that guards the a
tual data against spe
ial 
ases is
alled a sentinel.The heart of the program (whi
h appears as Program 17 below) is a loop that 
om-putes the solution to subproblem i from the solution to subproblem i−1, for i = 1, 2, . . ..The solution to subproblem 0 is readily available: we set the floor entry 
orrespondingto S to 0, and the entries 
orresponding to the empty 
ells to −1 (this is meant to indi
atethat the 
ell has not been labeled yet). Walls are always labeled with the integer −2.
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Figure 14: The solution to subproblem i labels all 
ells C rea
hable from S within atmost i steps with the length of the shortest path from S to C.In iteration i of the loop, we simply go through all the yet unlabeled 
ells and labelexa
tly the ones with i that have an adja
ent 
ell with label i − 1. The loop terminatesas soon as no progress is made anymore, meaning that no new 
ell 
ould be labeled inthe 
urrent iteration. Here is the 
ode.
// main loop: find and label cells reachable in i=1,2,... steps

for (int i=1;; ++i) {

bool progress = false;

for (int r=1; r<n+1; ++r)

for (int c=1; c<m+1; ++c) {

if (floor[r][c] != -1) continue ; // wall , or labeled before

// is any neighbor reachable in i-1 steps?

if (floor[r-1][c] == i-1 || floor[r+1][c] == i-1 ||

floor[r][c-1] == i-1 || floor[r][c+1] == i-1 ) {

floor[r][c] = i; // label cell with i

progress = true;
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Figure 15: The solution to subproblem i = 23 solves the generalized problem andthe original problem (a shortest path is obtained by starting from T andfollowing a path of de
reasing labels).
}

}

if (!progress ) break;

} The other parts of the main fun
tion are more or less straightforward. Initially, weread the dimensions from standard input and do the dynami
 allo
ation.
// read floor dimensions

int n; std::cin >> n; // number of rows

int m; std::cin >> m; // number of columns

// dynamically allocate twodimensional array of dimensions

// (n+2) x (m+2) to hold the floor plus extra walls around

int** const floor = new int*[n+2];

for (int r=0; r<n+2; ++r)

floor[r] = new int[m+2];Next, we read the 
oor plan from standard input. We assume that it is given rowwiseas a sequen
e of nm 
hara
ters, where ’S’ and ’T’ stand for sour
e and target, ’X’represents a wall, and ’-’ an empty 
ell. The input �le for our initial example fromFigure 13 would then look as in Figure 16If other 
hara
ters are found in the input (or if the input prematurely be
omes empty),we generate empty 
ells. While reading the 
oor plan, we put the appropriate integersinto the entries of floor, and we remember the target position for later.
// target coordinates , set upon reading ’T’

int tr = 0;
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8 12

------X-----

-XXX --X-----

--SX--------

---X---XXX --

---X---X----

---X---X----

---X---X-T--

-------X----

Figure 16: Input for Program 17 
orresponding to the example of Figure 13
int tc = 0;

// assign initial floor values from input:

// source: ’S’ -> 0 (source reached in 0 steps)

// target: ’T’ -> -1 (number of steps still unknown)

// wall: ’X’ -> -2

// empty cell: ’-’ -> -1 (number of steps still unknown)

for (int r=1; r<n+1; ++r)

for (int c=1; c<m+1; ++c) {

char entry = ’-’;

std::cin >> entry;

if (entry == ’S’) floor[r][c] = 0;

else if (entry == ’T’) floor[tr = r][tc = c] = -1;

else if (entry == ’X’) floor[r][c] = -2;

else if (entry == ’-’) floor[r][c] = -1;

}Now we add the surrounding walls as sentinels.
// add surrounding walls

for (int r=0; r<n+2; ++r)

floor[r][0] = floor[r][m+1] = -2;

for (int c=0; c<m+2; ++c)

floor[0][c] = floor[n+1][c] = -2;Next 
omes the main loop that we have already dis
ussed above. It labels all rea
hable
ells, so that we obtain a labeling as in Figure 15. From this labeling, we must now extra
tthe shortest path from S to T . As explained above, this 
an be done by following a 
hainof adja
ent 
ells with de
reasing labels. For every 
ell on this path (ex
ept S), we putthe integer −3 into the 
orresponding floor entry; this allows us to draw the path inthe subsequent output. If no path was found (or if there is no target), the body of the
while statement in the following 
ode fragment is (
orre
tly) not exe
uted at all.
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// mark shortest path from source to target (if there is one)

int r = tr; int c = tc; // start from target

while (floor[r][c] > 0) {

const int d = floor[r][c] - 1; // distance one less

floor[r][c] = -3; // mark cell as being on shortest path

// go to some neighbor with distance d

if (floor[r-1][c] == d) --r;

else if (floor[r+1][c] == d) ++r;

else if (floor[r][c-1] == d) --c;

else ++c; // (floor[r][c+1] == d)

} Finally, the output: we map the integer entries of floor ba
k to 
hara
ters, where
−3 be
omes ’o’, our path symbol. Inserting ’\n’ at the right pla
es, we obtain a 
opyof the input 
oor, with the shortest path appearing in addition. We must also not forgetto delete the dynami
ally allo
ated arrays in the end.
// print floor with shortest path

for (int r=1; r<n+1; ++r) {

for (int c=1; c<m+1; ++c)

if (floor[r][c] == 0) std::cout << ’S’;

else if (r == tr && c == tc) std::cout << ’T’;

else if (floor[r][c] == -3) std::cout << ’o’;

else if (floor[r][c] == -2) std::cout << ’X’;

else std::cout << ’-’;

std::cout << "\n";

}

// delete dynamically allocated arrays

for (int r=0; r<n+2; ++r)

delete[] floor[r];

delete[] floor;

return 0;In 
ase of our initial example, the output looks like in Figure 17. Program 17 showsthe 
omplete sour
e 
ode.1 #include <iostream >23 int main()4 {5 // read floor dimensions6 int n; std::cin >> n; // number of rows7 int m; std::cin >> m; // number of columns89 // dynamically allocate twodimensional array of dimensions
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ooooooX -----

oXXX -oX-----

ooSX -oooooo -

---X---XXXo -

---X---X-oo-

---X---X-o--

---X---X-T--

-------X----

Figure 17: Output of Program 17 on the input of Figure 1610 // (n+2) x (m+2) to hold the floor plus extra walls around11 int** const floor = new int*[n+2];12 for (int r=0; r<n+2; ++r)13 floor[r] = new int[m+2];1415 // target coordinates , set upon reading ’T’16 int tr = 0;17 int tc = 0;1819 // assign initial floor values from input:20 // source: ’S’ -> 0 (source reached in 0 steps)21 // target: ’T’ -> -1 (number of steps still unknown)22 // wall: ’X’ -> -223 // empty cell: ’-’ -> -1 (number of steps still unknown)24 for (int r=1; r<n+1; ++r)25 for (int c=1; c<m+1; ++c) {26 char entry = ’-’;27 std::cin >> entry;28 if (entry == ’S’) floor[r][c] = 0;29 else if (entry == ’T’) floor[tr = r][tc = c] = -1;30 else if (entry == ’X’) floor[r][c] = -2;31 else if (entry == ’-’) floor[r][c] = -1;32 }3334 // add surrounding walls35 for (int r=0; r<n+2; ++r)36 floor[r][0] = floor[r][m+1] = -2;37 for (int c=0; c<m+2; ++c)38 floor[0][c] = floor[n+1][c] = -2;3940 // main loop: find and label cells reachable in i=1,2,... steps41 for (int i=1;; ++i) {



164 CHAPTER 2. FOUNDATIONS42 bool progress = false;43 for (int r=1; r<n+1; ++r)44 for (int c=1; c<m+1; ++c) {45 if (floor[r][c] != -1) continue ; // wall , or labeled before46 // is any neighbor reachable in i-1 steps?47 if (floor[r-1][c] == i-1 || floor[r+1][c] == i-1 ||48 floor[r][c-1] == i-1 || floor[r][c+1] == i-1 ) {49 floor[r][c] = i; // label cell with i50 progress = true;51 }52 }53 if (!progress ) break;54 }5556 // mark shortest path from source to target (if there is one)57 int r = tr; int c = tc; // start from target58 while (floor[r][c] > 0) {59 const int d = floor[r][c] - 1; // distance one less60 floor[r][c] = -3; // mark cell as being on shortest path61 // go to some neighbor with distance d62 if (floor[r-1][c] == d) --r;63 else if (floor[r+1][c] == d) ++r;64 else if (floor[r][c-1] == d) --c;65 else ++c; // (floor[r][c+1] == d)66 }6768 // print floor with shortest path69 for (int r=1; r<n+1; ++r) {70 for (int c=1; c<m+1; ++c)71 if (floor[r][c] == 0) std::cout << ’S’;72 else if (r == tr && c == tc) std::cout << ’T’;73 else if (floor[r][c] == -3) std::cout << ’o’;74 else if (floor[r][c] == -2) std::cout << ’X’;75 else std::cout << ’-’;76 std::cout << "\n";77 }7879 // delete dynamically allocated arrays80 for (int r=0; r<n+2; ++r)81 delete[] floor[r];82 delete[] floor;8384 return 0;85 }
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Program 17: progs/le
ture/shortest path.
pp

2.6.13 Beyond arrays and pointersArrays are very useful for many tasks and allow us to solve nontrivial problems like�nding shortest paths in the previous se
tion. From a theoreti
al point of view, arraysare in fa
t the only 
ontainers that we need.On the other hand, there are two main drawba
ks of arrays that we want to re
apit-ulate here.
Arrays have fixed length. Any array, even if it is dynami
ally allo
ated, has a �xed length.In other words, we have to know before de�ning or dynami
ally allo
ating an array howmany elements we need to store in it. Often, this is unrealisti
. For example, in someappli
ation we might need to store a sequen
e of input numbers, but we don't know inadvan
e how many numbers we will get. A typi
al \solution" is to dynami
ally allo
atea very large array and just hope that the sequen
e �ts in. The problems with this anda better (but still 
umbersome) solution are outlined in Exer
ise 88.A \real" solution is possible in C++ through the use of ve
tors. These are 
on-tainers from the standard library that 
ombine the 
lassi
al array fun
tionality (and itseÆ
ien
y) with the possibility of growing (and shrinking) in length. Ve
tors 
an be im-plemented on top of arrays, and they have something similar to the me
hanism outlinedin Exer
ise 88 \built in". Ve
tors also largely remove the ne
essity of working withpointers. We will get to ve
tors (and their realization) later in this book.
Arrays are insecure. The usage of out-of-bound array indi
es is not dete
ted in C++,and the same holds for pointers to addresses where no obje
t lives. With some 
are,you 
an write small programs that use arrays and pointers in a 
orre
t manner, but in
omplex programs, this is not easy at all. Debugging fa
ilities of modern 
ompilers 
anhelp, but even well-tested and frequently used large programs do not ne
essarily get itright. In fa
t, some people (let's 
all them atta
kers) are making a business of exploitingprogramming errors related to arrays and pointers in order to 
reate mali
ious software.Suppose that the atta
ker knows that some program|think of an operating systemroutine or a webserver|may (unintentionally) write input data beyond the bounds ofan array. Due to the von-Neumann ar
hite
ture, the part of the main memory beinga

identally modi�ed in this way may 
ontain the a
tual program instru
tions. Theatta
ker may then be able to prepare an input to the program in su
h a way that theprogram modi�es itself to do whatever the atta
ker wants it to do. This modi�
ationruns with the same a

ess rights as the original one, and these might be administratorrights in the worst 
ase.
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ker 
ould \hija
k" the 
omputer that runs the program, andsubsequently misuse it for illegal a
tivities like sending spam, or paralyzing web serversby 
ooding them with requests.For us that we are not (yet) professional programmers, the se
urity aspe
t is less of a
on
ern here. More important is that programming errors due to improper use of arraysand pointers 
an be very hard to �nd and often remain undete
ted until they suddenlyresult in strange and seemingly inexpli
able behavior of the program. Also here, usingve
tors instead of arrays helps, sin
e there are many potential errors related to arraysand pointers that you simply 
annot make with ve
tors.
Why arrays, after all? Now you may ask why we have introdu
ed arrays and pointers atall when there are more 
exible and safer alternatives. Here are the three reasons.1. Arrays and pointers are the simplest models of important standard library 
on
epts(
ontainer and iterator).2. Unlike ve
tors, arrays 
an be introdu
ed without the need to dis
uss synta
ti
aland semanti
al aspe
ts of C++ fun
tions and 
lasses (that we simply don't haveat our disposal at this point);3. In order to really understand later how standard library 
ontainers and iteratorsare realized, it is ne
essary to know about arrays and pointers.The take-home message here is this: it is important to get familiar with the 
on
eptsbehind arrays and pointers, but it is less important to be able to a
tually program witharrays and pointers on a large s
ale.
2.6.14 Details

Command line arguments. In Program 16 for string mat
hing, it is not very 
onvenientthat the sear
h string is �xed. We then have to re
ompile the program every time wewant to sear
h for another string.A more 
exible alternative is to pass the sear
h string as a 
ommand line argumentthat we provide upon 
alling the program.The main fun
tion 
an a

ess su
h 
ommand line arguments if we provide suitableparameters. Here is how the �rst ten lines of Program 16 have to be 
hanged in orderto make this work.1 // Program: string_matching2.cpp2 // find the first occurrence of a string (provided as command3 // line argument) within the input text , and output text so far45 #include <iostream >6 #include <ios> // for std:: noskipws7



2.6. ARRAYS AND POINTERS 1678 int main (int argc , char* argv[])9 {10 if (argc < 2) {11 // no command line arguments (except program name)12 std::cout << "Usage: string_matching2 <string >\n";13 return 1;14 }1516 // search string: second command line argument17 const char* const s = argv[1];The values of argc and and argv[] (whi
h is an array of pointers ea
h of whi
h in turnpoints to the �rst elements of a zero-terminated array of 
hara
ters) are initialized by theoperating system when it 
alls the main fun
tion. We will explain fun
tion parameters indetail later, here we will be satis�ed with an example. Suppose that we 
all the programlike this (assuming a Unix-type system):
./ string_matching2 boolThen argc (whi
h 
ounts the number of 
ommand line arguments) gets initializedwith value 2. This 
ount in
ludes the program name itself ("string_matching2" in this
ase), and any additional strings provided on the 
ommand line (just the single string
"bool" in this 
ase). The 2 arrays argv[0] and argv[1] get initialized with the strings
"string_matching2" and "bool" as des
ribed in Se
tion 2.6.11 above. Consequently,after its de�nition, the pointer variable s in the above pie
e of 
ode points to the �rstelement of a zero-terminated array of 
hara
ters that 
orresponds to the string "bool".This gets us ba
k to the situation in Program 16 after line 10, and the remainders ofboth programs are identi
al.
2.6.15 Goals

Dispositional. At this point, you should . . .1) know what an array is, and what random a

ess and iteration mean in the 
ontextof arrays;2) understand the pointer 
on
ept, and how to 
ompute with addresses;3) be aware that (and understand why) arrays and pointers must be used with 
are;4) know that 
hara
ters and arrays of 
hara
ters 
an be used to perform basi
 textpro
essing tasks;5) know that (multidimensional) arrays of variable length 
an be obtained by dynami
memory allo
ation;
Operational. In parti
ular, you should be able to . . .



168 CHAPTER 2. FOUNDATIONS(G1) read, understand, and argue about simple programs involving arrays and pointers;relevant aspe
ts are in parti
ular pointer arithmeti
 and 
onst-
orre
tness(G2) write programs that de�ne array variables or dynami
ally allo
ate (multidimen-sional) arrays;(G3) write programs that read a sequen
e of data into a (dynami
ally allo
ated /multidimensional) array;(G4) write programs that perform simple data pro
essing tasks by using random a

essin (multidimensional) arrays as the major tool;(G5) within programs, iterate over a (dynami
ally allo
ated / multidimensional) arrayby using pointer arithmeti
;(G6) write programs that perform simple text pro
essing tasks with arrays of 
hara
-ters;
2.6.16 Exercises

Exercise 77a) What does the following program output, and why?
#include <iostream >

int main()

{

int a[] = {5, 6, 2, 3, 1, 4, 0};

int* p = a;

do {

std::cout << *p << " ";

p = a + *p;

} while (p != a);

return 0;

}b) More generally, suppose that in the previous program, a is initialized withsome sequen
e of n di�erent numbers in {0, . . . , n− 1} (we see this for n = 7 inthe previous program). Prove that the program terminates in this 
ase. (G1)
Exercise 78 Assume that in some program, a is an array of underlying type int andlength n.a) Given a variable i of type int with value 0 � i � n, how 
an you obtain apointer p to the element of index i in a? (Note: if i = n, this is asking for apast-the-end pointer.)



2.6. ARRAYS AND POINTERS 169b) Given a pointer p to some element in a, how 
an you obtain the index i ofthis element? (Note: if p is a past-the-end pointer, the index is de�ned as n.)Write 
ode fragments that 
ompute p from i in a) and i from p in b). (G1)
Exercise 79 Find and �x at least 5 problems in the following program. The �xedprogram should indeed 
orre
tly do what it 
laims to do. Is the �xed program 
onst-
orre
t? If not, make it 
onst-
orre
t! (This is a theory exer
ise, but you may of
ourse use the 
omputer to help you.)
#include <iostream >

int main()

{

int a[7] = {0, 6, 5, 3, 2, 4, 1}; // static array

int* const b = new int[7];

// copy a into b using pointers

for (int* p = a; p <= a+7; ++p)

*b++ = *p;

// cross -check with random access

for (int i = 0; i <= 7; ++i)

if (a[i] != b[i])

std::cout << "Oops , copy error...\n";

delete b;

return 0;

}

Exercise 80 Let us 
all a natural number k-
omposite if and only if it is divisible byexa
tly k di�erent prime numbers. For example, prime powers are 1-
omposite, and
6 = 2 � 3 as well as 20 = 2 � 2 � 5 are 2-
omposite. Write a program k_composite.cppthat reads numbers n � 0 and k � 0 from the input and then outputs all k-
omposite numbers in {2, . . . , n − 1}. How many 7-
omposite numbers are therefor n = 1, 000, 000? (G2)(G4)
Exercise 81 Write a program inverse_matrix.cpp that inverts a 3� 3 matrix A withreal entries. The program should read the nine matrix entries from the input, andthen output the inverse matrix A−1 (or the information that the matrix A is notinvertible). In addition, the program should output the matrix AA−1 in order to letthe user 
he
k whether the 
omputation of the inverse was a

urate (in the fullya

urate 
ase, the latter produ
t is the identity matrix).
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Hint: For the 
omputation of the inverse, you 
an employ Cramer's rule. Appliedto the 
omputation of the inverse, it yields that A−1

ij (the entry of A−1 in row i and
olumn j) is given by
A−1

ij =
(−1)i+jdet(Aji)det(A)

,where det(M) is the determinant of a square matrix M, and Aij is the 2� 2 matrixobtained from A by deleting row j and 
olumn i.To 
ompute the determinant of a 3� 3 matrix, you might want to use the well-known Sarrus' rule. (G2)(G3)(G4)
Exercise 82 Write a program read_array that reads a sequen
e of n integers fromstandard input into an array. The number n is the �rst input, and then the programexpe
ts you to input another n values. After reading the n values, the programshould output them in the same order. (If you 
an do this, you have proven thatyou are no longer a 
omplete novi
e, a

ording to Stroustrup.) For example, oninput 5 4 3 6 1 2 the program should output 4 3 6 1 2. (G2)(G3)
Exercise 83 Enhan
e the program read_array.cpp from Exer
ise 82 so that the result-ing program sort_array.cpp sorts the array elements into as
ending order beforeoutputting them. Your sorting algorithm does not have to be parti
ularly eÆ
ient,the main thing here is that it works 
orre
tly. Test your program on some largerinputs (preferably read from a �le, after redire
ting standard input). For example,on input 5 4 3 6 1 2 the program should output 1 2 3 4 6. (G2)(G3)(G4)
Exercise 84 Enhan
e the program read_array.cpp from Exer
ise 82 so that the result-ing program cycles.cpp interprets the input sequen
e of n integers as a permutation
π of {0, . . . , n − 1}, and that it outputs the 
y
le de
omposition of π.Some explanations are in order: a permutation π is a bije
tive mapping fromthe set {0, . . . , n−1} to itself; therefore, the input sequen
e 
an be interpreted as thesequen
e of values π(0), . . . , π(n − 1) of a permutation π if and only if it 
ontainsevery number from {0, . . . , n − 1} exa
tly on
e.The program cycles.cpp should �rst 
he
k whether the input sequen
e satis�esthis 
ondition, and if not, terminate with a 
orresponding message. If the inputindeed en
odes a permutation π, the program should output the 
y
le de
ompositionof π. A 
y
le in π is any sequen
e of the form ( n1 n2 � � � nk ) su
h that� n2 = π(n1), n3 = π(n2), . . . , nk = π(nk−1), and n1 = π(nk), and� n1 is the smallest element among n1, . . . , nk.Any 
y
le uniquely determines the π-values of all its elements; on the other hand,every element appears in some 
y
le (whi
h might be of the trivial form (n1), mean-ing that π(n1) = n1). This implies that the permutation de
omposes into a unique
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y
les. For example, the permutation π given by
π(0) = 4, π(1) = 2, π(2) = 3, π(3) = 1, π(4) = 0de
omposes into the two 
y
les ( 0 4 ) and ( 1 2 3 ). (G2)(G3)(G4)

Exercise 85 Consider the string mat
hing algorithm of Program 16. Prove that forall m > 1, n � m, there exists a sear
h string s of length m and a text t of length non whi
h the algorithm in Program 16 performs m(n−m+ 1) 
omparisons betweensingle 
hara
ters. (G1)
Exercise 86 Consider the following program that de�nes and initializes a threedimen-sional array.
#include <iostream >

int main()

{

int a[4][2][3] =

{ // the 4 elements of a:

{ // the 2 elements of a[0]:

{2, 4, 5}, // the three elements of a[0][0]

{4, 6, 7} // the three elements of a[0][1]

},

{ // the 2 elements of a[1]:

{1, 5, 9}, // the three elements of a[1][0]

{4, 6, 1} // the three elements of a[1][1]

},

{ // the 2 elements of a[2]:

{5, 9, 0}, // the three elements of a[2][0]

{1, 5, 3} // the three elements of a[2][1]

},

{ // the 2 elements of a[3]:

{6, 7, 7}, // the three elements of a[3][0]

{7, 8, 5} // the three elements of a[3][1]

}

};

return 0;

} Write a program threedim_array.cpp that enhan
es this program by a (nested)loop that iterates over the array a and its subarrays to output all the 24 int valuesthat are stored in a and its subarrays. Do not use random a

ess to do this butpointer arithmeti
. (G5)
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Exercise 87 Write a program frequencies.cpp that reads a text from standard input(like in Program 16) and outputs the frequen
ies of the letters in the text, wherewe do not distinguish between lower and upper 
ase letters. For this exer
ise, youmay assume that the type char implements ASCII en
oding. This means that all
hara
ters have integer values in {0, 1, . . . , 127}. Moreover, in ASCII, the values ofthe 26 upper 
ase literals ’A’ up to ’Z’ are 
onse
utive numbers in {65, . . . , 90}; forthe lower 
ase literals ’a’ up to ’z’, the value range is {97, . . . , 122}. (G6)Running this on the lyri
s of Yesterday (The Beatles) for example should yield thefollowing output.

Frequencies:

a: 45 of 520

b: 5 of 520

c: 5 of 520

d: 28 of 520

e: 65 of 520

f: 4 of 520

g: 13 of 520

h: 27 of 520

i: 27 of 520

j: 0 of 520

k: 3 of 520

l: 20 of 520

m: 10 of 520

n: 30 of 520

o: 43 of 520

p: 4 of 520

q: 0 of 520

r: 19 of 520

s: 36 of 520

t: 31 of 520

u: 9 of 520

v: 6 of 520

w: 19 of 520

x: 0 of 520

y: 34 of 520

z: 0 of 520

Other: 37 of 520

2.6.17 Challenges

Exercise 88 The fa
t that an array has �xed length is often in
onvenient. For exam-ple, in Exer
ise 82 and in Exer
ise 83, the number of elements to be read into thearray had to be provided as the �rst input in order for the program to be able todynami
ally allo
ate an array of the appropriate length. But in pra
ti
e, the lengthof the input sequen
e is often not known a priori.We would therefore like to write a program that reads a sequen
e of integersfrom standard input into an array, where the length of the sequen
e is not knownbeforehand (and not part of the input)|the program should simply read one numberafter another until the stream be
omes empty.One possible strategy is to dynami
ally allo
ate an array of large length, bigenough to store any possible input sequen
e. But if the sequen
e is short, this is ahuge waste of memory, and if the sequen
e is very long, the array might still notbe large enough.a) Write a program read_array2.cpp that reads a sequen
e of integers of un-known length into an array, and then outputs the sequen
e. The programshould satisfy the following two properties.(i) The amount of dynami
ally allo
ated memory in use by the programshould at any time be proportional to the number of sequen
e elements thathave been read so far. To be 
on
rete: there must be a positive 
onstant a
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h that no more than ak 
ells of dynami
ally allo
ated memory are inuse when k elements have been read, k � 1. We refer to this property asspa
e eÆ
ien
y. It ensures that even very long sequen
es 
an be read (upto the appli
able memory limits), but that short sequen
es 
onsume onlylittle memory.(ii) The number of assignments (of values to array elements) performed sofar should at any time be proportional to the number of sequen
e elementsthat have been read so far, with the same meaning of proportionality asabove. We refer to this property as time eÆ
ien
y. It ensures that the pro-gram is only by a 
onstant fa
tor slower than the program read_array.cppthat knows the sequen
e length in advan
e.b) Determine the 
onstants of proportionality a for properties (i) and (ii) of yourprogram.
Exercise 89 For larger 
oors, Program 17 
an be
ome quite ineÆ
ient, sin
e everystep i examines all 
ells of the 
oor in order to �nd the (possibly very few) onesthat have to be labeled with i in that step. A better solution would be to examineonly the neighbors of the 
ells that are already labeled with i − 1, sin
e only theseare 
andidates for getting label i.Write a program shortest_path_fast.cpp that realizes this idea, and measurethe performan
e gain on some larger 
oors of your 
hoi
e.
Exercise 90 In 1772, Leonhard Euler dis
overed the quadrati
 polynomial

n2 + n + 41with the following remarkable property: if you evaluate it for n = 0, 1, . . . , 39, youalways get a prime number, and moreover, all these prime numbers are di�erent.Here is the list of all the 40 prime numbers generated by Euler's polynomial:
41, 43, 47, 53, 61, 71, 83, 97, 113, 131, 151, 173, 197, 223, 251, 281,

313, 347, 383, 421, 461, 503, 547, 593, 641, 691, 743, 797, 853, 911, 971,
1033, 1097, 1163, 1231, 1301, 1373, 1447, 1523, 1601.Here we are 
on
erned with the question whether there are still better quadrati
polynomials in the sense that they generate even more prime numbers. We saythat a quadrati
 polynomial an2 + bn + c has Euler quality p if the p numbers
|an2 + bn + c|, n = 0, ..., p − 1are di�erent prime numbers. By taking absolute values, we therefore also allow\negative primes". As an example, let us look at the polynomial n2 − 10n + 2. For

n = 0, we get 2 (prime), for n = 1 we obtain −7 (negative prime), and n = 2 gives
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−14 (no (negative) prime). The Euler quality of n2 − 10n + 2 is therefore 2 but nothigher.Here is the 
hallenge: write a program that systemati
ally sear
hes for a quadrati
polynomial with high Euler quality. The goal is to �nd a polynomial with Euler qual-ity larger than 40, in order to \beat" n2 + n + 41. What is the highest Euler qualitythat you 
an �nd?For this 
hallenge, it 
an be useful to read the paragraph on 
onstant expressionsin the Details se
tion.
Exercise 91 The XBM �le format is a format for storing mono
hrome (bla
k & white)images. The format is somewhat outdated, but many browsers (Internet Exploreris a notable ex
eption) 
an still display images in XBM format.An XBM image �le for an image named test might look like this (taken fromWikipedia's XBM page).

#define test_width 16

#define test_height 7

static unsigned char test_bits[] = {

0x13 , 0x00 , 0x15 , 0x00, 0x93 , 0xcd , 0x55 ,

0xa5 , 0x93 , 0xc5 , 0x00, 0x80 , 0x00 , 0x60};As you 
an guess from this, XBM �les are designed to be integrated into C andC++ sour
e 
ode whi
h makes it easy to pro
ess them (there is no need to read inthe data; simply in
lude the �le from the C++ program that needs to pro
ess theimage). In our example, test_width and test_height denote the width and heightof the image in pixels. Formally, these names are ma
ros, but in the program they
an be used like 
onstant expressions. test_bits is an array of 
hara
ters thaten
odes the 
olors of the 16 � 7 pixels in the image. Every hexade
imal literal ofthe form 0xd1d2 en
odes eight pixels, where the order is row by row. In our 
ase,
0x13 and 0x00 en
ode the 16 pixels of the �rst row, while 0x15 and 0x00 are for these
ond row, et
.Here is how a two-digit hexade
imal literal en
odes the 
olors of eight 
onse
utivepixels within a row. If the width is not a multiple of 8, the super
uous 
olor valuesfrom the last hexade
imal literal of ea
h row are being ignored.Every hexade
imal digit di is from the set {0, ..., 9, a, . . . , f} where a up to f standfor 10, . . . , 15. The a
tual number en
oded by a hexade
imal literal is 16d1 + d2 2
{0, . . . , 255}. If the type char has value range {−128, . . . , 127}, the silent assumptionis that a literal value α larger than 127 
onverts to α − 256, whi
h has the samerepresentation under two's 
omplement. For example, 0x13 has value 1 �16+3 = 19.Now, any number in {0, . . . , 255} has a binary representation with 8 bits. 19,for example, has binary representation 00010011. The pixel 
olors are obtained byreading this ba
kwards, and interpreting 1 as bla
k and 0 as white. Thus, the �rsteight pixels in row 1 of the test image are bla
k, bla
k, white, white, bla
k, white,white, white. The 
omplete test image looks like this:
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Write a program xbm.cpp that #includes an XBM �le of your 
hoi
e (you maysear
h the web to �nd suitable XBM �les, or you may use an image manipulationprogram su
h as gimp to 
onvert your favorite image into XBM format), and thatoutputs an XBM �le for the same image, rotated by 90 degrees. The program maywrite the resulting �le to standard output. In 
ase of the test image, the resulting

XBM �le and the resulting rotated image are as follows.
#define rotated_width 7

#define rotated_height 16

static unsigned char rotated_bits[] = {

0x3c , 0x54 , 0x48 , 0x00 ,

0x04 , 0x1c , 0x00 , 0x1c ,

0x14 , 0x08 , 0x00 , 0x1f ,

0x00 , 0x0a , 0x15 , 0x1f};Note that we now have 16 instead of 14 hexade
imal literals. This is due to thefa
t that ea
h of the 16 rows needs one literal for its 7 pixels, where the leading bitsof the binary representations are being ignored.You may extend your program to perform other kinds of image pro
essing tasksof your 
hoi
e. Examples in
lude 
olor inversion (repla
e bla
k with white, andvi
e versa), 
omputing a mirror image, s
aling the image (so that it o

upies lessor more pixels), et
.
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3.1 A first C++ functionGarbage in, garbage out.Attributed to George Fue
hsel, IBM, late 1950'sThis se
tion introdu
es C++ fun
tions as a means to en
apsulate andreuse fun
tionality, and to subdivide a program into subtasks. You willlearn how to add fun
tions to your programs, and how to 
all them. Wealso explain how fun
tions 
an eÆ
iently be made available for manyprograms at the same time, through separate 
ompilation and libraries.In many numeri
al 
al
ulations, 
omputing powers is a fundamental operation (seeSe
tion 2.5), and there are many other operations that o

ur frequently in appli
ations.In C++, fun
tions are used to en
apsulate su
h frequently used operations, making iteasy to invoke them many times, with di�erent arguments, and from di�erent programs,but without having to reprogram them every time.Even more importantly, fun
tions are used to stru
ture a program. In pra
ti
e, largeprograms 
onsist of many small fun
tions, ea
h of whi
h serves a 
learly de�ned subtask.This makes it a lot easier to read, understand, and maintain the program.We have already seen quite a number of fun
tions, sin
e the main fun
tion of everyC++ program is a spe
ial fun
tion (Se
tion 2.1.4).Program 18 emphasizes the en
apsulation aspe
t and shows how fun
tions 
an beused. It �rst de�nes a fun
tion for 
omputing the value be for a given real number band given integer e (possibly negative). It then 
alls this fun
tion for several values of band e. The 
omputations are performed over the 
oating point number type double.1 // Prog: callpow.cpp2 // Define and call a function for computing powers.34 #include <iostream >56 // PRE: e >= 0 || b != 0.07 // POST: return value is b^e8 double pow (double b, int e)9 {10 double result = 1.0;11 if (e < 0) {12 // b^e = (1/b)^(-e)13 b = 1.0/b;14 e = -e;15 }16 for (int i = 0; i < e; ++i) result *= b;



3.1. A FIRST C++ FUNCTION 17917 return result;18 }1920 int main()21 {22 std::cout << pow( 2.0, -2) << "\n"; // outputs 0.2523 std::cout << pow( 1.5, 2) << "\n"; // outputs 2.2524 std::cout << pow( 5.0, 1) << "\n"; // outputs 525 std::cout << pow( 3.0, 4) << "\n"; // outputs 8126 std::cout << pow(-2.0, 9) << "\n"; // outputs -5122728 return 0;29 }

Program 18: progs/le
ture/
allpow.
ppBefore we explain the 
on
epts ne
essary to understand this program in detail, let usget an overview of what is going on in the fun
tion pow. For nonnegative exponents e, beis obtained from the initial value of 1 by e-fold multipli
ation with b. This is what the
for-loop does. The 
ase of negative e 
an be handled by the formula be = (1/b)−e: afterinverting b and negating e in the if-statement, we have an equivalent problem with apositive exponent. The latter only works if b 6= 0, and indeed, negative powers of 0 aremathemati
ally unde�ned.
3.1.1 Pre- and postconditionsEven a very simple fun
tion should do
ument its pre
ondition and its post
ondition, inthe form of 
omments. The pre
ondition spe
i�es what has to hold when the fun
tion is
alled, and the post
ondition des
ribes value and e�e
t of the fun
tion. This informationallows us to understand the fun
tion without looking at the a
tual sour
e
ode; this inturn is a ne
essary for keeping tra
k of larger programs. In 
ase of the fun
tion pow, thepre
ondition
// PRE: e >= 0 || b != 0.0tells us that e must be nonnegative, or (if e is negative) that b 6= 0 must hold. Thepost
ondition
// POST: return value is b^etells us the fun
tion value, depending on the arguments. In this 
ase, there is no e�e
t.The pre- and post
onditions spe
ify the fun
tion in a mathemati
al sense. At �rstsight, fun
tions with values and e�e
t do not �t into the framework of mathemati
al fun
-tions whi
h only have values. But using the 
on
ept of program states (Se
tion 1.2.3),a C++ fun
tion 
an be 
onsidered as a mathemati
al fun
tion that maps program states(immediately before the fun
tion 
all) to program states (immediately after the fun
tion
all).
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ondition spe
i�es the domain of the fun
tion,the set of program states in whi
h the fun
tion may be 
alled. In 
ase of pow, theseare all program states in whi
h the arguments b and e are in a suitable relation. Thepost
ondition des
ribes the fun
tion itself by spe
ifying how the (relevant part of the)program state gets transformed. In 
ase of pow, the return value be will (temporarily)be put at some memory lo
ation.To summarize, the post
ondition tells us what happens when the pre
ondition issatis�ed. On the other hand, the post
ondition gives no guarantee whatsoever for the
ase where the pre
ondition is not satis�ed. From a mathemati
al point of view, this is�ne: a fun
tion is simply not de�ned for arguments outside its domain.
Arithmetic pre- and postconditions. The 
areful reader of Se
tion 2.5 might have realizedthat both pre- and post
ondition of the fun
tion pow 
annot be 
orre
t. If e is toolarge, for example, the 
omputation might over
ow, but su
h e are not ex
luded bythe pre
ondition. Even if there is no over
ow, the value range of the type double mayhave a hole at be, meaning that this value 
annot be returned by the fun
tion. Thepost
ondition is therefore impre
ise as well.In the 
ontext of arithmeti
 operations over the fundamental C++ types, it is oftentedious and even undesirable to write down pre
ise pre- and post
onditions; part ofthe problem is that fundamental types may behave di�erently on di�erent platforms.Therefore, we often 
on�ne ourselves to pre- and post
onditions that do
ument ourmathemati
al intention, but we have to keep in mind that in reality, the fun
tion mightbehave di�erently.
Assertions. So far, our pre
onditions are just 
omments like in
// PRE: e >= 0 || b != 0.0Therefore, if the fun
tion pow is 
alled with arguments b and e that violate the pre
on-dition, this passes unnoti
ed. On the synta
ti
al level, there is nothing we 
an do aboutit: the fun
tion 
all pow (0.0, -1), for example, will 
ompile. But we 
an make surethat this blunder is dete
ted at runtime. A simple way to do this uses assertions. Anassertion has the formassert ( expr )where expr is a predi
ate, an expression of a type whose values 
an be 
onverted to bool.No 
omma is allowed in expr, a 
onsequen
e of the fa
t that assert is not a fun
tionbut a ma
ro. A ma
ro is a pie
e of meta-
ode that the 
ompiler repla
es with a
tualC++ 
ode prior to 
ompilation.With assertions, pow 
an be written as follows.
// PRE: e >= 0 || b != 0.0

// POST: return value is b^e
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double pow (double b, int e)

{

assert (e >= 0 || b != 0.0);

double result = 1.0;

// the remainder is as before

...

} The purpose of an assertion is to 
he
k whether a 
ertain predi
ate holds at a 
er-tain point. The pre
ise semanti
s of an assertion is as follows. expr is evaluated, andif it returns false, exe
ution of the program terminates immediately with an error mes-sage telling us that the respe
tive assertion was violated. If expr returns true, exe
u-tion 
ontinues normally. In our 
ase, this means that the evaluation of the expression
pow (0.0,-1) leads to a runtime error. This might not be a very polite way of tellingthe user that the arguments were illegal but the point will surely 
ome a
ross.You 
an argue that it is 
ostly to test the assertion in every fun
tion 
all, just to
at
h a few \bad" 
alls. However, it is possible to tell the 
ompiler to ignore the assertma
ro, meaning that an empty pie
e of C++ 
ode repla
es it. The usual way to go istherefore as follows: during 
ode development, put assertions everywhere you want to besure that something holds. When the 
ode is put into use, tell the 
ompiler to removethe assertions. The ma
hine language 
ode is then as eÆ
ient as if you would never havewritten the assertions in the �rst pla
e.To use the assert ma
ro, we have to in
lude the header cassert.
3.1.2 Function definitionsLines 8{18 of Program 18 de�ne a fun
tion 
alled pow. The syntax of a fun
tion de�nitionis as follows.T fname ( T1 pname1, T2 pname2, ..., Tk pnamek )blo
kThis de�nes a fun
tion 
alled fname, with return type T, and with formal argumentspname1,. . . , pnamek of types T1,. . . , Tk, respe
tively, and with a fun
tion body blo
k.Synta
ti
ally, T and T1,. . . , Tk are type names, fname as well as pname1,. . . , pnamekare identi�ers (Se
tion 2.1.10), and blo
k is a blo
k, a sequen
e of statements en
losedin 
urly bra
es (Se
tion 2.4.3).We 
an think of the formal arguments as pla
eholders for the a
tual arguments thatare supplied (or \passed") during a fun
tion 
all.Fun
tion de�nitions must not appear inside blo
ks, other fun
tions, or 
ontrol state-ments. They may appear inside namespa
es, though, or at global s
ope, like in callpow.cpp.A program may 
ontain an arbitrary number of fun
tion de�nitions, appearing one af-
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t, the program callpow.cpp
onsists of two fun
tion de�nitions, sin
e the main fun
tion is a fun
tion as well.
3.1.3 Function callsIn Program 18, pow(2.0,-2) is one of �ve fun
tion 
alls. Formally, a fun
tion 
all is anexpression. The syntax of a fun
tion 
all that mat
hes the general fun
tion de�nitionfrom above is as follows.fname ( expr1, ..., exprk )Here, expr1,. . . ,exprk must be expressions of types whose values 
an be 
onverted tothe formal argument types T1,. . . ,Tk. These expressions are the 
all arguments. Forall types that we know so far, the 
all arguments as well as the fun
tion 
all itself arervalues. The type of the fun
tion 
all is the fun
tion's return type T.When a fun
tion 
all is evaluated, the 
all arguments are evaluated �rst (in an orderthat is unspe
i�ed by the C++ standard). The resulting values are then used to initializethe formal arguments. Finally, the fun
tion body is exe
uted; in this exe
ution, theformal arguments behave like they were variables de�ned in the beginning of blo
k,initialized with the values of the 
all arguments.In parti
ular, if the formal arguments are of 
onst-quali�ed type, they 
annot bemodi�ed within the fun
tion body. For example, the following version of the fun
tion
pow will not 
ompile.
double pow (const double b, const int e)

{

double result = 1.0;

if (e < 0) {

// b^e = (1/b)^(-e)

b = 1.0/b; // error: b is constant

e = -e; // error: e is constant

}

for (int i = 0; i < e; ++i) result *= b;

return result;

} Const-
orre
tness extends to formal fun
tion arguments: whenever the formal ar-gument is meant to be kept 
onstant within the fun
tion body, this should be do
u-mented by giving it a 
onst-quali�ed type. From what we have said above about howfun
tion 
alls are evaluated, it follows that the \outside behavior" of the fun
tion (asdo
umented by the pre- and post
onditions) does not depend on whether the argumenttype is const int or int (see also Se
tion 3.1.5 below). In this 
ase, the e�e
t of constis purely internal and determines whether the formal argument in question a
ts as avariable or as a 
onstant within the fun
tion body.
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e between return type T and returntype const T.The evaluation of a fun
tion 
all terminates as soon as a return statement is rea
hed,see Se
tion 2.1.15. This return statement must be of the form
return expr;where expr is an expression of a type whose values 
an be 
onverted to the return typeT. The resulting value is the value of the fun
tion 
all. The e�e
t of the fun
tion 
all isdetermined by the joint e�e
ts of the 
all argument evaluations, and of exe
uting blo
k.The fun
tion body may 
ontain several return statements, but if no return statementis rea
hed during the exe
ution of blo
k, value and e�e
t of the fun
tion 
all are unde�ned(unless the return type is void, see Se
tion 3.1.4 below).For example, during the exe
ution of blo
k in pow(2.0,-2), b and e initially havevalues 2 and −2. These values are 
hanged in the if-statement to 0.5 and 2, beforethe subsequent loop sets result to 0.5 in its �rst and to 0.25 in its se
ond (and last)iteration. This value is returned and be
omes the value of the fun
tion 
all expression
pow(2.0,-2).
3.1.4 The type voidIn C++, there is a fundamental type 
alled void, used as return type for fun
tions thatonly have an e�e
t, but no value. Su
h fun
tions are also 
alled void fun
tions.As an example, 
onsider the following program (note that the fun
tion print_pairrequires no pre
ondition, sin
e it works for every 
ombination of int values).1 #include <iostream >23 // POST: "(i, j)" has been written to standard output4 void print_pair (const int i, const int j)5 {6 std::cout << "(" << i << ", " << j << ")\n";7 }89 int main()10 {11 print_pair(3,4); // outputs (3, 4)12 }The type void has empty value range, and there are no literals, variables, or formalfun
tion arguments of type void. There are expressions of type void, though, for example
print_pair(3,4).A void fun
tion does not require a return statement, but it may 
ontain returnstatements with expr of type void, or return statements of the form
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return;Evaluation of a void fun
tion 
all terminates when a return statement is rea
hed, orwhen the exe
ution of blo
k is �nished.
3.1.5 Functions and scopeThe parenthesized part of a fun
tion de�nition 
ontains the de
larations of the formalarguments. For all of them, the de
larative region is the fun
tion de�nition, so the formalarguments have lo
al s
ope (Se
tion 2.4.3). The potential s
ope of a formal argumentde
laration begins after the de
laration and extends until the end of the fun
tion body.Therefore, the formal arguments are not visible outside the fun
tion de�nition. Withinthe body, the formal arguments behave like variables that are lo
al to blo
k.In parti
ular, 
hanges made to the values of formal arguments (like in the fun
tion
pow) are \lost" after the fun
tion 
all and have no e�e
t on the values of the 
all ar-guments. This is not surprising, sin
e the 
all arguments are rvalues, but to make thepoint 
lear, let us 
onsider the following alternative main fun
tion in callpow.cpp.1 int main() {2 double b = 2.0;3 int e = -2;4 std::cout << pow(b,e); // outputs 0.255 std::cout << b; // outputs 26 std::cout << e; // outputs -278 return 0;9 }The variables b and e de�ned in lines 2{3 are una�e
ted by the fun
tion 
all, sin
e thefun
tion body of pow is not in the s
ope of their de
larations, for two reasons. First, thede�nition of pow appears before the de
larations of b and e in lines 2{3, so the bodyof pow 
annot even be in the potential s
ope of these de
larations. Se
ond, even if wewould move the de
larations of the variables b and e to the beginning of the program(before the de�nition of pow, so that they have global s
ope), their s
ope would ex
ludethe body of pow, sin
e that body is in the potential s
opes of rede
larations of the names
b and e (the formal arguments), see Se
tion 2.4.3.But the general s
ope rules of Se
tion 2.4.3 do allow fun
tion bodies to use names ofglobal or namespa
e s
ope; the program on page 183 for example uses std::cout as su
ha name. Here is a 
ontrived program that demonstrates how a program may modify aglobal variable (a variable whose de
laration has global s
ope). While su
h 
onstru
tionsmay be useful in 
ertain 
ases, they usually make the program less readable, sin
e thee�e
t of a fun
tion 
all may then be
ome very non-lo
al.1 #include <iostream >



3.1. A FIRST C++ FUNCTION 18523 int i = 0; // global variable45 void f()6 {7 ++i; // in the scope of declaration in line 38 }910 int main()11 {12 f();13 std::cout << i << "\n"; // outputs 11415 return 0;16 }Sin
e the formal arguments of a fun
tion have lo
al s
ope, they also have automati
storage duration. This means that we get a \fresh" set of formal arguments every timethe fun
tion is 
alled, with memory assigned to them only until the respe
tive fun
tion
all terminates.
Function declarations. A fun
tion itself also has a s
ope, and the fun
tion 
an only be
alled within its s
ope. The s
ope of a fun
tion is obtained by 
ombining the s
opes ofall its de
larations. The part of the fun
tion de�nition before blo
k is a de
laration, butthere may be fun
tion de
larations that have no subsequent blo
k. This is in 
ontrastto variables where every de
laration is at the same time a de�nition. A fun
tion may bede
lared several times, but it 
an be de�ned on
e only.The following program, for example, does not 
ompile, sin
e the 
all of f in main isnot in the s
ope of f.
#include <iostream >

int main()

{

std::cout << f(1); // f undeclared

return 0;

}

int f (const int i) // scope of f begins here

{

return i;

}But we 
an put f into the s
ope of main by adding a de
laration before main, and thisyields a valid program.
#include <iostream >
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int f (int i); // scope of f begins here

int main()

{

std::cout << f(1); // ok, call is in scope of f

return 0;

}

int f (const int i)

{

return i;

} In de
larations, we omit 
onst-quali�
ations of arguments of fundamental type. Asexplained in Se
tion 3.1.3, su
h quali�
ations are useful only internally, but the de
lara-tion is about the outside behavior of the fun
tion. For the 
ompiler, the two de
larations
int f (int i);and
int f (const int i);are identi
al.In the previous program, we 
ould get rid of the extra de
laration by simply de�ning
f before main, but sometimes, separate fun
tion de
larations are indeed ne
essary. Con-sider two fun
tions f and g su
h that g is 
alled in the fun
tion body of f, and f is 
alledin the fun
tion body of g. We have to de�ne one of the two fun
tions �rst (f, say), butsin
e we 
all g within the body of f, g must have a de
laration before the de�nition of
f.
3.1.6 Procedural programmingSo far, we have been able to \live" without fun
tions only be
ause the programs that wehave written are pretty simple. But even some of these simple ones would bene�t fromfun
tions. Consider as an example the program perfect.cpp from Exer
ise 49. In thisexer
ise, we have asked you to �nd the perfe
t numbers between 1 and n, for a giveninput number n. The solution so far uses one \big" double loop (loop within a loop)that in turn 
ontains two if statements. Although in this 
ase, the \big" loop is stillsmall enough to be read without diÆ
ulties, it doesn't really re
e
t the logi
al stru
tureof the solution. On
e we get to triple or quadruple loops, the program may be
ome veryhard to follow.But what is the logi
al stru
ture of the solution? For every number i between 1 and
n, we have to test whether i is perfect; and to do the latter, we have to compute the sum of
all proper divisors of i and 
he
k whether it is equal to i. Thus, we have two 
learly de�nedsubtasks that the program has to solve for every number i, and it is best to en
apsulate
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tions. Program 19 shows how this is done. Note that the program isnow almost self-explanatory: the post
onditions 
an more or less dire
tly be read o� thefun
tion names.1 // Program: perfect2 .cpp2 // Find all perfect numbers up to an input number n34 #include <iostream >56 // POST: return value is the sum of all divisors of i7 // that are smaller than i8 unsigned int sum_of_proper_divisors (const unsigned int i)9 {10 unsigned int sum = 0;11 for (unsigned int d = 1; d < i; ++d)12 if (i % d == 0) sum += d;13 return sum;14 }1516 // POST: return value is true if and only if i is a17 // perfect number18 bool is_perfect (const unsigned int i)19 {20 return sum_of_proper_divisors (i) == i;21 }2223 int main()24 {25 // input26 std::cout << "Find perfect numbers up to n =? ";27 unsigned int n;28 std::cin >> n;2930 // computation and output31 std::cout << "The following numbers are perfect .\n";32 for (unsigned int i = 1; i <= n ; ++i)33 if (is_perfect (i)) std::cout << i << " ";34 std::cout << "\n";3536 return 0;37 }

Program 19: progs/le
ture/perfe
t2.
ppAdmittedly, the program is longer than perfect.cpp, but it is more readable, and ithas simpler 
ontrol 
ow. In parti
ular, the double loop has disappeared.
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k of what is going on in the program on the whole; this is thepro
edural programming paradigm, and in C++, it is realized with fun
tions.The pro
edural programming paradigm is not so self-evident as it may seem today.The �rst programming language that be
ame a

essible to a general audien
e sin
e the1960's was BASIC (Beginner's All-purpose Symboli
 Instru
tion Code).In BASIC, there were no fun
tions; in order to exe
ute a 
ode fragment responsiblefor a subtask, you had to use the GOTO statement (with a line number)|or GOSUB inmany diale
ts|to jump to that 
ode, and then jump ba
k using another GOTO (RETURN,respe
tively). The result was often referred to as spaghetti 
ode, due to the 
ontrol
ow meandering like a boiled spaghetti on a plate. Moreover, programmers often didn'tthink in terms of 
learly de�ned subtasks, simply be
ause the language did not supportit. This usually lowered the 
ode quality even further.Despite this, BASIC was an extremely su

essful programming language. It rea
hedthe peak of its popularity in the late 1970's and early 1980's when the proud ownersof the �rst home 
omputers (among them the authors) 
reated programs of fairly high
omplexity in BASIC.
3.1.7 Arrays as function argumentsWe have seen in Se
tion 2.6.2 that an array 
annot be initialized from another array, andthis implies that arrays have to re
eive spe
ial attention in the 
ontext of fun
tions. Theusual �rst step in a fun
tion 
all evaluation (the 
all arguments are evaluated, and theirvalues are used to initialize the formal arguments) won't work with arrays.Given this, it might be surprising that formal arguments of array type are allowed.For example, we 
ould de
lare a fun
tion
// PRE: a[0],...,a[n-1] are elements of an array

// POST: a[i] is set to value , for 0 <= i < n

void fill_n (int a[], int n, int value);to set all elements of an array to some �xed value. The 
ompiler, however, internallyadjusts this to the 
ompletely equivalent de
laration
// PRE: a[0],...,a[n-1] are elements of an array

// POST: a[i] is set to value , for 0 <= i < n

void fill_n (int* a, int n, int value);The same adjustment would happen for the formal argument int a[5], say, meaningthat the array length is ignored. You 
ould in fa
t (legally, but quite 
onfusingly) havea formal argument int a[5], and then use an array of length 10 as 
all argument.The moral is that in reality, no formal arguments of array type exist, and in order toavoid 
onfusion, it is better not to pretend otherwise.If we want to build a fun
tion that works with arrays, we therefore have to thinkabout alternative ways of passing the array to the fun
tion. An obvious way is suggested
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laration of fill_n above: we pass a pointer to the �rst element, along withthe number of elements. But the standard way is to pass two pointers, one to the�rst element, and a past-the-end pointer. This also uniquely des
ribes the array. Wemay a
tually 
hoose the 
all arguments in su
h a way that they des
ribe a 
ontiguoussubarray of the original array. This generalization is possible sin
e the array itself neverappears as an argument.Here is a program that de�nes and uses a �ll fun
tion in the standard way (whi
h isnow just 
alled fill sin
e there is no n).1 // Program: fill.cpp2 // define and use a function to fill an array34 #include <iostream >56 // PRE: [first , last) is a valid range7 // POST: *p is set to value , for p in [first , last)8 void fill (int* first , int* last , const int value) {9 // iteration by pointer10 for (int* p = first; p != last; ++p)11 *p = value;12 }1314 int main()15 {16 int a[5];17 fill (a, a+5, 1); // a == {1, 1, 1, 1, 1}18 return 0;19 }

Program 20: progs/le
ture/�ll.
ppIn fill, we iterate over all addresses in the range [first, last), and we get the ar-ray elements by dereferen
ing. A valid range 
ontains the addresses of a (possibly empty)set of 
onse
utive array elements, where the halfopen interval notation [first, last)means that the range is given by the values of first, first+1, . . . ,last-1. In otherwords, last is a past-the-end pointer for the subarray des
ribed by the range.Let us make a small digression and try to understand why the \standard way" ofpassing an array as a range (as in fill) is preferable to passing it as a pointer to its �rstelement plus its length (as envisioned in the de
laration of fill_n). In C++, there arete
hniques to make fun
tions like fill or fill_n available not only for arrays, but formany other 
ontainers at the same time. In this general setting, the fun
tions work withiterators.As already indi
ated on page 146 in Se
tion 2.6.9, we may think of iterators as gen-eralized pointers to 
ontainer elements, but the operations that we 
an a
tually performon these \pointers" depend on the 
ontainer. The way we have de�ned a 
ontainer in
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tion 2.6.5, we are guaranteed that we 
an iterate over its elements. By 
onvention,this is realized through \pointer" in
rement, using the operator ++. Therefore, the fun
-tion fill as above has the potential to work for all 
ontainers, sin
e it only requires\pointer" fun
tionality that is o�ered by all 
ontainer iterators.Now, if you think about how to implement fill_n using only the operator ++ onpointers, you realize that you need an extra 
ounting variable to �nd out when youare done. You 
annot simply 
onstru
t a past-the-end iterator a+n, sin
e this requiresrandom a

ess fun
tionality that the 
ontainer in question may not o�er. Thus, youeither end up with a more 
ompli
ated, or with a less general �ll fun
tion than fill.There are some situations where array-passing as in fill_n is appropriate, but in themajority of the 
ases, you want to do it as in fill.
Mutating functions. There is a substantial di�eren
e between the fun
tion pow on the onehand, and the fun
tion fill on the other hand. A 
all to the fun
tion pow has no e�e
t,sin
e the 
omputations only modify formal argument values; these values are \lo
al" tothe fun
tion 
all and are lost upon termination. With pow, it's the value of a fun
tion
all that we are interested in.Calls to the fun
tion fill, on the other hand, have e�e
ts: they modify the valuesof array elements, and these values are not lo
al to the fun
tion 
all. When we write
int a[5];

fill (a, a+5, 0);the e�e
t of the expression fill (a, a+5, 0) is that all elements of a re
eive value 0.This is possible sin
e there are formal arguments of pointer type. When the fun
tion
all fill (a, a+5, 0) is evaluated, the formal argument first is initialized with theaddress of a's �rst element. In the fun
tion body, the value at this address is modi�edthrough the lvalue *p, and the same happens for the other four array elements in turn.Formal arguments of pointer type are therefore a means of 
onstru
ting fun
tionswith value-modifying e�e
ts. Su
h fun
tions are 
alled mutating.Of 
ourse, there are also fun
tions on arrays that are non-mutating, and in this 
ase,
onst-
orre
tness requires us to do
ument this in the types of the formal arguments.As an example, 
onsider the following fun
tion for �nding the minimum element in anonempty range of integers delimited by two pointers.
// PRE: [first , last) is a valid nonempty range

// POST: the smallest of the values described by [first , last)

// is returned

int min_element (const int* first , const int* last)

{

assert (first != last);

int m = *first++; // current candidate for the minimum

for (const int *p = first; p < last; ++p)

if (*p < m) m = *p;

return m;
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}As the fun
tion min_element does not intend to modify the obje
ts des
ribed by therange [first, last), the respe
tive pointers have 
onst-quali�ed underlying type const int(see also Se
tion 2.6.8). For all formal arguments of non-pointer type that we know sofar, the const keyword makes no di�eren
e outside the fun
tion body, sin
e the valuesof the 
all arguments 
annot be 
hanged by the fun
tion anyway. For formal argu-ments of pointer type, the di�eren
e is essential and lets us distinguish mutating fromnon-mutating fun
tions.
3.1.8 ModularizationThere are fun
tions that are tailor-made for a spe
i�
 program, and it would not makesense to use them in another program. But there are also general purpose fun
tions thatare useful in many programs. It is 
learly undesirable to 
opy the 
orresponding fun
tionde�nition into every program that 
alls the fun
tion; what we need is modularization,a subdivision of the program into independent parts.The power fun
tion pow from Program 18 is 
ertainly general purpose. In order tomake it available to all our programs, we 
an simply put the fun
tion de�nition into aseparate sour
e
ode �le pow.cpp, say, in our working dire
tory.1 #include <cassert >23 // PRE: e >= 0 || b != 0.04 // POST: return value is b^e5 double pow (double b, int e)6 {7 assert (e >= 0 || b != 0.0);8 double result = 1.0;9 if (e < 0) {10 // b^e = (1/b)^(-e)11 b = 1.0/b;12 e = -e;13 }14 for (int i=0; i<e; ++i) result *= b;15 return result;16 }

Program 21: progs/le
ture/pow.
ppThen we 
an in
lude this �le from our main program as follows.1 // Prog: callpow2 .cpp2 // Call a function for computing powers.3



192 CHAPTER 3. FUNCTIONS4 #include <iostream >5 #include "pow.cpp"67 int main()8 {9 std::cout << pow( 2.0, -2) << "\n"; // outputs 0.2510 std::cout << pow( 1.5, 2) << "\n"; // outputs 2.2511 std::cout << pow( 5.0, 1) << "\n"; // outputs 512 std::cout << pow( 3.0, 4) << "\n"; // outputs 8113 std::cout << pow(-2.0, 9) << "\n"; // outputs -5121415 return 0;16 }

Program 22: progs/le
ture/
allpow2.
ppAn in
lude dire
tive of the form
#include "�lename"logi
ally repla
es the in
lude dire
tive by the 
ontents of the spe
i�ed �le. Usually,�lename is interpreted relative to the working dire
tory.
Separate compilation and object code files. The 
ode separation me
hanism from the pre-vious paragraph has one major drawba
k: the 
ompiler does not \see" it. Before 
om-pilation, pow.cpp is logi
ally 
opied ba
k into the main �le, so the 
ompiler still has totranslate the fun
tion de�nition into ma
hine language every time it 
ompiles a programthat 
alls pow. This is a waste of time that 
an be avoided by separate 
ompilation.In our 
ase, we would 
ompile the �le pow.cpp separately. We only have to tell the
ompiler that it should not generate an exe
utable program (it 
an't, sin
e there is no
main fun
tion) but an obje
t 
ode �le, 
alled pow.o, say. This �le 
ontains the ma
hinelanguage instru
tions that 
orrespond to the C++ statements in the fun
tion body of
pow.
Header files. The separate 
ompilation 
on
ept is more powerful than we have seen sofar: surprisingly, even programs that 
all the fun
tion pow 
an be 
ompiled separately,without knowing about the sour
e 
ode �le pow.cpp or the obje
t 
ode �le pow.o. Whatthe 
ompiler needs to have, though, is a de
laration of the fun
tion pow.This fun
tion de
laration is best put into a separate �le as well. In our 
ase, this �le
pow.h, say, is very short; it 
ontains just the lines
// PRE: e >= 0 || b != 0.0

// POST: return value is b^e

double pow (double b, int e);
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e this is the \header" of the fun
tion pow, the �le pow.h is 
alled a header �le. Inthe 
alling Program 22, we simply repla
e the in
lusion of pow.cpp by the in
lusion of
pow.h, resulting in the following program.1 // Prog: callpow3 .cpp2 // Call a function for computing powers.34 #include <iostream >5 #include "pow.h"67 int main()8 {9 std::cout << pow( 2.0, -2) << "\n"; // outputs 0.2510 std::cout << pow( 1.5, 2) << "\n"; // outputs 2.2511 std::cout << pow( 5.0, 1) << "\n"; // outputs 512 std::cout << pow( 3.0, 4) << "\n"; // outputs 8113 std::cout << pow(-2.0, 9) << "\n"; // outputs -5121415 return 0;16 }

Program 23: progs/le
ture/
allpow3.
ppFrom this program, the 
ompiler 
an then generate an obje
t 
ode �le callpow3.o.Instead of the ma
hine language instru
tions for exe
uting the body of pow, this obje
t
ode 
ontains a pla
eholder for the lo
ation under whi
h these instru
tions are to befound in the exe
utable program. It is important to understand that callpow3.o 
annotbe an exe
utable program yet: it does 
ontain ma
hine language 
ode for main, but notfor another fun
tion that it needs, namely pow.
The linker. Only when an exe
utable program is built from callpow3.o, the obje
t
ode �le pow.o 
omes into play. Given all obje
t �les that are involved, the linkerbuilds the exe
utable program by gluing together ma
hine language 
ode for fun
tion
alls (in callpow3.o) with ma
hine language 
ode for the 
orresponding fun
tion bodies(in pow.o). Te
hni
ally, this is done by putting all obje
t �les together into a singleexe
utable �le, and by �lling pla
eholders for fun
tion body lo
ations with the a
tuallo
ations in the exe
utable.Separate 
ompilation is very useful. It allows to 
hange the de�nition of a fun
tionwithout having to re
ompile a single program that 
alls it. As long as the fun
tionde
laration remains un
hanged, it is only the linker that has to work in the end; andthe linker is usually very fast. It follows that separate 
ompilation also makes sense forfun
tions that are spe
i�
 to one program only.Separate 
ompilation re
e
ts the \
ustomer" view of the 
alling program: as longas a fun
tion does what its pre- and post
ondition promise in the header �le, it is not
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tion de�nition ishidden from the 
alling program, 
lean pre- and post
onditions are of 
riti
al importan
e,sin
e they may be the only information available about the fun
tion's behavior.
Availability of sourcecode. If you have 
arefully gone through what we have done so far,you realize that we 
ould in prin
iple delete the sour
e
ode �le pow.cpp after havinggenerated pow.o, sin
e later, the fun
tion de�nition is not needed anymore. When youbuy 
ommer
ial software, you are often fa
ed with the absen
e of sour
e
ode �les, sin
ethe vendor does not want 
ustomers to modify the sour
e
ode instead of buying updates,or to dis
over how mu
h money they have paid for lousy software. (To be fair, we wantto remark that there are also more honest reasons for not giving away sour
e
ode.)In a
ademi
 software, availability of sour
e
ode goes without saying. In order toevaluate or reprodu
e the 
ontribution of su
h software to the respe
tive area of resear
h,it is ne
essary to have sour
e
ode. Even in 
ommer
ial 
ontexts, open sour
e softwareis advan
ing. The most prominent software that 
omes with all sour
e
ode �les is theoperating system Linux. Open sour
e software 
an very eÆ
iently be adapted andimproved if many people 
ontribute. But su
h a 
ontribution is possible only when thesour
e
ode is available.
Libraries. The fun
tion pow will not be the only mathemati
al fun
tion that we wantto use in our programs. To make the addition of new fun
tions easy, we 
an put thede�nition of pow (and similar fun
tions that we may add later) into a single sour
e
ode�le math.cpp, say, and the 
orresponding de
larations into a single header �le math.h.The obje
t 
ode �le math.o then 
ontains ma
hine language 
ode for all our mathemati
alfun
tions.Although not stri
tly ne
essary, it is good pra
ti
e to in
lude math.h in the begin-ning of math.cpp. This ensures 
onsisten
y between fun
tion de
larations and fun
tionde�nitions and puts the 
ode in math.cpp into the s
ope of all fun
tions de
lared in
math.h, see Se
tion 3.1.5. In all fun
tion bodies in math.cpp, we 
an therefore 
all theother fun
tions, without having to think about whether these fun
tions have alreadybeen de
lared.In general, several obje
t 
ode �les may be needed to generate an exe
utable program,and it would be 
umbersome to tell the linker about all of them. Instead, obje
t 
ode�les that logi
ally belong together 
an be ar
hived into a library. Only the name of thislibrary must then be given to the linker in order to have all library fun
tions available forthe exe
utable program. In our 
ase, we so far have only one obje
t �le math.o resultingfrom math.cpp, but we 
an still build a library �le libmath.a, say, from it.Figure 18 s
hemati
ally shows how obje
t 
ode �les, a library and �nally an exe-
utable program are obtained from a number of sour
e
ode �les.
Centralization and namespaces It is 
lear that we do not want to keep header �les andlibraries of general interest in our working dire
tory, sin
e we (and others) may have
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pow.C callexp3.C

compilationcompilation

inclusion inclusion

linking

linking

archiving

libmath.a

math.h

math.o callpow4.o

callpow4

Figure 18: Building obje
t 
ode �les, libraries and exe
utable programs.many working dire
tories. Header �les and libraries should be at some 
entral pla
e.We 
an make our programs independent from the lo
ation of header �les by writing
#include <�lename>but in this 
ase, we have to tell the 
ompiler (when we start it) where to sear
h for �lesto be in
luded. This is exa
tly the way that headers like iostream from the standardlibrary are in
luded; their lo
ations are known to the 
ompiler, so we don't have toprovide any information here. Similarly, we 
an tell the linker where the libraries weneed are to be found. Again, for the various libraries of the standard library, the 
ompilerknows this. We want to remark that �lename is not ne
essarily the name of a physi
al�le; the mapping of �lename to a
tual �les is implementation de�ned.Finally, it is good pra
ti
e to put all fun
tions of a library into a namespa
e, in orderto avoid 
lashes with user-de
lared names, see Se
tion 2.1.3. Let us use the namespa
e
ifm here.Here are the header and implementation �les math.h and math.cpp that result fromthese guidelines for our intended library of mathemati
al fun
tions (that 
urrently 
on-tains pow only).1 // math.h2 // A small library of mathematical functions.



196 CHAPTER 3. FUNCTIONS34 namespace ifm {5 // PRE: e >= 0 || b != 0.06 // POST: return value is b^e7 double pow (double b, int e);8 }

Program 24: progs/le
ture/math.h1 // math.cpp2 // A small library of mathematical functions.34 #include <cassert >5 #include <IFM/math.h>67 namespace ifm {89 double pow (double b, int e)10 {11 assert (e >= 0 || b != 0.0);12 // PRE: e >= 0 || b != 0.013 // POST: return value is b^e14 double result = 1.0;15 if (e < 0) {16 // b^e = (1/b)^(-e)17 b = 1.0/b;18 e = -e;19 }20 for (int i=0; i<e; ++i) result *= b;21 return result;22 }2324 }

Program 25: progs/le
ture/math.
ppFinally, the program callpow4.cpp 
alls our library fun
tion ifm::pow. It in
ludesthe header �le math.h from a 
entral dire
tory IFM.1 // Prog: callpow4 .cpp2 // Call library function for computing powers.34 #include <iostream >5 #include <IFM/math.h>67 int main()



3.1. A FIRST C++ FUNCTION 1978 {9 std::cout << ifm::pow( 2.0, -2) << "\n"; // outputs 0.2510 std::cout << ifm::pow( 1.5, 2) << "\n"; // outputs 2.2511 std::cout << ifm::pow( 5.0, 1) << "\n"; // outputs 512 std::cout << ifm::pow( 3.0, 4) << "\n"; // outputs 8113 std::cout << ifm::pow(-2.0, 9) << "\n"; // outputs -5121415 return 0;16 }

Program 26: progs/le
ture/
allpow4.
pp
3.1.9 Using library functionsYou 
an imagine that we were not the �rst to put a fun
tion like pow into a library.Indeed, the standard library 
ontains a fun
tion std::pow that is even more generalthan ours: it 
an 
ompute be for real exponents e. A

ordingly, the arguments of
std::pow and its return value are of type double. In order to use this fun
tion, we haveto in
lude the header cmath. This header 
ontains de
larations for a variety of othernumeri
al fun
tions.Using fun
tions from the standard library 
an help us to get shorter, better, or moreeÆ
ient 
ode, without having to write a single new line by ourselves. For example,
omputing square roots 
an speed up our primality test in Program 8. You might haverealized this mu
h earlier, but when we are looking for some proper divisor of a naturalnumber n � 2, it is suÆ
ient to sear
h in the range {2, . . . , bpn
}. Indeed, if n 
an bewritten as a produ
t n = dd 0, then the smaller of d and d 0 must be bounded by p

n;sin
e the divisors are integral, we even get a bound of bpn
, pn rounded down.The primality test 
ould therefore be written more eÆ
iently; Program 27 does this,using the fun
tion std::sqrt from the library cmath, whose argument and return typesare double.1 // Program: prime2.cpp2 // Test if a given natural number is prime.34 #include <iostream >5 #include <cmath >67 int main ()8 {9 // Input10 unsigned int n;11 std::cout << "Test if n>1 is prime for n =? ";12 std::cin >> n;13



198 CHAPTER 3. FUNCTIONS14 // Computation: test possible divisors d up to sqrt(n)15 const unsigned int bound = (unsigned int)(std::sqrt(n));16 unsigned int d;17 for (d = 2; d <= bound && n % d != 0; ++d);1819 // Output20 if (d <= bound)21 // d is a divisor of n in {2,...,[sqrt(n)]}22 std::cout << n << " = " << d << " * " << n / d << ".\n";23 else24 // no proper divisor found25 std::cout << n << " is prime.\n";2627 return 0;28 }

Program 27: progs/le
ture/prime2.
ppThe program is 
orre
t: if d <= bound still holds after the loop, we have left the loopbe
ause the other 
ondition n % d != 0 has failed. This means that we have found adivisor. If d > bound holds after the loop, we have tried all possible divisors smalleror equal to bound (whose value is bpn
, sin
e the expli
it 
onversion rounds down,see Se
tion 2.5.3), so we 
ertainly have not missed any divisor. But we have to be alittle 
areful here: our arguments assume that std::sqrt works 
orre
tly for squares.For example, std::sqrt(121) must return 11 (a little more wouldn't hurt), but not
10.99998, say. In that latter 
ase, (unsigned int)(std::sqrt(121)) would have value
10, and by making this our bound, we miss the divisor 11 of 121, erroneously 
on
ludingthat 121 is prime.It is generally not safe to rely on some pre
ise semanti
s of library fun
tions, evenif your platform implements 
oating point arithmeti
 a

ording to the IEEE standard754 (see Se
tion 2.5.6). The square root fun
tion is spe
ial in the sense that the IEEEstandard still guarantees the result of std::sqrt to be the 
oating point number 
losestto the real square root; 
onsequently, our above implementation of the primality test issafe. But similar guarantees do not ne
essarily hold for other library fun
tions.Also in our se
ond prime number appli
ation, Eratosthenes's Sieve, we'd better 
alla standard library fun
tion in order to initialize our list of 
rossed out numbers, insteadof doing it ourselves with a loop. For this, we would repla
e the two lines

for (unsigned int i = 0; i < n; ++i)

crossed_out[i] = false;of Program 15 with the single line
std::fill (crossed_out , crossed_out + n, false);The pre- and post
onditions of this standard library fun
tion exa
tly mat
h the ones ofour own fill fun
tion from Page 189. The bene�t here is not the saving of one line of
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ode; this saving does not even exist, sin
e we additionally have to #include <algorithm>in the beginning of the program.The bene�t is that we eliminate possible sour
es of error (even a trivial loop has thepotential of being wrong), and that we simplify the 
ontrol 
ow (see also Se
tion 2.4.8).
3.1.10 Details

Default arguments. Some fun
tions have the property that there are \natural" values forone or more of their formal arguments. For example, when �lling an array of underlyingtype int, the value 0 is su
h a natural value. In su
h a 
ase, it is possible to spe
ifythis value as a default argument ; this allows the 
aller of the fun
tion to omit the
orresponding 
all argument and let the 
ompiler insert the default value instead. In
ase of the fun
tion fill from Program 20, this would look as follows.
// PRE: [first , last) is a valid range

// POST: *p is set to value , for p in [first , last)

void fill (int* first , int* last , const int value = 0) {

// iteration by pointer

for (int* p = first; p != last; ++p)

*p = value;

} This fun
tion 
an now be 
alled with either two or three arguments, as follows.
int a[5];

fill (a, a+5); // means: fill (a, a+5, 0)

fill (a, a+5, 1);In general, there 
an be default values for any number of formal arguments, but thesearguments must be at 
onse
utive positions i, i + 1, . . . , k among the k arguments, forsome i. The fun
tion 
an then be 
alled with any number of 
all arguments between
i−1 and k, and the 
ompiler automati
ally inserts the default values for the missing 
allarguments.A fun
tion may have a separate de
laration that spe
i�es default arguments, like inthe following de
laration of fill.
// PRE: [first , last) is a valid range

// POST: *p is set to value , for p in [first , last)

void fill (int* first , int* last , int value = 0);In this 
ase, the a
tual de�nition must not repeat the default arguments (the a
tual rulesare a bit more 
ompli
ated, but this is the upshot).
Function signatures. In fun
tion de
larations, the formal argument names pname1,. . . ,pnamek 
an be omitted.This makes sense sin
e these names are only needed in the fun
tion de�nition. Theimportant information, namely domain and range of the fun
tion, are already spe
i�ed
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tion.In math.h, we 
ould therefore equivalently write the de
laration
double pow (double , int);The only problem is that we need the formal argument names to spe
ify pre- and post-
onditions, without going to lengthy formulations involving \the �rst argument" and\the se
ond argument". Therefore, we usually write the formal argument names even infun
tion de
larations.
Mathematical functions. Many of the mathemati
al fun
tions that are available on s
i-enti�
 po
ket 
al
ulators are also available from the math library cmath. The followingtable lists some of them. All are available for the three 
oating point number types
float, double and long double.name fun
tion

std::abs |x|

std::sin sin(x)

std::cos 
os(x)

std::tan tan(x)

std::asin sin−1(x)

std::acos 
os−1(x)

std::atan tan−1(x)

std::exp ex

std::log ln x

std::log10 log10 x

std::sqrt
p

x

3.1.11 Goals

Dispositional. At this point, you should . . .1) be able to explain the purpose of fun
tions in C++;2) understand the syntax and semanti
s of C++ fun
tion de�nitions and de
larations;3) know what the term \pro
edural programming" means;4) understand the fun
tion pow from Program 18 and the fun
tions fill_n and fillfrom Program 20;5) know that formal arguments of pointer type 
an be used to write array-pro
essingfun
tions, and mutating fun
tions;6) know why it makes sense to 
ompile fun
tion de�nitions separately, and to putfun
tions into libraries.
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Operational. In parti
ular, you should be able to . . .(G1) give two reasons why it is desirable to subdivide programs into fun
tions;(G2) �nd pre- and post
onditions for given fun
tions, where the pre
onditions shouldbe as weak as possible, and the post
onditions should be as strong as possible;(G3) �nd synta
ti
al and semanti
al errors in fun
tion de�nitions, and in programsthat 
ontain fun
tion de�nitions;(G4) evaluate given fun
tion 
all expressions;(G5) understand and write fun
tions that perform simple arraypro
essing tasks;(G6) write (mutating) fun
tions for given tasks, and write programs for given tasksthat use fun
tions, observing 
onst-
orre
tness;(G7) subdivide a given task into small subtasks, and write a program for the given taskthat uses fun
tions to realize the subtasks;(G8) build a library on your platform, given that you are told the ne
essary te
hni
aldetails.
3.1.12 Exercises

Exercise 92 Find pre- and post
onditions for the following fun
tions. (G2)(G4)a) double f (const double i, const double j, const double k)

{

if (i > j)

if (i > k)

return i;

else

return k;

else

if (j > k)

return j;

else

return k;

}b) double g (const int i, const int j)

{

double r = 0.0;

for (int k = i; k <= j; ++k)

r += 1.0 / k;

return r;

}
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Exercise 93 What are the problems (if any) with the following fun
tions? Fix themand �nd appropriate pre- and post
onditions. (G2)(G3)a) bool is_even (const int i)

{

if (i % 2 == 0) return true;

}b) double inverse (const double x)

{

double result;

if (x != 0.0)

result = 1.0 / x;

return result;

}

Exercise 94 What is the output of the following program, depending on the inputnumber i? Des
ribe the output in mathemati
al terms, ignoring possible over- andunder
ows. (G4)
#include <iostream >

int f (const int i)

{

return i * i;

}

int g (const int i)

{

return i * f(i) * f(f(i));

}

void h (const int i)

{

std::cout << g(i) << "\n";

}

int main()

{

int i;

std::cin >> i;

h(i);

return 0;

}
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Exercise 95 Find three problems in the following program. (G3)(G4)
#include <iostream >

double f (const double x)

{

return g(2.0 * x);

}

bool g (const double x)

{

return x % 2.0 == 0;

}

void h ()

{

std::cout << result;

}

int main()

{

const double result = f(3.0);

h();

return 0;

}

Exercise 96 Simplify the program from Exer
ise 71 by using the library fun
tion
std::pow. (G6)
Exercise 97 Assume that on your platform, the library fun
tion std::sqrt is not veryreliable. For x a value of type double (x � 0), we let s(x) be the value returned by
std::sqrt(expr), if expr has value x, and we assume that we only know that forsome positive value ε � 1/2, the relative error satis�es

|s(x) −
p

x|p
x

� ε, 8x.How 
an you 
hange Program 27 su
h that it 
orre
tly works under this relativeerror bound? You may assume that the 
oating point number system used on yourplatform is binary, and that all values of type unsigned int are exa
tly representablein this system. (This is a theory exer
ise.) (G6)
Exercise 98
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tion
// POST: return value is true if and only if n is prime

bool is_prime (unsigned int n);and use this fun
tion in a program to 
ount the number of twin primes in therange {2, . . . , 10000000} (two up to ten millions). A twin prime is a pair ofnumbers (i, i + 2) both of whi
h are prime.b) Is the approa
h of a) the best (most eÆ
ient) one to this problem? If you
an think of a better approa
h, you are free to implement it instead of the oneoutlined in a). (G6)
Exercise 99 The fun
tion pow in Program 18 needs |e| multipli
ations to 
ompute be.Change the fun
tion body su
h that less multipli
ations are performed. You mayuse the following fa
t. If e � 0 and e has binary representation

e =

∞∑

i=0

bi2
i,then

be =

∞∏

i=0

�
b2i
�bi

. (G6)
Exercise 100 Write a program swap.cpp that de�nes and 
alls a fun
tion for inter-
hanging the values of two int obje
ts. The program should have the followingstru
ture.
#include <iostream >

// your function definition goes here

int main() {

// input

std::cout << "i =? ";

int i; std::cin >> i;

std::cout << "j =? ";

int j; std::cin >> j;

// your function call goes here
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// output

std::cout << "Values after swapping : i = " << i

<< ", j = " << j << ".\n";

return 0;

}Here is an example run of the 
ompleted program:
i =? 5

j =? 8

Values after swapping: i = 8, j = 5. (G6)
Exercise 101 Write a program unique.cpp that implements and tests the followingfun
tion.
// PRE: [first , last) is a valid range and describes a sequence

// of elements that are sorted in nondecreasing order

// POST: the return value is true if and only if no element

// occurs twice in the sequence

bool unique (const int* first , const int* last); (G5)(G6)
Exercise 102 Modify the program sort_array.cpp from Exer
ise 83 in su
h way thatthe resulting program sort_array2.cpp de�nes and 
alls a fun
tion
// PRE: [first , last) is a valid range

// POST: the elements *p, p in [first , last) are

// in ascending order

void sort (int* first , int* last);to perform the sorting of the array into as
ending order. It may be tempting (butnot allowed for obvious reasons) to use std::sort or similar standard library fun
-tions in the body of the fun
tion sort that is to be de�ned. It is allowed, though,to 
ompare the eÆ
ien
y of your sort fun
tion with that of std::sort (whi
h hasthe same pre- and post
onditions and 
an be used after include<algorithm>).For this exer
ise, it is desirable (but not stri
tly ne
essary) to use pointer in
re-ment (++p) as the only operation on pointers (apart from initialization and assign-ment, of 
ourse). If you su

eed in doing so, your sorting fun
tion has the potentialof working for 
ontainers that do not o�er random a

ess (see also Se
tion 3.1.7).(G5)(G6)
Exercise 103 Provide the post
ondition for the following fun
tion. The post
onditionmust 
ompletely des
ribe the behavior of the fun
tion for all valid inputs.(G2)(G5)(G6)
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void f (int* b, int* e, int* o)

{

while (b != e) *(o++) = *(--e);

}b) Whi
h of the three following fun
tion 
alls are valid a

ording to the pre
ondition?
int a[5] = {1,2,3,4,5};

f(a, a+5, a+5);

f(a, a+2, a+3);

f(a, a+3, a+2);
) Is the fun
tion f implemented in a 
onst-
orre
t fashion? If not, where are const'sto be added?
Exercise 104 What does the following fun
tion do if e - b has value 5? To answerthis, write down the values of b[0], b[1],. . . , b[4] after a 
all to f(b, b+5).
// PRE: [b, e) is a valid range

void f(unsigned int* b, unsigned int* e)

{

int n = e - b;

for (int i = 0; i < n; ++i) {

b[i] = 1;

for (int j = i - 1; j > 0; --j)

b[j] += b[j - 1];

}

} Can you des
ribe the behavior (and thus provide a post
ondition) for generalvalue of e-b? (G2)(G5)
Exercise 105 A perpetual 
alendar 
an be used to determine the weekday (Monday,. . . , Sunday) of any given date. You may for example know that the Berlin wall
ame down on November 9, 1989, but what was the weekday? (It was a Thursday.)Or what is the weekday of the 1000th anniversary of the Swiss 
onfederation, to be
elebrated on August 1, 2291? (Quite adequately, it will be a Saturday.)a) The task is to write a program that outputs the weekday (Monday, . . . , Sun-day) of a given input date.Identify a set of subtasks to whi
h you 
an redu
e this task. Su
h a set isnot unique, of 
ourse, but all individual subtasks should be small (so smallthat they 
ould be realized with few lines of 
ode). It is of 
ourse possiblefor a subtask in your set to redu
e to other subtasks. (Without giving away
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ertainly need is to determine whether a givenyear is a leap year).b) Write a program perpetual_calendar.cpp that reads a date from the input andoutputs the 
orresponding weekday. The range of dates that the program 
anpro
ess should start no later than January 1, 1900 (Monday). The programshould 
he
k whether the input is a legal date, and if not, reje
t it. An examplerun of the program might look like this.
day =? 13

month =? 11

year =? 2007

TuesdayTo stru
ture your program, implement the subtasks from a) as fun
tions, andput the program together from these fun
tions. (G6)(G7)
Exercise 106 Build a library on your platform from the �les math.h and math.cpp inProgram 24 and Program 25. Use this library to generate an exe
utable programfrom Program 26. (G6)(G8)
Exercise 107a) Implement the following fun
tion and test it. You may assume that the type

double 
omplies with the IEEE standard 754, see Se
tion 2.5.6. The fun
tionis only required to work 
orre
tly, if the nearest integer is in the value rangeof the type int. (G6)
// POST: return value is the integer nearest to x

int round (double x);b) The post
ondition of the fun
tion does not say what happens if there are twonearest integers. Spe
ify the behavior of your implementation in the post
on-dition of your fun
tion. (G2)
) Add a de
laration of your fun
tion to the �le math.h (Program 24) and a de�nitionto math.cpp (Program 25). Build a library from these two �les, and rewrite yourtest fun
tion from a) to 
all the library version of the fun
tion round. (G8)
Exercise 108 This is another (not too diÆ
ult) one from Proje
t Euler (Problem 56,
http://projecteuler.net/). Find natural numbers a, b < 100 for whi
h ab has thelargest 
ross sum (sum of de
imal digits). Let us say upfront that 9999 is not theanswer.Write a program power_cross_sums.cpp that 
omputes the best a and b (withinreasonable time).Can you also �nd the best a, b up to 1, 000?
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3.1.13 Challenges

Exercise 109 (This is a theory 
hallenge.) The simplest 
omputer model that is beingstudied in theoreti
al 
omputer s
ien
e is the deterministi
 �nite automaton (DFA).Su
h an automaton is de�ned over a �nite alphabet Σ (for example Σ = {0, 1}).Then it has a �nite set of states Q. The main ingredient is the transition fun
tion
δ : Q� Σ→ Q.We 
an visualize this fun
tion as follows: whenever δ(q, σ) = q 0, we draw an arrowfrom state q to state q 0, labeled with σ.Finally, there is a starting state s 2 Q and a subset F � Q of a

epting states.Figure Figure 19 depi
ts a DFA with state set Q = {0, 1, 2}. The starting state isindi
ated by an arrow 
oming in from nowhere, and the a

epting states are markedwith double 
ir
les (in this 
ase, there is only one).

0 1

2

0

1

1

0

1

0

Figure 19: A deterministi
 �nite automaton (DFA)Why 
an we 
all su
h an automaton a 
omputer model? Be
ause it performsa 
omputation, namely the following: given an input word w 2 Σ� (�nite sequen
eof symbols from the alphabet Σ), the automaton either a

epts, or reje
ts it. Todo this, the word w is pro
essed symbol by symbol, starting in s. Whenever theautomaton is in some state q and the next symbol is σ, the automaton swit
hes tostate q 0 = δ(q, σ). When all symbols have been pro
essed, the automaton is eitherin an a

epting state q 2 F (in whi
h 
ase w is a

epted), or in a non-a

eptingstate q 2 Q \ F (in whi
h 
ase w is reje
ted).For example, when we feed the automaton of Figure 19 with the word w =

0101, the sequen
e of states that are being visited is 0, 0, 1, 2, 2. Consequently, w isreje
ted.The language L of the automaton is the set of a

epted words. This is a (gen-erally in�nite) subset of Σ�. Let's try to determine the language of the automatonin Figure 19.
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h a straightforward task, and you need the rightidea. (To be honest, we had the idea �rst and then 
ame up with an automatonthat realizes it). We 
laim that the automaton a

epts exa
tly all the words thatare divisible by 3 if you interpret the word as a binary number (where the emptyword is interpreted as 0). For example, 0101 is the binary number
0 � 23 + 1 � 22 + 0 � 21 + 1 � 20 = 5,and indeed 5 is not divisible by 3 (and hen
e reje
ted). In fa
t (and this is the keyto the proof of our 
laim), the state after pro
essing w is the one numbered with

wmod3. You 
an therefore say that the DFA of Figure 19 is a 
omputer (with abuilt-in program) that 
an solve the de
ision problem of 
he
king whether a givennumber is divisible by 3.We are slowly approa
hing the a
tual 
hallenge. For every subset L of {0, 1}�from the following list, either �nd a DFA that has L as its language, or provethat su
h a DFA 
annot exist (whi
h would show that DFA are limited in their
omputational power).a) L = {w 2 {0, 1}� | w has an even number of zeros and an even number of ones}b) L = {w 2 {0, 1}� | w is divisible by 5 when interpreted as a binary number}
) L = {w 2 {0, 1}� | w has more zeros than ones}d) L = {w 2 {0, 1}� | w does not 
ontain three 
onse
utive ones}
Exercise 110 A Sudoku puzzle is posed on a grid of 9�9 
ells, subdivided into 9 squareboxes of 3 � 3 
ells ea
h. Some grid 
ells are already �lled by numbers between 1and 9; the goal is to �ll the remaining 
ells by numbers between 1 and 9 in su
ha way that within ea
h row, 
olumn, and box of the 
ompleted grid, every numbero

urs exa
tly on
e. Here is an example of a Sudoku puzzle:

1 7 4

5 9 3 2

6 7 9

4 8

2 1

9 5

4 7 3

7 3 2 6

6 5 4In solving the puzzle, one may try to dedu
e from the already �lled numbers thatexa
tly one number is a 
andidate for a suitable empty 
ell. Then this number is
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ell, and the dedu
tion pro
ess is repeated. There are two situationswhere su
h a dedu
tion for the 
ell in row r / 
olumn c and number n is parti
ularlyeasy and follows the Sherlo
k Holmes approa
h ( \How often have I said to you thatwhen you have eliminated the impossible, whatever remains, however improbable, mustbe the truth?").1. All numbers distin
t from n already appear somewhere in the same row, 
ol-umn, or 3x3 box. This ne
essarily means that the 
ell has to be �lled with n,sin
e we have eliminated all other numbers as impossible.2. All other 
ells in the same row, or in the same 
olumn, or in the same 3x3box are already known not to 
ontain n. Again, the 
ell has to be �lled by nthen, sin
e we have eliminated all other 
ells for the number n within the row,
olumn, or box.Write a program sudoku.cpp that takes as input a Sudoku puzzle in form of asequen
e of 81 numbers between 0 and 9 (the grid numbers given row by row, where
0 indi
ates an empty 
ell). The numbers might be separated by whitespa
es, so thatthe Sudoku puzzle from above 
ould 
onveniently be en
oded like this in a �le:
0 0 0 1 0 0 7 4 0

0 5 0 0 9 0 0 3 2

0 0 6 7 0 0 9 0 0

4 0 0 8 0 0 0 0 0

0 2 0 0 0 0 0 1 0

0 0 0 0 0 9 0 0 5

0 0 4 0 0 7 3 0 0

7 3 0 0 2 0 0 6 0

0 6 5 0 0 4 0 0 0The program should now try to solve the puzzle by using only the two Sherlo
k-Holmes-type dedu
tions from above. The output should be a (partially) 
ompletedgrid that is either the solution to the puzzle, or the unique (why?) partial solutionin whi
h no Sherlo
k-Holmes-type dedu
tions apply anymore (again, empty 
ellsshould be indi
ated by the digit 0).In the above example, the output of a 
orre
t program will be the solution:
3 9 2 1 8 5 7 4 6

8 5 7 4 9 6 1 3 2

1 4 6 7 3 2 9 5 8

4 7 9 8 5 1 6 2 3

5 2 8 6 7 3 4 1 9

6 1 3 2 4 9 8 7 5
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2 8 4 5 6 7 3 9 1

7 3 1 9 2 8 5 6 4

9 6 5 3 1 4 2 8 7For reading the input from a �le, it 
an be 
onvenient to redire
t the standardinput to the �le 
ontaining the puzzle data. For 
he
king whether any Sherlo
k-Holmes-type dedu
tions apply, it 
an be useful to maintain (and update) for everytriple (r, c, n) the information whether n is still a possible 
andidate for the 
ell inrow r / 
olumn 
.You will dis
over that many Sudoku puzzles that typi
ally appear in newspapers
an be solved by your program and are therefore easy, even if they are labeled asmedium or hard.
Hint: It is advisable not to optimize for eÆ
ien
y here, sin
e this will only leadto more 
ompli
ated and error-prone 
ode. Given the very small problem size, su
hoptimizations won't have a noti
eable e�e
t anyway.

Exercise 111 The two logi
ians Mr. Sum and Mr. Produ
t are friends who one dayhave a phone 
onversation. Before, Mr. Sum only knows the sum s = a + b oftwo unknown integer numbers 1 < a < 100 and 1 < b < 100. Mr. Produ
t, on theother hand, only knows the produ
t p = a � b of a and b. The 
onversation goes asfollows: Mr. Produ
t: \I don't know the numbers a and b."Mr. Sum: \I knew that you don't know them."Mr. Produ
t: \Ah... but now I know them."Mr. Sum: \Then I know them too, now."What is the set of numbers {a, b}? You have to assume, of 
ourse, that allstatements made during this 
onversation are true. Write a program that 
omputes
{a, b}, or submit a 
onvin
ing written solution!
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3.2 Recursion Mir san mir.Bavarian di
tum, meaning \we are we".Beware of bugs in the above 
ode; I have only provedit 
orre
t, not tried it.D./ E./ Knuth, in a letter to van Emde Boas(1977)This se
tion introdu
es re
ursive fun
tions, fun
tions that dire
tly or in-dire
tly 
all themselves. You will see that re
ursive fun
tions are verynatural in many situations, and that they lead to 
ompa
t and readable
ode 
lose to mathemati
al fun
tion de�nitions. We will also explainhow re
ursive fun
tion 
alls are pro
essed, and how re
ursion 
an (inprin
iple) be repla
ed with iteration. In the end, you will see two ap-pli
ations (sorting, and drawing fra
tals) that demonstrate the power ofre
ursion.
3.2.1 A warm-upMany mathemati
al fun
tions are naturally de�ned re
ursively, meaning that the fun
-tion to be de�ned appears in its own de�nition. For example, for any n 2 N, the number
n! 
an re
ursively be de�ned as follows.

n! :=

{
1, if n � 1

n � (n − 1)!, if n > 1.In C++ we 
an also have re
ursive fun
tions: a fun
tion may 
all itself. This isnothing exoti
, sin
e after all, a fun
tion 
all is just an expression that 
an in prin
ipleappear anywhere in the fun
tion's s
ope, and that s
ope in
ludes the fun
tion body.Here is a re
ursive fun
tion for 
omputing n!; in fa
t, this de�nition exa
tly mat
hes themathemati
al de�nition from above.
// POST: return value is n!

unsigned int fac (const unsigned int n)

{

if (n <= 1) return 1;

return n * fac(n-1); // n > 1

} Here, the expression fac(n-1) is a re
ursive 
all of fac.
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Infinite recursion. With re
ursive fun
tions, we have the same issue as with loops (Se
-tion 2.4.2): it is easy to write down fun
tion 
alls whose evaluation does not terminate.Here is the shortest way of 
reating an in�nite re
ursion: de�ne the fun
tion
void f()

{

f();

}with no arguments and evaluate the expression f(). The reason for non-terminationis 
lear: the evaluation of f() 
onsists of an evaluation of f() whi
h 
onsists of anevaluation of f() whi
h. . . you get the pi
ture.As for loops, the fun
tion de�nition has to make sure that progress towards termi-nation is made in every fun
tion 
all. For the fun
tion fac above, this is the 
ase: ea
htime fac is 
alled re
ursively, the value of the 
all argument be
omes smaller, and whenthe value rea
hes 1, no more re
ursive 
alls are performed: we say that the re
ursion\bottoms out".
3.2.2 The call stackLet's try to understand what exa
tly happens during the evaluation of fac(3), say.The formal argument n is initialized with 3, and sin
e this is greater than 1, thestatement return n * fac(n-1); is exe
uted next. This �rst evaluates the expression
n * fac(n-1) and in parti
ular the right operand fac(n-1). Sin
e n-1 has value 2, theformal argument n is therefore initialized with 2.But wait: what is \the" formal argument? Automati
 storage duration implies thatea
h fun
tion 
all has its \own" fresh instan
e of the formal argument, and the lifetimeof this instan
e is the respe
tive fun
tion 
all. In evaluating f(n-1), we therefore geta new instan
e of the formal argument n, on top of the previous instan
e from the 
all
f(3) (that has not yet terminated). But whi
h instan
e of n do we use in the evaluationof f(n-1)? Quite naturally, it will be the new one, the one that \belongs" to the 
all
f(n-1). This rule is in line with the general s
ope rules from Se
tion 2.4.3: the relevantde
laration is always the most re
ent one that is still visible.The te
hni
al realization of this is very simple. Everytime a fun
tion is 
alled, the 
allargument is evaluated, and the resulting value is put on the 
all sta
k whi
h is simply aregion in the 
omputer's memory. If the fun
tion has several arguments, several valuesare put on the 
all sta
k; to keep the des
ription simple, we 
on
entrate on the 
ase ofone argument.Like a sta
k of papers on your desk, the 
all sta
k has the property that the obje
tthat 
ame last is \on top". Upon termination of a fun
tion 
all, the top obje
t is takeno� the sta
k again. Whenever a fun
tion 
all a

esses or 
hanges its formal argument, itdoes so by a

essing or 
hanging the 
orresponding obje
t on top of the sta
k.This has all the properties we want: every fun
tion 
all works with its own instan
eof the formal argument; when it 
alls another fun
tion (or the fun
tion itself re
ursively),
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e be
omes temporarily hidden, until the nested 
all has terminated. At thatpoint, the instan
e reappears on top of the sta
k and allows the original fun
tion 
all towork with it again.Table 5 shows how this looks like for f(3), assuming that the right operand of themultipli
ation operator is always evaluated �rst. Putting an obje
t on the sta
k \pushes"it, and taking the top obje
t o� \pops" it.
all sta
k (bottom ←→ top) evaluation sequen
e a
tion� � � fac(3) push 3� � � n: 3 n * fac(n-1)� � � n: 3 n * fac(2) push 2� � � n: 3 n: 2 n * (n * fac(n-1))� � � n: 3 n: 2 n * (n * fac(1)) push 1� � � n: 3 n: 2 n: 1 n * (n * 1) pop� � � n: 3 n: 2 n * (2 * 1)� � � n: 3 n: 2 n * 2 pop� � � n: 3 3 * 2� � � n: 3 6 pop� � �
Table 5: The 
all sta
k, and how it evolves during an evaluation of fac(3); therespe
tive value of n to use is always the one on topBe
ause of the 
all sta
k, in�nite re
ursions do not only 
onsume time but alsomemory. Unlike in�nite loops, they usually lead to a program abortion as soon as thememory reserved for the 
all sta
k is full.
3.2.3 Basic practiceLet us 
onsider two more simple re
ursive fun
tions that are somewhat more interestingthan fac. They show that re
ursive fun
tions are parti
ularly amenable to 
orre
tnessproofs of their post
onditions, and this makes them attra
tive. On the other hand,we also see that it is easy to write inno
ent-looking re
ursive fun
tions that are veryineÆ
ient to evaluate.
Greatest common divisor. Consider the problem of �nding the greatest 
ommon divisorg
d(a, b) of two natural numbers a, b. This is de�ned as the largest natural number thatdivides both a and b without remainder. In parti
ular, g
d(n, 0) = g
d(0, n) = n for
n > 0; let us also de�ne g
d(0, 0) := 0.The Eu
lidean algorithm �nds g
d(a, b), based on the following
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Lemma 1 If b > 0, theng
d(a, b) = g
d(b, amodb).

Proof. Let k be a divisor of b. From
a = (a divb)b + amodbit follows that
a

k
= (a divb)

b

k
+

amodb

k
.Sin
e a divb and b/k are integers, we get

amodb

k
2 N ⇔ a

k
2 N.In words, if k is a divisor of b, then k divides a if and only if k divides amodb. Thismeans, the divisors of a and b are exa
tly the divisors of b and amodb. This provesthat g
d(a, b) and g
d(b, amodb) are equal. �Here is the 
orresponding C++ fun
tion for 
omputing the greatest 
ommon divisorof two unsigned int values, a

ording to the Eu
lidean algorithm.

// POST: return value is the greatest common divisor of a and b

unsigned int gcd (const unsigned int a, const unsigned int b)

{

if (b == 0) return a;

return gcd(b, a % b); // b != 0

}The Eu
lidean algorithm is very fast. We 
an easily 
all it for any unsigned int valueson our platform, without noti
ing any delay in the evaluation.
Correctness and termination. For re
ursive fun
tions, it is often very easy to prove thatthe post
ondition is 
orre
t, by using the underlying mathemati
al de�nition dire
tly(su
h as n! for fac), or by using some fa
ts that follow from the mathemati
al de�nition(su
h as Lemma 1 for gcd).The 
orre
tness proof must involve a termination proof, so let's start with this: every
all to gcd terminates, sin
e the value b of the se
ond argument is bounded from belowby 0 and gets smaller in every re
ursive 
all (we have amodb < b).Given this, the 
orre
tness of the post
ondition follows from Lemma 1 by indu
tionon b. For b = 0, this is 
lear. For b > 0, we indu
tively assume that the post
onditionis 
orre
t for all 
alls to gcd where the se
ond argument has value b 0 < b. Sin
e b 0 =

amodb satis�es b 0 < b, we may assume that the 
all gcd(b, a % b) 
orre
tly returnsg
d(b, amodb). But by the lemma, g
d(b, amodb) = g
d(a, b), so the statement
return gcd(b, a % b);
orre
tly returns g
d(a, b).
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Fibonacci numbers. The sequen
e 0, 1, 1, 2, 3, 5, 8, 13, 21, . . . of Fibona

i numbers is oneof the most famous sequen
es in mathemati
s. Formally, the sequen
e is de�ned asfollows.

F0 := 0,

F1 := 1,

Fn := Fn−1 + Fn−2, n > 1.This means, every element of the sequen
e is the sum of the two previous ones. Fromthis de�nition, we 
an immediately write down a re
ursive C++ fun
tion for 
omputingFibona

i numbers, getting termination and 
orre
tness for free.
// POST: return value is the n-th Fibonacci number F_n

unsigned int fib (const unsigned int n)

{

if (n == 0) return 0;

if (n == 1) return 1;

return fib(n-1) + fib(n-2); // n > 1

} If you write a program to 
ompute the Fibona

i number Fn using this fun
tion, youwill noti
e that somewhere between n = 30 and n = 50, the program be
omes very slow.You even noti
e how mu
h slower it be
omes when you in
rease n by just 1.The reason is that the mathemati
al de�nition of Fn does not lead to an eÆ
ientalgorithm, sin
e all values Fi, i < n−1, are repeatedly 
omputed, some of them extremelyoften. You 
an for example 
he
k that the 
all to fib(50) 
omputes F48 already twi
e(on
e dire
tly in fib(n-2), and on
e indire
tly from fib(n-1). F47 is 
omputed threetimes, F46 �ve times, and F45 eight times (do you see a pattern?).
3.2.4 Recursion versus iterationFrom a stri
tly fun
tional point of view, re
ursion is super
uous, sin
e it 
an be simu-lated through iteration (and a 
all sta
k expli
itly maintained by the program; we 
ouldsimulate the 
all sta
k with an array). We don't have the means to prove this here, butwe want to show it for the re
ursive fun
tions that we have seen in the previous se
tion.The fun
tion gcd is very easy to write iteratively, sin
e it is tail-end re
ursive. Thismeans that there is only one re
ursive 
all, and that one appears at the very end ofthe fun
tion body. Tail-end re
ursion 
an be repla
ed by a simple loop that iterativelyupdates the formal arguments until the termination 
ondition is satis�ed. In the 
ase of
gcd, this update 
orresponds to the transformation (a, b)→ (b, amodb).
// POST: return value is the greatest common divisor of a and b

unsigned int gcd2 (unsigned int a, unsigned int b)

{

while (b != 0) {

const unsigned int a_prev = a;
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a = b;

b = a_prev % b;

}

return a;

}You see that we get longer and less readable 
ode, and that we need an extra variable toremember the previous value of a before the update step; in the spirit of Se
tion 2.4.8,we should therefore use the original re
ursive formulation.Our fun
tion fib for 
omputing Fibona

i numbers is not tail-end re
ursive, but itis still easy to write it iteratively. Remember that Fn is the sum of Fn−1 and Fn−2. We
an therefore write a loop whose iteration i 
omputes Fi from the previously 
omputedvalues Fi−2 and Fi−1 that we maintain in the variables a and b.
// POST: return value is the n-th Fibonacci number F_n

unsigned int fib2 (const unsigned int n)

{

if (n == 0) return 0;

if (n <= 2) return 1;

unsigned int a = 1; // F_1

unsigned int b = 1; // F_2

for (unsigned int i = 3; i <= n; ++i) {

const unsigned int a_prev = a; // F_{i-2}

a = b; // F_{i-1}

b += a_prev; // F_{i-1} += F_{i-2} -> F_i

}

return b;

} Again, this non-re
ursive version fib2 is substantially longer and more diÆ
ult tounderstand than fib, but this time there is a bene�t: fib2 is mu
h faster, sin
e it
omputes every number Fi, i � n exa
tly on
e. While we would grow old in waitingfor the 
all fib(50) to terminate, fib2(50) gives us the answer in no time. (Unfortu-nately, this answer may be in
orre
t, sin
e F50 
ould ex
eed the value range of the type
unsigned int.)In this 
ase we would prefer fib2 over fib, simply sin
e fib is too ineÆ
ient forpra
ti
al use. The more 
ompli
ated fun
tion de�nition of fib2 is a moderate pri
e topay for the speedup that we get.
3.2.5 Primitive recursionRoughly speaking, a mathemati
al fun
tion is primitive re
ursive if it 
an be writtenas a C++ fun
tion f in su
h a way that f neither dire
tly nor indire
tly 
alls itself with
all arguments depending on f. For example,
unsigned int f (const unsigned int n)
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{

if (n == 0) return 1;

return f(f(n-1) - 1);

}is not allowed, sin
e f re
ursively 
alls itself with an argument depending of f. Thisdoes not mean that the underlying mathemati
al fun
tion is not primitive re
ursive, itjust means that we have 
hosen the wrong C++ implementation. Indeed, the above fimplements the mathemati
al fun
tion satisfying f(n) = 1 for all n, and this fun
tion isobviously primitive re
ursive.In the early 20-th 
entury, it was believed that the fun
tions whose values 
an inprin
iple be 
omputed by a ma
hine are exa
tly the primitive re
ursive ones. Indeed,the fun
tion values one 
omputes in pra
ti
e (in
luding g
d(a, b) and Fn) 
ome fromprimitive re
ursive fun
tions.It later turned out that there are 
omputable fun
tions that are not primitive re
ur-sive. A simple and well-known example is the binary A
kermann fun
tion A(m, n),de�ned by
A(m, n) =






n + 1, if m = 0

A(m − 1, 1), if m > 0, n = 0

A(m − 1, A(m, n − 1)), if m > 0, n > 0.The fa
t that this fun
tion is not primitive re
ursive requires a proof (that we don'tgive here). As already noted above, it is ne
essary but not suÆ
ient that this de�nitionre
ursively uses A with an argument that depends on A.It may not be immediately 
lear that the 
orresponding C++ fun
tion
// POST: return value is the Ackermann function value A(m,n)

unsigned int A (const unsigned int m, const unsigned int n) {

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

return A(m-1, A(m, n-1));

}always terminates, but Exer
ise 113 asks you to show this. Table 6 lists some A
kermannfun
tion values. For m � 3, A(m, n) looks quite moderate, but starting from m = 4, thevalues get extremely large. You 
an still 
ompute A(4, 1), although this takes surprisinglylong already. Youmight be able to 
ompute A(4, 2); after all, 265536−3 has \only" around
20, 000 de
imal digits. But the 
all to A(4,3) will not terminate within any observableperiod.It 
an in fa
t be shown that A(n, n) grows faster than any primitive re
ursive fun
tionin n (and this is a proof that A 
annot be primitive re
ursive). Re
ursion is a powerfulbut also dangerous tool, sin
e it is easy to en
ode (too) 
ompli
ated 
omputations withvery few lines of 
ode.
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n

m

0 1 2 3 � � � n

0 1 2 3 4 � � � n + 1

1 2 3 4 5 � � � n + 2

2 3 5 7 9 � � � 2n + 3

3 5 13 29 61 � � � 2n+3 − 3

4 13 65533 265536 − 3 2265536

− 3 � � � 22. . .
2

︸ ︷︷ ︸
n+3

−3

Table 6: Some values of A
kermann's fun
tion
3.2.6 SortingSorting a sequen
e of values (numbers, texts, et
.) into as
ending order is a very basi
and important operation. For example, a spe
i�
 value 
an be found mu
h faster in asorted than in an unsorted sequen
e (see Exer
ise 121). You know this from daily life,and that's why you sort your CDs, and why the entries in a telephone dire
tory aresorted by name.We have asked you in Exer
ise 83 to write a program that sorts a given sequen
eof integers; Exer
ise 102 was about making this into a fun
tion that sorts all numbersdes
ribed by a given pointer range. In both exer
ises, you were not supposed to do anyeÆ
ien
y 
onsiderations.Here we want to 
at
h up on this and investigate the 
omplexity of the sortingproblem. Roughly speaking, the 
omplexity of a problem is de�ned as the 
omplexity(runtime) of the fastest algorithm that solves the problem. In 
omputing Fibona

inumbers in Se
tion 3.2.3 and Se
tion 3.2.4, we have already seen that the runtimes ofdi�erent algorithms for the same problem may vary a lot. The same is true for sortingalgorithms, as we will dis
over shortly.Let us start by analyzing one of the \obvious" sorting algorithms that you may have
ome up with in Exer
ise 83. The simplest one that the authors 
an think of isminimum-sort. Given the sequen
e of values (let's assume they are integers), minimum-sort �rst�nds the smallest element of the sequen
e; then it inter
hanges this element with the�rst element. The sequen
e now starts with the smallest element, as desired, but theremainder of the sequen
e still needs to be sorted. But this is done in the same way: thesmallest element among the remaining ones is found and inter
hanged with the se
ondelement of the sequen
e, and so on.Assuming that the sequen
e is des
ribed by a pointer range [first, last),minimum-sort 
an be realized as follows.
// PRE: [first , last) is a valid range

// POST: the elements *p, p in [first , last) are in ascending order

void minimum_sort (int* first , int* last)

{
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for (int* p = first; p != last; ++p) {

// find minimum in nonempty range described by [p, last)

int* p_min = p; // pointer to current minimum

int* q = p; // pointer to current element

while (++q != last)

if (*q < *p_min) p_min = q;

// interchange *p with *p_min

std:: iter_swap (p, p_min);

}

}The standard library fun
tion std::iter_swap inter
hanges the values of the obje
tspointed to by its two arguments. There is also a fun
tion std::min_element (with thesame fun
tionality as our home-made min_element on page 190) that we 
ould use toget rid of the inner loop; however, sin
e we want to analyze the fun
tion minimum_sortin detail, we refrain from 
alling any nontrivial standard library fun
tion here.What 
an we say about the runtime of minimum_sort for a given range? That itdepends on the platform, this is for sure. On a modern PC, the algorithm will run mu
hfaster than on a vintage 
omputer from the twentieth 
entury. There is no su
h thingas \the" runtime. But if we look at what the algorithm does, we 
an �nd a measure ofruntime that is platform-independent.A dominating operation in the sense that it o

urs very frequently during a 
all to
minimum_sort is the 
omparison *q < *p_min. We 
an even exa
tly 
ount the numberof su
h 
omparisons, depending on the number of elements n that are to be sorted. Inthe �rst exe
ution of the while statement, the �rst element is 
ompared with all n − 1su

eeding elements. In the se
ond exe
ution, the se
ond element in 
ompared with allthe n − 2 su

eeding elements, and so on. In the se
ond-to-last exe
ution of the whilestatement, �nally, we have one 
omparison, and that's it. We therefore have the following
Observation 1 The fun
tion minimum_sort sorts a sequen
e of n elements with

1 + 2 + . . . n − 1 =
n(n − 1)

2
omparisons between sequen
e elements.Why do we spe
i�
ally 
ount these 
omparisons? Be
ause any other operation is ei-ther performed mu
h less frequently (for example, the de
laration statement int* q = pis exe
uted only n times), or with approximately the same frequen
y. This 
on
erns theassignment p_min = q whi
h may happen up to n(n − 1)/2 times, and the expression
++q != last; this one is evaluated even more frequently, namely n(n − 1)/2 + n times.The total number of operations is therefore at most c1n(n − 1)/2 + c2n for some 
on-stants c1, c2. For large n, the linear term c2n is negligible 
ompared to the quadrati
 term
c1n(n − 1)/2; we 
an therefore 
on
lude that the total number of operations needed tosort n numbers is proportional to the number of 
omparisons between sequen
e elements.



3.2. RECURSION 221This implies the following: if you measure the runtime of the whole sorting algorithm,the resulting time Ttotal will be proportional to the time Tcomp that is being spent with
omparisons between sequen
e elements. (However, due to the e�e
ts of 
a
hing andother add-ons to the von-Neumann ar
hite
ture, this is not ne
essarily true on everyplatform.) Sin
e Tcomp is in turn proportional to the number of 
omparisons itself, thisnumber is a good indi
ator for the eÆ
ien
y of the algorithm.If you think about sorting more 
ompli
ated values (like names in a telephone di-re
tory), a 
omparison between two elements might even be
ome the single most time-
onsuming operation. In su
h a s
enario, Tcomp may eat up almost everything of Ttotal,making the 
omparison 
ount an even more appropriate measure of eÆ
ien
y.To 
he
k that all this is not only pure theory, let us make some experiments andmeasure the time that it takes to exe
ute Program 28 below, for various values of n(read from a �le in order not to measure the time it takes us to enter n). The program�rst brings the sequen
e 0, 1, . . . , n − 1 into random order, using the standard libraryfun
tion std::random_shuffle. Then it 
alls the fun
tion minimum_sort and �nally
he
ks whether we now indeed have the as
ending sequen
e 0, 1, . . . , n − 1. Yes, thisprogram does other things apart from the a
tual sorting, but all additional operationsare \
heap" in the sense that their number is proportional to n at most; a

ording toour above line of arguments, they should therefore not matter.1 // Prog: minimum_sort.cpp2 // implements and tests minimum -sort on random input34 #include <iostream >5 #include <algorithm >67 // PRE: [first , last) is a valid range8 // POST: the elements *p, p in [first , last) are in ascending order9 void minimum_sort (int* first , int* last)10 {11 for (int* p = first; p != last; ++p) {12 // find minimum in nonempty range described by [p, last)13 int* p_min = p; // pointer to current minimum14 int* q = p; // pointer to current element15 while (++q != last)16 if (*q < *p_min) p_min = q;17 // interchange *p with *p_min18 std::iter_swap (p, p_min);19 }20 }2122 int main()23 {24 // input of number of values to be sorted
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n 100,000 200,000 400,000 800,000 1,600,000

Gcomp 5 20 80 320 1280
Time (min) 0:15 1:05 4:26 15:39 64:22
sec/Gcomp 3.0 3.25 3.325 2.93 3.01

Table 7: Number of 
omparisons and runtime of minimum-sort25 int n;26 std::cin >> n;2728 int* const a = new int[n];2930 std::cout << "Sorting " << n << " integers ...\n";3132 // create random sequence33 for (int i=0; i<n; ++i) a[i] = i;34 std:: random_shuffle (a, a+n);3536 // sort into ascending order37 minimum_sort (a, a+n);3839 // is it really sorted ?40 for (int i=0; i<n-1;++i)41 if (a[i] != i) std::cout << "Sorting error!\n";4243 delete[] a;4445 return 0;46 }

Program 28: progs/le
ture/minimum sort.
ppTable 7 summarizes the results. For every value of n, Gcomp is the number of Gi-ga
omparisons (109 
omparisons), a

ording to Observation 1. In other words, Gcomp=
10−9n(n−1)/2. Time is the absolute runtime of the program in minutes and se
onds, ona modern PC. sec/Gcomp is Time (in se
onds) divided by Gcomp and tells us how manyse
onds the program needs to perform one Giga
omparison.The table shows that the number of se
onds per Giga
omparison is around 3 for all
onsidered values of n. As predi
ted above, the runtime in pra
ti
e is therefore indeedproportional to the number of 
omparisons between sequen
e elements. This numberquadruples from one 
olumn to the next, and so does the runtime.We also see that sorting numbers using minimum-sort appears to be pretty ineÆ-
ient. 1,600,000 is not large by today's standards, but to sort that many numbers takesmore than one hour! Given that sec/Gcomp appears to be 
onstant, we 
an even estimatethe time that it would take to sort 10,000,000 numbers, say. For this, we derive from
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omparisons (50,000) and multiply it with 3.The resulting 150,000 se
onds are almost two days.Essentially the same �gures result from running other well-known simple sortingalgorithms like bubble-sort or insert-sort. Can we do better? Yes, we 
an, and re
ursionhelps us to do it!
Merge-sort. The paradigm behind the merge-sort algorithm is this: if a problem is toolarge to be solved dire
tly, subdivide it into smaller subproblems that are easier to solve,and then put the overall solution together from the solutions of the subproblems. Thisparadigm is known as divide and 
onquer.Here is how this works for sorting. Let us imagine that the numbers to be sorted
ome as a de
k of 
ards, with the numbers written on them. The �rst step is to partitionthe de
k into two smaller de
ks of half the size ea
h. These two de
ks are then sortedindependently from ea
h other, with the same method; but the main ingredient of thismethod 
omes only now: we have to merge the two sorted de
ks into one sorted de
k.But this is not hard: we put the two de
ks in front of us (both now have their smallest
ard on top); as long as there are still 
ards in one or both of the de
ks, the smaller ofthe two top 
ards (or the single remaining top 
ard) is taken o� and put upside down ona new de
k that in the end represents the result of the overall sorting pro
ess. Figure 20visualizes the merge step.
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Figure 20: Merging two sorted de
ks of 
ards into one sorted de
kHere is how merge-sort 
an be realized in C++, assuming that we have a fun
tion
merge that performs the above operation of merging two sorted sequen
es into one sortedsequen
e.
// PRE: [first , last) is a valid range

// POST: the elements *p, p in [first , last) are in ascending order

void merge_sort (int* first , int* last)

{

const int n = last - first;

if (n <= 1) return; // nothing to do

int* const middle = first + n/2;

merge_sort (first , middle); // sort first half
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merge_sort (middle , last); // sort second half

merge (first , middle , last); // merge both halfs

} If there is more than one element to sort, the fun
tion splits the range [first, last)into two ranges [first, middle) and [middle, last) of lengths bn/2
 and dn/2e. Justas a reminder, for any real number x, dxe is the smallest integer greater or equal to x (\xrounded up"), and bx
 is the largest integer smaller or equal to x (\x rounded down").If n is even, both values bn/2
 and dn/2e are equal to n/2, and otherwise, the �rst valueis smaller by one.As its next step, the algorithm re
ursively sorts the elements des
ribed by bothranges. In the end, it 
alls the fun
tion merge on the two ranges. In 
ommenting thelatter fun
tion, we sti
k to the de
k analogy that we have used above. If you haveunderstood the de
k merging pro
ess, you will per
eive the de�nition of merge as beingstraightforward, despite the pointer handling.
// PRE: [first , middle), [middle , last) are valid ranges; in

// both of them , the elements are in ascending order

void merge (int* first , int* middle , int* last)

{

const int n = last - first; // total number of cards

int* const deck = new int[n]; // new deck to be built

int* left = first; // top card of left deck

int* right = middle; // top card of right deck

for (int* d = deck; d != deck + n; ++d)

// put next card onto new deck

if (left == middle) *d = *right++; // left deck is empty

else if (right == last) *d = *left++; // right deck is empty

else if (*left < *right) *d = *left++; // smaller top card left

else *d = *right++; // smaller top card right

// copy new deck back into [first , last)

const int* d = deck;

while (first != middle) *first++ = *d++;

while (middle != last) *middle++ = *d++;

delete[] deck;

}

Analyzing merge-sort. As for minimum-sort, we will 
ount the number of 
omparisonsbetween sequen
e elements that o

ur when a sequen
e of n numbers is being sorted.Again, we 
an argue that the total number of operations is proportional to this numberof 
omparisons. For merge-sort, this fa
t is not so immediate, though, and we don't
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t you to understand it now. But for the bene�t of (not only) the skepti
 reader,we will 
he
k this fa
t experimentally below, as we did for minimum-sort.All the 
omparisons take pla
e during the 
alls to the fun
tion merge at the variouslevels of re
ursion, so let us �rst 
ount the number of 
omparisons between sequen
eelements that one 
all to merge performs in order to 
reate a sorted de
k of n 
ards fromtwo sorted de
ks.It is apparent from the fun
tion body (and also from our informal des
ription of themerging pro
ess above) that at most one 
omparison is needed for every 
ard that isput on the new de
k. Indeed, we may have to 
ompare the two top 
ards of the leftand the right de
k in order to �nd out whi
h 
ard to take o� next. But if one of thetwo de
ks be
omes empty (this situation de�nitely o

urs before the last 
ard is put onthe new de
k), we don't do any further 
omparisons. This means that at most n − 1
omparisons between sequen
e elements are performed in merging two sorted de
ks intoone sorted de
k with n 
ards.Knowing this, we 
an now prove our main result.
Theorem 2 The fun
tion merge_sort sorts a sequen
e of n � 1 elements with at most

(n − 1)dlog2 ne
omparisons between sequen
e elements.
Proof. We de�ne T(n) to be the maximum possible number of 
omparisons betweensequen
e elements that 
an o

ur during a 
all to merge_sort with an argument rangeof length n. For example, T(0) = T(1) = 0, sin
e for ranges of lengths 0 and 1, no
omparisons are made. We also get T(2) = 1, sin
e for a range of length 2, merge-sortperforms one 
omparison (in merging two sorted de
ks of one 
ard ea
h into one sortedde
k of two 
ards). In a similar way, we 
an 
onvin
e ourselves that T(3) = 2. Thereare sequen
es of length 3 for whi
h one 
omparison suÆ
es (the �rst 
ard may be takeno� the left de
k whi
h 
onsists only of one 
ard), but the maximum number that de�nes
T(3) is 2.For general n � 2, we have the following re
urren
e relation :

T(n) � T(bn
2

) + T(dn

2
e) + n − 1. (3.1)To see this, let us 
onsider a sequen
e of n elements that a
tually requires the max-imum number of T(n) 
omparisons. This number of 
omparisons is the sum of therespe
tive numbers in sorting the left and the right half, plus the number of 
omparisonsduring the merge step. The former two numbers are (by 
onstru
tion of merge_sort andde�nition of T) at most T(bn/2
) and T(dn/2e), while the latter number is at most n−1by our previous 
onsiderations regarding merge. It follows that T(n), the a
tual numberof 
omparisons, is bounded by the sum of all three numbers.Now we 
an prove the a
tual statement of the theorem. Sin
e the merge-sort al-gorithm is re
ursive, it is natural that the proof is indu
tive. For n = 1, we have

T(1) = 0 = (1 − 1)dlog2 2e, so the statement holds for n = 1.
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n 100,000 200,000 400,000 800,000 1,600,000

Mcomp 1.7 3.6 7.6 16 33.6
Time (msec) 46 93 190 390 834
sec/Gcomp 27 25.8 25 24.4 25.1

Table 8: Number of 
omparisons and runtime of merge-sortFor n � 2, let us assume that the statement of the theorem holds for all values in
{1, . . . , n − 1} (this is the indu
tive hypothesis). From this hypothesis, we need to derivethe validity of the statement for the number n itself (note that bn/2
, dn/2e � 1). Thisgoes as follows.

T(n) � T(bn
2

) + T(dn

2
e) + n − 1 (Equation 3.1))� (bn

2

− 1)dlog2bn2 
e + (dn

2
e − 1)dlog2dn2 ee+ n − 1 (indu
tive hypothesis)� (bn

2

− 1)(dlog2 ne − 1) + (dn

2
e − 1)(dlog2 ne − 1) + n − 1 (Exer
ise 122)

= (n − 2)(dlog2 ne − 1) + n − 1 ( n = bn
2

+ dn

2
e)� (n − 1)(dlog2 ne − 1) + n − 1

= (n − 1)dlog2 ne.
�As for minimum-sort, let us 
on
lude with some experiments to 
he
k whether thenumber of 
omparisons between sequen
e elements is indeed a good indi
ator for theruntime in pra
ti
e. The results of running merge-sort (Program 29 below) are givenin Table 8 and look very di�erent from the ones in Table 7.1 // Prog: merge_sort.cpp2 // implements and tests merge -sort on random input34 #include <iostream >5 #include <algorithm >67 // PRE: [first , middle), [middle , last) are valid ranges; in8 // both of them , the elements are in ascending order9 void merge (int* first , int* middle , int* last)10 {11 const int n = last - first; // total number of cards12 int* const deck = new int[n]; // new deck to be built1314 int* left = first; // top card of left deck15 int* right = middle; // top card of right deck16 for (int* d = deck; d != deck + n; ++d)17 // put next card onto new deck



3.2. RECURSION 22718 if (left == middle) *d = *right++; // left deck is empty19 else if (right == last) *d = *left++; // right deck is empty20 else if (*left < *right) *d = *left++; // smaller top card left21 else *d = *right++; // smaller top card right2223 // copy new deck back into [first , last)24 const int* d = deck;25 while (first != middle) *first++ = *d++;26 while (middle != last) *middle++ = *d++;2728 delete[] deck;29 }3031 // PRE: [first , last) is a valid range32 // POST: the elements *p, p in [first , last) are in ascending order33 void merge_sort (int* first , int* last)34 {35 const int n = last - first;36 if (n <= 1) return; // nothing to do37 int* const middle = first + n/2;38 merge_sort (first , middle); // sort first half39 merge_sort (middle , last); // sort second half40 merge (first , middle , last); // merge both halfs41 }4243 int main()44 {45 // input of number of values to be sorted46 int n;47 std::cin >> n;4849 int* const a = new int[n];5051 std::cout << "Sorting " << n << " integers ...\n";5253 // create sequence :54 for (int i=0; i<n; ++i) a[i] = i;55 std:: random_shuffle (a, a+n);5657 // sort into ascending order58 merge_sort (a, a+n);5960 // is it really sorted ?61 for (int i=0; i<n-1;++i)62 if (a[i] != i) std::cout << "Sorting error!\n";
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Program 29: progs/le
ture/merge sort.
ppSin
e merge_sort in
urs mu
h less 
omparisons than minimum_sort, our unit here isjust Mcomp, the number of Mega
omparisons (106 
omparisons), a

ording to Theorem 2.In other words, Mcomp= 10−6(n−1)dlog2 ne. Time is the absolute runtime of the program,this time in millise
onds and not minutes. But as in Table 7, sec/Gcomp tells us howmany se
onds the program needs to perform one Giga
omparison.We �rst observe that this latter number is around 25 for all n, also 
on�rming inthis 
ase that the runtime is proportional to the number of 
omparisons. On the otherhand, the time needed by merge_sort per G
omp is mu
h higher than in minimum_sort(25 se
onds for merge-sort vs. 3 se
onds for minimum-sort. It may be surprising thatthe di�eren
e is this large, but the fa
t that it is larger 
an be explained. Merge-sortis a more 
ompli
ated algorithm than minimum-sort, with its re
ursive stru
ture, theextra memory needed for the new de
k, et
. The pri
e to pay is that less 
omparisons
an be done per se
ond, sin
e a lot of time is needed for other operations. But this is amoderate pri
e, sin
e we 
an more than pay for it by the gain in total runtime.This gets us to the most positive news of Table 8: Merge-sort is a
tually a very pra
-ti
al sorting algorithm. While it takes minimum-sort more than one hour to pro
ess
1, 600, 000 numbers, merge-sort does the same in less than a se
ond. Our experimentalresults show that this is mainly due to the fa
t that merge-sort needs mu
h less 
om-parisons (at most (n−1)dlog2 ne) than minimum-sort with its n(n−1)/2 
omparisons.Still, merge-sort is not the best sorting algorithm in pra
ti
e, see Exer
ise 120.
3.2.7 Lindenmayer systemsIn this �nal se
tion we want to present another appli
ation in whi
h re
ursion is predom-inant and diÆ
ult to avoid (an iterative version would indeed require an expli
it sta
k).As a bonus, this appli
ations lets us draw beautiful pi
tures.Let us �rst �x an alphabet Σ whi
h is simply a �nite set of symbols, for example
Σ = {F, +, −}. Let Σ� denote the set of all words that we 
an form from symbols in Σ.For example, F + F+ 2 Σ�.Next, we �x a fun
tion P : Σ → Σ�. P maps every symbol to a word, and these arethe produ
tions. We might for example have the produ
tions

σ 7→ P(σ)

F 7→ F + F+

+ 7→ +

− 7→ −
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p p

Figure 21: The turtle before and after pro
essing the 
ommand sequen
e F + F+Finally, we �x an initial word s 2 Σ�, for example s = F.The triple L = (Σ, P, s) is 
alled a Lindenmayer system. Su
h a system generatesan in�nite sequen
e of words s = w0, w1, . . . as follows. To get the next word wi fromthe previous word wi−1, we simply substitute all symbols in wi−1 by their produ
tions.In our example, this yields
w0 = F,

w1 = F + F +

w2 = F + F + +F + F + +

w3 = F + F + +F + F + + + F + F + +F + F + + +

...The next step is to \draw" these words, and this gives the pi
tures we were talkingabout.
Turtle graphics. Imagine a turtle sitting at some point p on a large pie
e of paper, withits head pointing in some dire
tion, see Figure 21 (left). The turtle 
an understand the
ommands F, +, and −. F means \move one step forward", + means \turn 
ounter-
lo
kwise by an angle of 90 degrees", and − means \turn 
lo
kwise by an angle of 90degrees". The turtle 
an pro
ess any sequen
e of su
h 
ommands, by exe
uting themone after another. We are interested in the resulting path taken by the turtle on thepie
e of paper. The path generated by the 
ommand sequen
e F + F+, for example, isshown in Figure 21 (right), along with the position and orientation of the turtle afterpro
essing the 
ommand sequen
e.The turtle 
an therefore graphi
ally interpret any word generated by a Lindenmayersystem over the alphabet {F, +, −}.
Recursively drawing Lindenmayer systems. For σ 2 Σ, let wσ

i denote the word resultingfrom σ by the i-fold substitution of all symbols a

ording to their produ
tions. In ourrunning example, we have for example w2 = wF
2 = F + F + +F + F + + and w+

i = + forall i.The point is now that 
an we express wσ
i in terms of the wi−1's of other symbols,and this is where re
ursion 
omes into play. Suppose that P(σ) = σ1 � � �σk. Then we 
an
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i as follows. We �rst substitute σ by σ1 � � �σk (1-fold substitution), and in theresulting word σ1 � � �σk we apply (i−1)-fold substitution to all the symbols. This showsthat

wσ
i = wσ1

i−1 � � �wσk

i−1.This formula also implies that the drawing of wσ
i is obtained by simply 
on
atenatingthe drawings for w

σ1

i−1, . . . , w
σk

i−1. To get the a
tual word wi, we simply 
on
atenate thedrawings of all wσ
i , for σ running through the symbols of the initial word s.Program 30 shows how this works for our running example with produ
tions F 7→

F + F+, + 7→ +, − 7→ − and initial word F. Sin
e Pi(+) = +, Pi(−) = − for all i, we donot need to substitute + and − and get
wi = wF

i = wF
i−1 + wF

i−1 + . (3.2)The program assumes the existen
e of a library turtle with prede�ned turtle 
ommandfun
tions forward, left (
ounter
lo
kwise rotation with some angle) and right (
lo
k-wise rotations with some angle) in namespa
e ifm.In the do
umentation of the program, we have omitted the \trivial" produ
tions
+ 7→ +, − 7→ −, and in spe
ifying a Lindenmayer system, we 
an do so as well: we willusually only list produ
tions for symbols that are not mapped to themselves.1 // Prog: lindenmayer.cpp2 // Draw turtle graphics for the Lindenmayer system with3 // production F -> F+F+ and initial word F.45 #include <iostream >6 #include <IFM/turtle >78 // POST: the word w_i^F is drawn9 void f (const unsigned int i) {10 if (i == 0)11 ifm::forward (); // F12 else {13 f(i-1); // w_{i-1}^F14 ifm::left(90); // +15 f(i-1); // w_{i-1}^F16 ifm::left(90); // +17 }18 }1920 int main () {21 std::cout << "Number of iterations =? ";22 unsigned int n;23 std::cin >> n;
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Program 30: progs/le
ture/lindenmayer.
ppFor input n = 14, the program will produ
e the following drawing.

As n gets larger, the pi
ture does not seem to 
hange mu
h; it rotates, and somemore details develop, but apart from that the impression is the same. Assume you 
oulddraw the pi
ture for n =∞. Then equation (3.2) would give
w∞ = w∞ + w∞ + .This is a self-similarity : the drawing of w∞ 
onsists of two rotated drawings of itself.We have a fra
tal !

Additional features. We 
an extend the de�nition of a Lindenmayer system to in
lude arotation angle α that may be di�erent from 90 degrees. This is shown in Program 31that draws a snow
ake for input n = 5.
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1 // Prog: snowflake.cpp2 // Draw turtle graphics for the Lindenmayer system with3 // production F -> F-F++F-F, initial word F++F++F and4 // rotation angle 60 degrees.5 #include <iostream >6 #include <IFM/turtle >78 // POST: the word w_i^F is drawn9 void f (const unsigned int i) {10 if (i == 0)11 ifm::forward (); // F12 else {13 f(i-1); // w_{i-1}^F14 ifm::right(60); // -15 f(i-1); // w_{i-1}^F16 ifm::left(120); // ++17 f(i-1); // w_{i-1}^F18 ifm::right(60); // -19 f(i-1); // w_{i-1}^F20 }21 }2223 int main () {24 std::cout << "Number of iterations =? ";25 unsigned int n;26 std::cin >> n;2728 // draw w_n = w_n^F++w_n^F++w_n^F29 f(n); // w_n^F



3.2. RECURSION 23330 ifm::left(120); // ++31 f(n); // w_n^F32 ifm::left(120); // ++33 f(n); // w_n^F3435 return 0;36 }

Program 31: progs/le
ture/snow
ake.
ppTo get more 
exibility, we 
an also extend the alphabet Σ of symbols. For example,we may add symbols without any graphi
al interpretation; these are still useful, though,sin
e they may be used in produ
tions. For example, the Lindenmayer system with
Σ = {F, +, −, X, Y}, initial word X and produ
tions

X 7→ X + YF +

Y 7→ −FX − Yyields the dragon 
urve (w14, angle of 90 degrees).

The 
orresponding 
ode is shown in Program 32.1 // Prog: dragon.cpp2 // Draw turtle graphics for the Lindenmayer system with3 // productions X -> X+YF+, Y -> -FX-Y, initial word X4 // and rotation angle 90 degrees5 #include <iostream >6 #include <IFM/turtle >78 // necessary: x and y call each other9 void y (const unsigned int i);1011 // POST: w_i^X is drawn



234 CHAPTER 3. FUNCTIONS12 void x (const unsigned int i) {13 if (i > 0) {14 x(i-1); // w_{i-1}^X15 ifm::left(90); // +16 y(i-1); // w_{i-1}^Y17 ifm::forward (); // F18 ifm::left(90); // +19 }20 }2122 // POST: w_i^Y is drawn23 void y (const unsigned int i) {24 if (i > 0) {25 ifm::right(90); // -26 ifm::forward (); // F27 x(i-1); // w_{i-1}^X28 ifm::right(90); // -29 y(i-1); // w_{i-1}^Y30 }31 }3233 int main () {34 std::cout << "Number of iterations =? ";35 unsigned int n;36 std::cin >> n;3738 // draw w_n = w_n^X39 x(n);4041 return 0;42 }

Program 32: progs/le
ture/dragon.
ppFinally, one 
an add symbols with graphi
al interpretation. Commonly used symbolsare f (jump one step forward, this doesn't leave a tra
e), [ (remember 
urrent position)and ] (jump ba
k to last remembered position). Our turtle library understands thesethree symbols as well. It is also typi
al to add new symbols with the same interpretationas F, say.
3.2.8 Details

Lindenmayer systems. Lindenmayer systems are named after the Danish biologist AristideLindenmayer (1925{1985) who proposed them in 1968 to model the growth of plants.Lindenmayer systems (with generalizations to 3-dimensional spa
e) have found many
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ations in 
omputer graphi
s.
3.2.9 Goals

Dispositional. At this point, you should . . .1) understand the 
on
ept of re
ursion, and why it makes sense to de�ne a fun
tionthrough itself;2) understand the semanti
s of re
ursive fun
tion 
alls and be aware that they do notalways terminate;3) appre
iate the power of re
ursion in sorting and drawing Lindenmayer systems.
Operational. In parti
ular, you should be able to . . .(G1) �nd pre- and post
onditions for given re
ursive fun
tions;(G2) prove or disprove termination and 
orre
tness of re
ursive fun
tion 
alls;(G3) translate re
ursive mathemati
al fun
tion de�nitions into C++ fun
tion de�ni-tions;(G4) rewrite a given re
ursive fun
tion in iterative form;(G5) re
ognize ineÆ
ient re
ursive fun
tions and improve their performan
e;(G6) 
ount the number of operations of a given type in a re
ursive fun
tion 
all, usingindu
tion as the main tool;(G7) write re
ursive fun
tions for given tasks.
3.2.10 Exercises

Exercise 112 Find pre- and post
onditions for the following re
ursive fun
tions. (G1)a) bool f (const int n)

{

if (n == 0) return false;

return !f(n-1);

}b) void g (const unsigned int n)

{

if (n == 0) {

std::cout << "*";

return;

}

g(n-1);

g(n-1);

}
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) unsigned int h (const unsigned int n, const unsigned int b) {

if (n == 1) return 0;

return 1 + h (n / b, b);

}

Exercise 113 Prove or disprove for any of the following re
ursive fun
tions that itterminates for all possible arguments. In this theory exer
ise, over
ow should notbe taken into a

ount, i.e. you should pretend that the value range of unsigned intis equal to N. (G2)a) unsigned int f (const unsigned int n)

{

if (n == 0) return 1;

return f(f(n-1));

}b) // POST: return value is the Ackermann function value A(m,n)

unsigned int A (const unsigned int m, const unsigned int n) {

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

return A(m-1, A(m, n-1));

}
) unsigned int f (const unsigned int n, const unsigned int m)

{

if (n == 0) return 0;

return 1 + f ((n + m) / 2, 2 * m);

}

Exercise 114 Consider the following re
ursive fun
tion de�ned on all nonnegativeintegers, also known as M
Carthy's 91 Fun
tion.
M(n) :==

{
n − 10, if n > 100

M(M(n + 11)), if n � 100.a) Provide a C++ fun
tion mccarthy that implements M
Carthy's 91 Fun
tion.b) What are the values of the following four fun
tion 
alls?(i) mccarthy(101)(iii) mccarthy(100)(iii) mccarthy(99)(iv) mccarthy(91)
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) Explain why the fun
tion is 
alled M
Carthy's 91 Fun
tion! More pre
isely,what is the value of M(n) for any given number n? (G3)(G7)
Exercise 115a) Write and test a C++ fun
tion that 
omputes binomial 
oeÆ
ients �n

k

�
, n, k 2

N. These may be de�ned in various equivalent ways. For example, 
n

k

!
:=

n!

k!(n − k)!
,or  

n

k

!
:=






0, if n < k

1, if n = k or k = 0�
n−1

k

�
+
�

n−1

k−1

�
, if n > k, k > 0

,or  
n

k

!
:=






0, if n < k

1, if n � k, k = 0
n
k

�
n−1

k−1

� if n � k, k > 0b) Whi
h of the three variants is best suited for the implementation, and why?Argue theoreti
ally, but underpin your arguments by 
omparing at least twodi�erent implementations of the fun
tion. (G3)(G5) (G7)
Exercise 116 In how many ways 
an you own CHF 1? Despite its somewhat philo-sophi
al appearan
e, the question is a mathemati
al one. Given some amount ofmoney, in how many ways 
an you partition it using the available denominations(bank notes and 
oins)? Today's denominations in CHF are 1000, 200, 100, 50,20, 10 (banknotes), 5, 2, 1, 0.50, 0.20, 0.10, 0.05 (
oins). The amount of CHF0.20, for example, 
an be owned in four ways (to get integers, let's swit
h to 
en-times): (20), (10, 10), (10, 5, 5), (5, 5, 5, 5). The amount of CHF 0.04 
an be ownedin no way, while there is exa
tly one way to own CHF 0.00 (you 
annot have 4
entimes in your wallet, but you 
an have no money at all in your wallet).Solve the problem for any given input amount, by writing a program partition.cppthat de�nes the following fun
tion (all values to be understood as 
entimes).
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// PRE: [first , last) is a valid nonempty range that describes

// a sequence of denominations d_1 > d_2 > ... > d_n > 0

// POST: return value is the number of ways to partition amount

// using denominations from d_1 , ..., d_n

unsigned int partitions (unsigned int amount ,

const unsigned int* first ,

const unsigned int* last);Use your program to determine in how many ways you 
an own CHF 1, and CHF10. Can your program 
ompute the number of ways for CHF 50? For CHF 100?(G7)
Exercise 117 Suppose you want to 
ra
k somebody's se
ret 
ode, 
onsisting of d digitsbetween 1 and 9. You have somehow found out that exa
tly k of these digits are
1's.a) Write a program that generates all possible 
odes. The program should 
ontaina fun
tion that solves the problem for given arguments d and k.b) Adapt the program so that it also outputs the number of possible 
odes.For example, if d = 2 and k = 1, the output may look like this:
12 13 14 15 16 17 18 19 21 31 41 51 61 71 81 91

There were 16 possible codes. (G7)
Exercise 118 Rewrite the following re
ursive fun
tion in iterative form and test witha program whether your iterative version is 
orre
t. What 
an you say about theabsolute runtimes of both variants for values of n up to 100, say? (G4)(G5)
unsigned int f (const unsigned int n)

{

if (n <= 2) return 1;

return f(n-1) + 2 * f(n-3);

}

Exercise 119 Rewrite the following re
ursive fun
tion in iterative form and test witha program whether your iterative version is 
orre
t. What 
an you say about theruntimes of both variants for values of n up to 100, say? (G4)(G5)
unsigned int f (const unsigned int n)

{

if (n == 0) return 1;

return f(n-1) + 2 * f(n/2);

}
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Exercise 120 Modify Program 29 (merge_sort.cpp) su
h that it 
alls the sorting fun
-tion std::sort of the standard library instead of the fun
tion merge_sort. For this,you need the header algorithm that is already being in
luded. Store the resultingprogram as std_sort.cpp and 
ompare the total runtimes of both programs an largerinputs on your platform (start with n = 1, 600, 000 numbers and then keep doublingthe input size).What do you observe? How many se
/G
omp does merge_sort take? Can youreprodu
e the \25" of Table 8, or do you get a di�erent 
onstant (explained byyour 
omputer having a speed di�erent from the one of the authors)? How mu
hfaster (in absolute runtime) is std::sort on your platform? And is the speedupindependent of n?
Exercise 121 The following fun
tion �nds an element with a given value x in a sortedsequen
e (if there is su
h an element).
// PRE: [first , last) is a valid range , and the elements *p,

// p in [first , last) are in ascending order

// POST: return value is a pointer p in [first , last) such

// that *p = x, or the pointer last , if no such pointer

// exists

const int* binary_search (const int* first , const int* last , const int x)

{

const int n = last - first;

if (n == 0) return last; // empty range

if (n == 1) {

if (*first == x)

return first;

else

return last;

}

// n >= 2

const int* middle = first + n/2;

if (*middle > x) {

// x can’t be in [middle , last)

const int* p = binary_search (first , middle , x);

if (p == middle)

return last; // x not found

else

return p;

} else

// *middle <= x; we may skip [first , middle)

return binary_search (middle , last , x);

} What is the maximum number T(n) of 
omparisons between sequen
e elementsand x that this fun
tion performs if the number of sequen
e elements is n? Try



240 CHAPTER 3. FUNCTIONSto �nd an upper bound on T(n) that is as good as possible. (You may use thestatement of Exer
ise 122.) (G6)
Exercise 122 For any natural number n � 2, prove the following two (in)equalities.(G6) dlog2bn2 
e � dlog2dn2 ee = dlog2 ne − 1.

Exercise 123 Write programs that produ
e turtle graphi
s drawings for the followingLindenmayer systems (Σ, P, s). (G7)a) Σ = {F, +, −}, s = F + F + F + F and P given by
F 7→ FF + F + F + F + F + F − F.b) Σ = {X, Y, +, −}, s = Y, and P given by
X 7→ Y + X + Y

Y 7→ X − Y − X.For the drawing, use rotation angle α = 60 degrees and interpret both X and Y as\move one step forward".
) Like b), but with the produ
tions
X 7→ X + Y + +Y − X − −XX − Y +

Y 7→ −X + YY + +Y + X − −X − Y.

Exercise 124 The Towers of Hanoi puzzle (that 
an a
tually be bought from shops) isthe following. There are three wooden pegs labeled 1, 2, 3, where the �rst peg holdsa sta
k of n disks, sta
ked in de
reasing order of size, see Figure Figure 22.The goal is to transfer the sta
k of disks to peg 3, by moving one disk at a timefrom one peg to another. The rule is that at no time, a larger disk may be on topof a smaller one. For example, we 
ould start by moving the topmost disk to peg 2(move (1, 2)), then move the next disk from peg 1 to peg 3 (move (1, 3)), then movethe smaller disk from peg 2 onto the larger disk on peg 3 (move (2, 3)), et
.Write a program hanoi.cpp that outputs a sequen
e of moves that does therequired transfer, for given input n. For example, if n = 2, the above initial sequen
e
(1, 2)(1, 3)(2, 3) is already 
omplete and solves the puzzle. Che
k the 
orre
tness ofyour program by hand at least for n = 3, by manually reprodu
ing the sequen
e ofmoves on a pie
e of paper (or an a
tual Tower of Hanoi, if you have one). (G7)
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1 2 3

Figure 22: The Tower of Hanoi
3.2.11 Challenges

Exercise 125 This 
hallenge lets you take a look behind the s
enes of GIMPS (the
Great Internet Mersenne Prime Sear
h, www.mersenne.org). This proje
t is 
on-
erned with the problem of �nding large Mersenne primes, see Se
tion 1.1. Theessential tool used by GIMPS is the Lu
as-Lehmer test, a simple pro
edure to 
he
kwhether a number of the form 2n − 1 is prime or not.Find out what the Lu
as-Lehmer test is and write a program that employs it to�nd all Mersenne primes of the form 2n − 1 with n � 1, 000 (you may go higherif you 
an). The resulting list will allow you to redis
over the �ve errors thatMersenne made in his original 
onje
ture (Se
tion 1.1), and it will tell you whathappens next after n = 257, the largest exponent 
overed by Mersenne's 
onje
ture.
Exercise 126 On the o

asion of major sports events, the Italian 
ompany Panini sellssti
kers to be 
olle
ted in an album. For the EURO 2008 so

er 
hampionship, the
olle
tion 
omprised of 555 di�erent sti
kers, available in pa
kages of �ve sti
kersea
h.When buying a pa
kage, you 
annot see whi
h sti
kers it 
ontains. The 
ompanyonly guarantees that ea
h pa
kage 
ontains �ve di�erent sti
kers. Let us assumethat ea
h possible sele
tion of �ve di�erent sti
kers is equally likely to be 
ontainedin any given pa
kage. How many pa
kages do you need to buy on average in orderto have all the sti
kers?For the 
ase of EURO 2008 with 555 sti
kers, a newspaper 
laimed (based on
onsulting a math professor) that this number is 763. How did the professor arriveat that number, and is it 
orre
t?Write a program that 
omputes the average number of pa
kages that you needto buy for a 
olle
tion of size n. (As a simple 
he
k, you should get one pa
kageon average if n = 5). What do you get for n = 555?

Note: In order to solve this 
hallenge in a mathemati
ally sound way, you needsome basi
 knowledge of probability theory. But for our purposes, it is also ok tojust handwave why your program is 
orre
t.
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Exercise 127 Lindenmayer systems 
an also be used to draw (quite realisti
) plants,with the growth pro
ess simulated by the various iterations. For this, however, theremust be a possibility of 
reating bran
hes. Let us therefore enhan
e our default set
{F, +, −} of symbols with �xed meaning and now use Σ = {F, +, −, [, ], f}. The symbol [is de�ned to have the following e�e
t: the 
urrent state of the turtle (position anddire
tion) is put on top of the state sta
k whi
h is initially empty. The symbol ] setsthe state of the turtle ba
k to the one found on top of the state sta
k, and removesthe top state from the sta
k. This me
hanism 
an be used to remember a 
ertainstate and return to it later.For example, if the rotation angle is 45 degrees, the word FF[+F][−F] produ
esthe drawing of Figure 23.

p

Figure 23: The turtle after pro
essing the 
ommand sequen
e FF[+F][−F]This does not look like a very sophisti
ated plant yet, but if you for example trythe produ
tion
F 7→ FF + [+F − F − F] − [−F + F + F]with initial word F, rotation angle 22 degrees, and four iterations, you will see whatwe mean.It remains to explain what the symbol f means. It has the same e�e
t on thestate of the turtle as F, ex
ept that it does not draw a line. You 
an imagine that

f makes the turtle \jump".Here are the fun
tions of the library turtle that 
orrespond to this additionalfun
tionality. jump realizes f, while save and restore are for [ and ]. In order todraw Figure 23, we 
an therefore use the following statements.
ifm::forward (2);

ifm::save();

ifm::left(45);

ifm::forward ();

ifm::restore ();

ifm::save();

ifm::right(45);
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ifm::forward ();

ifm::restore ();Here you see that we 
an provide an integer to forward telling it how many stepswe want to move forward (the default that we always used before is 1).Now here 
omes the 
hallenge: write a turtle graphi
s program amazing.cppthat will kno
k our so
ks o�! In other words, we are asking for the most beautifulpi
ture that you 
an produ
e using the re
ursive drawing s
heme on top of the turtlegraphi
s 
ommands introdu
ed so far (there are still more 
ommands that are moreor less 
ommon, but our turtle library stops at Σ = {F, +, −, [, ], f}).If you think that you 
an submit a 
rappy program and still earn full points,you're right. But we 
ount on your sportsmanship to give your best!
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4.1 Structs A POD-stru
t is an aggregate 
lass that has no nonstati
 datamembers of type pointer to member, non-POD stru
t, non-POD union (or array of su
h types) or referen
e, and hasno user-de�ned 
opy-assignment operator and no user-de�neddestru
tor.Se
tion 9, paragraph 4, of the ISO/IEC Standard 14882(C++ Standard)In this se
tion, we show how stru
ts are used to group data and to obtainnew types with appli
ation-spe
i�
 fun
tionality. You will also see howoperator overloading 
an help in making new types easy and intuitive touse.Suppose we want to use rational numbers in a program, i.e., numbers of the form
n/d, where both the numerator n and the denominator d are integers. C++ does nothave a fundamental type for rational numbers, so we have to implement it ourselves.We 
ould of 
ourse represent a rational number simply by two values of type int,but this would not be in line with our per
eption of the rational numbers as a distin
tmathemati
al 
on
ept. The two numbers n and d \belong together", and this is alsore
e
ted in mathemati
al notation: the symbol Q for the set of rational numbers indi-
ates that we are dealing with a mathemati
al type, de�ned by its value range and itsfun
tionality (see Se
tion 2.1.6). Ideally, we would like to get a C++ type that 
an beused like existing arithmeti
 types; the following pie
e of 
ode (for adding two rationalnumbers) shows how this 
ould look like.
// input

std::cout << "Rational number r:\n";

rational r;

std::cin >> r;

std::cout << "Rational number s:\n";

rational s;

std::cin >> s;

// computation and output

std::cout << "Sum is " << r + s << ".\n";And we would like a sample run of this to look as follows.
Rational number r:

1/2

Rational number s:
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1/3

Sum is 5/6.In C++ this 
an be done. C++ o�ers the possibility of de�ning new types based onexisting types. In this se
tion, we introdu
e as a �rst step the 
on
ept of stru
ts. Astru
t is used to aggregate several values of di�erent types into one value of a new type.With this, we 
an easily model the mathemati
al type Q as a new type in C++. Here isa working program that makes a �rst step toward the desired pie
e of 
ode above.1 // Program: userational.cpp2 // Add two rational numbers.3 #include <iostream >45 // the new type rational6 struct rational {7 int n;8 int d; // INV: d != 09 };1011 // POST: return value is the sum of a and b12 rational add (const rational a, const rational b)13 {14 rational result;15 result.n = a.n * b.d + a.d * b.n;16 result.d = a.d * b.d;17 return result;18 }1920 int main ()21 {22 // input23 std::cout << "Rational number r:\n";24 rational r;25 std::cout << " numerator =? "; std::cin >> r.n;26 std::cout << " denominator =? "; std::cin >> r.d;2728 std::cout << "Rational number s:\n";29 rational s;30 std::cout << " numerator =? "; std::cin >> s.n;31 std::cout << " denominator =? "; std::cin >> s.d;3233 // computation34 const rational t = add (r, s);3536 // output37 std::cout << "Sum is " << t.n << "/" << t.d << ".\n";
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Program 33: progs/le
ture/userational.
ppIn C++, a stru
t de�nes a new type whose value range is the Cartesian produ
t ofa �xed number of types. (Here and in the following, we identify a type with its valuerange to avoid 
lumsy formulations.) In our 
ase, we de�ne a new type named rationalwhose value range is the Cartesian produ
t int�int, where we interpret a value (n, d)as the quotient n/d.Sin
e there is no type for the denominator with the appropriate value range int\{0},we spe
ify the requirement d 6= 0 by an informal invariant, a 
ondition that has to holdfor all legal 
ombinations of values. Su
h an invariant is indi
ated by a 
omment startingwith
// INV:Like pre- and post
onditions of fun
tions (see Se
tion 3.1.1), invariants are an informalway of do
umenting the program; they are not standardized, and our way of writing themis one possible 
onvention.The type rational is referred to as a stru
t, and it 
an be used like any other type;for example, it may appear as argument type and return type in fun
tions like add.

A struct defines a type, not variables. Let's get rid of one possible 
onfusion right from thebeginning. The de�nition
struct rational {

int n;

int d; // INV: d != 0

};does not de�ne variables n and d of type int, although the two middle lines look likevariable de
larations as we know them. Rather, all four lines together de�ne a type ofthe name rational, but at that point, neither a variable of that new type, nor variablesof type int have been de�ned. The two middle lines
int n;

int d; // INV: d != 0spe
ify that every a
tual obje
t of the new type (i.e. a 
on
rete rational number) \has"(is represented by) two obje
ts of type int that 
an be a

essed through the names n and
d; see the member a

ess below. This spe
i�
ation is important if we want to implementoperations on our new type like in the fun
tion add.Here is an analogy for the situation. If the university administration wants to spe
ifyhow a student is represented in their �les, they might 
ome up with three pie
es of datathat are ne
essary: a name, an identi�
ation number, and a program of study. This
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tionality (registration, 
hange of programof study, et
.) to be realized, long before any students a
tually show up.
4.1.1 Struct definitions.In general, a stru
t de�nition looks as follows.
struct T fT1 name1;T2 name2;...TN nameN;g;Here, T is the name of the newly introdu
ed stru
t (this name must be an identi�er,Se
tion 2.1.10), and T1,. . . ,TN are names of existing types. These are 
alled the under-lying types of T. The identi�ers name1, name2,. . . , nameN are the data members ofthe new type T.The value range of T is T1�T2� . . .�TN. This means, a value of type T is an
N-tuple (t1, t2, . . . , tN) where ti 2 Ti.\Existing types" might be fundamental types, but also user-de�ned types. For ex-ample, 
onsider the ve
tor spa
e Q3 over the �eld Q. Given the type rational as above,we 
ould model Q3 as follows.
struct rational_vector_3 {

rational x;

rational y;

rational z;

}; Although it follows from the de�nition, let us make it expli
it: the types T1,. . . ,TNneed not be the same. Here is an example: If 0, 1, . . . , U is the value range of the type
unsigned int, we 
an get a variant of the type int with value range

{−U, −U + 1, . . . , −1, 0, 1, . . . , U − 1, U}as follows.
struct extended_int {

// represents u if n== false and -u otherwise

unsigned int u; // absolute value

bool n; // sign bit

};The value range of this type is {0, 1, . . . , U} � {true, false}, but like in the rational 
ase,we interpret values di�erently: a value (u, n) \means" u if n = false and −u if n = true.
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t de�nitions have the same member spe
i�
ation (the part of thede�nition en
losed in 
urly bra
es), they de�ne di�erent types, and it is not possibleto repla
e one for the other. Consider this trivial but instru
tive example with twoapparently equal stru
ts de�ned over an empty set of existing types.
struct S {

};

struct T {

};

void foo (const S s) {}

int main() {

S s;

T t;

foo (s); // ok

foo (t); // error: type mismatch

return 0;

} It is also possible to use array members in stru
ts. For example, the �eld Q3 that wehave dis
ussed above 
ould alternatively be modeled like this.
struct rational_vector_3 {

rational v[3];

};

4.1.2 Structs and scopeThe s
ope of a stru
t is the part of the program in whi
h it 
an be used (in a variablede
laration, or as a formal fun
tion argument type, for example). Stru
ts behave similarto fun
tions here: the s
ope of a stru
t is the union of the s
opes of all its de
larations,where a stru
t de
laration has the form
struct TThe stru
t de�nition is a de
laration as well, and usually one a
tually needs the de�nitionin order to use a stru
t. This is easy to explain: in order to translate a variable de
larationof stru
t type, or a fun
tion with formal arguments of stru
t type into ma
hine language,the 
ompiler needs to know the amount of memory required by an obje
t of the stru
t.But this information is only obtainable from the de�nition of the stru
t; as long as the
ompiler has only seen a de
laration of T, the stru
t T is said to have in
omplete type.
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4.1.3 Member accessA stru
t is more than the Cartesian produ
t of its underlying types|it o�ers some basi
fun
tionality on its own that we explain next. The most important (and also mostvisible) fun
tionality of a stru
t is the a

ess to the data members, and here is wherethe identi�ers name1,. . . , nameN 
ome in. If expr is an expression of type T with value
(t1, . . . , tN), then tK|the K-th 
omponent of its value|
an be a

essed asexpr.nameKHere, `.' is the member a

ess operator (see Table 9 in the Appendix for its spe
i�
s).The 
omposite expression expr.nameK is an lvalue if expr itself is an lvalue, and we saythat the data member nameK is a

essed for expr.Lines 25 and 26 of Program 33 assign values to the rational numbers r through themember a

ess operator, while line 37 employs the member a

ess operator to output thevalue of the rational number t. The additional output of `/' indi
ates that we interpretthe 2-tuple (n, d) as the quotient n/d.
4.1.4 Initialization and assignmentWe 
an initialize obje
ts of stru
t type and assign values to them, just like we do it forfundamental types.In line 34 of Program 33 for example, the variable t of type rational is initialized withthe value of the expression add (r, s). In a stru
t, initialization is quite naturally donemember-wise, i.e. for ea
h data member separately. Under the hood, the de
larationstatement
const rational t = add (r, s);therefore has the e�e
t of initializing t.n (with the �rst 
omponent of the value of
add (r, s)) and t.d (with the se
ond 
omponent). Interestingly, this also works witharray members. Stru
ts therefore provide a way of forging array initialization and as-signment by wrapping the array into a stru
t. Here is an example to show what wemean.
#include <iostream >

struct point {

double coord[2];

};

int main()

{

point p;

p.coord[0] = 1;

p.coord[1] = 2;
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point q = p;

std::cout << q.coord[0] << " " // 1

<< q.coord[1] << "\n"; // 2

return 0;

} In the same way (memberwise initialization), the formal arguments a and b of thefun
tion add are initialized from the values of r and s; the value of add (r, s) itselfalso results from an initialization of a (temporary) obje
t when the return statement ofthe fun
tion add is exe
uted.Instead of the above de
laration statement that initializes t we 
ould also have written
rational t;

t = add (r, s);Here, t is default-initialized �rst, and this default-initializes the data members. In our
ase, they are of type int; for fundamental types, default-initialization does nothing,so the values of the data members are unde�ned after default-initialization (see alsoSe
tion 2.1.8). In the next line, the value of add (r, s) is assigned to t, and thisassignment again happens member-wise.
What about other operations? For every fundamental type T, two expressions of typeT 
an be tested for equality, using the operators == and !=. It would therefore seemnatural to have these two operators also for stru
ts, implemented in su
h a way thatthey 
ompare member-wise.Formally, this would be 
orre
t: if t = (t1, . . . , tN) and t 0 = (t 01, . . . t 0N), then we have
t = t 0 if and only if tK = t 0K for K = 1, . . . , N.But our type rational already shows that this won't work: under member-wiseequality, we would erroneously 
on
lude that 2/3 6= 4/6. The problem is that thesynta
ti
al value range int�int of the type rational does not 
oin
ide with thesemanti
al value range in whi
h we identify pairs (n, d) that de�ne the same rationalnumber n/d.The same happens with our type extended_int from above: sin
e both pairs (0, false)and (0, true) are interpreted as 0, member-wise equality would give us \0 6= 0" in this
ase.Only the implementor of a stru
t knows the semanti
al value range, and for thisreason, C++ neither provides equality operators for stru
ts, nor any other operationsbeyond the member a

ess, initialization, and assignment dis
ussed above. Operationsthat respe
t the semanti
al value range 
an be provided by the implementor, though,see next se
tion.You might argue that even member-wise initialization and assignment 
ould be in
on-sistent with the semanti
s of the type. Later, we will indeed en
ounter su
h a situation,
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an be dealt with elegantly.
4.1.5 User-defined operatorsNew types require new operations, but when it 
omes to the naming of su
h operations,one less ni
e aspe
t of Program 33 shows in line 34. By de�ning the fun
tion add, wewere able to perform the operation t := r + s through the statement
const rational t = add (r, s);Ideally, however, we would like to add rational numbers like we add integers or 
oating-point numbers, by simply writing (in our 
ase)
const rational t = r + s;The bene�t of this might not be immediately obvious, in parti
ular sin
e the naming ofthe fun
tion add seems to be quite reasonable; but 
onsider the expression
const rational t = subtract (multiply (p, q), multiply (r, s));and its \natural" 
ounterpart
const rational t = p * q - r * s;to get an idea what we mean.The natural notation 
an indeed be a
hieved: a key feature of the C++ language isthat most of its operators (see Table 9 in the Appendix for the full list) 
an be overloadedto work for other types as well. This means that we 
an use the same operator token toimplement various operators: we \overload" the token.In prin
iple, this is nothing new: we already know that the binary operator + isavailable for several types, for example int and double. What is new is that we 
an addeven more overloads on our own, and simply let the 
ompiler �gure out from the 
allargument types whi
h one is needed in a 
ertain 
ontext.In overloading an operator, we 
annot 
hange the operator's arity, pre
eden
e orasso
iativity, but we 
an 
reate versions of it with arbitrary formal argument and returntypes.Operator overloading is simply a spe
ial 
ase of fun
tion overloading. For example,having the stru
ts rational and extended_int available, we 
ould de
lare the followingtwo fun
tions in the same program, without 
reating a name 
lash: for any 
all to thefun
tion square in the program, the 
ompiler 
an �nd out from the 
all argument typewhi
h of the two fun
tions we mean.
// POST: returns a * a

rational square (rational a);

// POST: returns a * a

extended_int square (extended_int a);
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tion overloading in general is useful, but not nearly as useful as operator over-loading. To de�ne an overloaded operator, we have to use the fun
tional operatornotation. In this notation, the name of the operator is obtained by appending its tokento the pre�x operator. In 
ase of the binary addition operator for the type rational,this looks as follows and repla
es the fun
tion add.
// POST: return value is the sum of a and b

rational operator+ (const rational a, const rational b)

{

rational result;

result.n = a.n * b.d + a.d * b.n;

result.d = a.d * b.d;

return result;

}In Program 33, we 
an now repla
e line 34 by
const rational t = r + s; // equivalent to operator + (r, s);Here, the 
omment refers to the fa
t that an operator 
an also be 
alled in fun
tionalnotation; in 
ontrast, it appears in in�x notation in r + s. The 
all in fun
tionalnotation 
an be useful for dida
ti
 purposes, sin
e it emphasizes the fa
t that an operatoris simply a spe
ial fun
tion; in an appli
ation, however, the point is to avoid fun
tionalnotation and use the in�x notation.The other three basi
 arithmeti
 operations are similar, and here we only give theirde
larations.
// POST: return value is the difference of a and b

rational operator - (rational a, rational b);

// POST: return value is the product of a and b

rational operator* (rational a, rational b);

// POST: return value is the quotient of a and b

// PRE: b != 0

rational operator/ (rational a, rational b);We 
an also overload the unary - operator; in fun
tional operator notation, it hasthe same name as the binary version, but it has only one instead of two arguments. Inthe following implementation, we use the (modi�ed) \lo
al 
opy" of the 
all argument aas the return value.
// POST: return value is -a

rational operator - (rational a)

{

a.n = -a.n;

return a;

}
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ompare rational numbers, we need the relational operators as well. Hereis the equality operator as an example.
// POST: return value is true if and only if a == b

bool operator == (const rational a, const rational b)

{

return a.n * b.d == a.d * b.n;

}

4.1.6 Details

Overloading resolution. If there are several fun
tions or operators of the same name in aprogram, the 
ompiler has to �gure out whi
h one is meant in a 
ertain fun
tion 
all.This pro
ess is 
alled overloading resolution and only depends on the types of the 
allarguments. Overloading resolution is therefore done at 
ompile time. There are two
ases that we need to 
onsider: we 
an either have an unquali�ed fun
tion 
all (like
add (r, s) in Program 33), or a quali�ed fun
tion 
all (like std::sqrt(2.0)). Topro
ess an unquali�ed fun
tion 
all of the formfname ( expression1, ..., expressionN )the 
ompiler has to �nd a mat
hing fun
tion de
laration. Candidates are all fun
tions
f of name fname su
h that the fun
tion 
all is in the s
ope of some de
laration of f. Inaddition, the number of formal arguments must mat
h the number of 
all arguments, andea
h 
all argument must be of a type whose values 
an be 
onverted to the 
orrespondingformal argument types.In a quali�ed fun
tion 
all of the formX::fname ( expression1, ..., expressionN )where X is a namespa
e, only this namespa
e is sear
hed for 
andidates.
Argument-dependent name lookup (Koenig lookup). There is one spe
ial rule that some-times makes the list of 
andidates larger. If some 
all argument type of an unquali�edfun
tion 
all is de�ned in a namespa
e X (for example the namespa
e std), then the
ompiler also sear
hes for 
andidates in X. This is useful mainly for operators and allowsthem to be 
alled unquali�ed in in�x notation. The point of using operators in in�xnotation would be spoiled if we had to mention a namespa
e somewhere in the operator
all.
Resolution: Finding the best match. For ea
h 
andidate fun
tion and ea
h 
all argument, itis 
he
ked how well the 
all argument type mat
hes the 
orresponding formal argumenttype. There are four quality levels, going from better to worse, given in the followinglist.
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t mat
h. The types of the 
all argument and the formal argument are thesame.(2) Promotion mat
h. There is a promotion from the 
all argument type to theformal argument type. We have seen some examples for promotions, like from
bool to int and from float to double.(3) Standard 
onversion mat
h. There is a standard 
onversion from the 
allargument type to the formal argument type. We have seen that all fundamentalarithmeti
 types 
an be 
onverted into ea
h other by standard 
onversions.(4) User-defined 
onversion mat
h. There is a user-de�ned 
onversion from the
all argument type to the formal argument type. We will get to user-de�ned 
on-versions only later in this book.A fun
tion f is 
alled better than g with respe
t to an argument, if the mat
h that findu
es on that argument is at least as good as the mat
h indu
ed by g. If the mat
h isreally better, f is 
alled stri
tly better for the argument.A fun
tion f is 
alled a best mat
h if it is better than any other 
andidate g in allarguments, and stri
tly better than g in at least one argument.Under this de�nition, there is at most one best mat
h, but it may happen that thereis no best mat
h, in whi
h 
ase the fun
tion 
all is ambiguous, and the 
ompiler issuesan error message.Here is an example. Consider the two overloaded fun
tion de
larations

void foo(double d);

void foo(unsigned int u);In the 
ode fragment
float f = 1.0f;

foo(f);the �rst overload is 
hosen, sin
e float 
an be promoted to double, but only standard-
onverted to unsigned int. In
int i = 1;

foo(i);the 
all is ambiguous, sin
e int 
an be standard-
onverted to both double and unsigned int.
4.1.7 Goals

Dispositional. At this point, you should . . .1) know how stru
ts 
an be used to aggregate several di�erent types into one new type;2) understand the di�eren
e between the synta
ti
al and semanti
al value range of astru
t;3) know that C++ fun
tions and operators 
an be overloaded.
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Operational. In parti
ular, you should be able to . . .(G1) de�ne stru
ts whose semanti
al value ranges 
orrespond to that of given mathe-mati
al sets;(G2) provide de�nitions of fun
tions and overloaded operators on stru
ts, a

ording togiven fun
tionality;(G3) write programs that de�ne and use stru
ts a

ording to given fun
tionality.
4.1.8 Exercises

Exercise 128 A stru
t may have data members of stru
t type that may have datamembers of stru
t type, and so on. It 
an be quite 
umbersome to set all the datamembers of the data members of the data members manually whenever an obje
t ofthe stru
t type needs to be initialized. A preferable solution is to write a fun
tionthat does this. As an example, 
onsider the type
struct rational_vector_3 {

rational x;

rational y;

rational z;

}; where rational is as before de�ned as
struct rational {

int n;

int d; // INV: d != 0

}; Write a fun
tion
rational_vector_3 create_rational_vector_3

(int n1, int d1, int n2, int d2, int n3, int d3)that returns the rational ve
tor (n1/d1, n2/d2, n3/d3). The fun
tion should alsomake sure that d1, d2, d3 are nonzero. (G3)
Exercise 129 De�ne a type Tribool for three-valued logi
; in three-valued logi
, wehave the truth values true, false, and unknown.For the type Tribool, implement the logi
al operators
// POST: returns x AND y

Tribool operator && (Tribool x, Tribool y);

// POST: returns x OR y

Tribool operator || (Tribool x, Tribool y);
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ording to the following two tables.(G1)(G2)
∧ false unknown truefalse false false falseunknown false unknown unknowntrue false unknown true ∨ false unknown truefalse false unknown trueunknown unknown unknown truetrue true true trueTest your type by writing a program that outputs these truth tables in some formatof your 
hoi
e.

Exercise 130 De�ne a type Z_7 for 
omputing with integers modulo 7. Mathemati-
ally, this 
orresponds to the �nite ring Z7 = Z/7Z of residue 
lasses modulo 7.For the type Z_7, implement addition and subtra
tion operators
// POST: return value is the sum of a and b

Z_7 operator+ (Z_7 a, Z_7 b);

// POST: return value is the difference of a and b

Z_7 operator - (Z_7 a, Z_7 b);a

ording to the following table (this table also de�nes subtra
tion: x − y is theunique number z 2 {0, . . . , 6} su
h that x = y + z). (G1)(G2)
+ 0 1 2 3 4 5 6

0 0 1 2 3 4 5 6

1 1 2 3 4 5 6 0

2 2 3 4 5 6 0 1

3 3 4 5 6 0 1 2

4 4 5 6 0 1 2 3

5 5 6 0 1 2 3 4

6 6 0 1 2 3 4 5

Exercise 131 Provide de�nitions for the following binary arithmeti
 operators on thetype rational. (G2)(G3)
// POST: return value is the difference of a and b

rational operator - (rational a, rational b);

// POST: return value is the product of a and b

rational operator* (rational a, rational b);

// POST: return value is the quotient of a and b

// PRE: b != 0

rational operator/ (rational a, rational b);
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Exercise 132 Provide de�nitions for the following binary relational operators on thetype rational. In doing this, try to reuse operators that are already de�ned.(G2)(G3)
// POST: return value is true if and only if a != b

bool operator != (rational a, rational b);

// POST: return value is true if and only if a < b

bool operator < (rational a, rational b);

// POST: return value is true if and only if a <= b

bool operator <= (rational a, rational b);

// POST: return value is true if and only if a > b

bool operator > (rational a, rational b);

// POST: return value is true if and only if a >= b

bool operator >= (rational a, rational b);

Exercise 133 Provide de�nitions for the following binary arithmeti
 operators on thetype extended_int (Page 249), and test them in a program (for that it 
ould behelpful to provide an output fa
ility for the type extended_int, and a fun
tion thatassigns to an extended_int value a value of type int). As in the previous exer
ise,try to reuse 
ode. (G2)(G3)
// POST: return value is the sum of a and b

extended_int operator+ (extended_int a, extended_int b);

// POST: return value is the difference of a and b

extended_int operator - (extended_int a, extended_int b);

// POST: return value is the product of a and b

extended_int operator* (extended_int a, extended_int b);

// POST: return value is -a

extended_int operator - (extended_int a);

Exercise 134 Consider the following set of three fun
tions.
void foo(double , double) { ... } // function A

void foo(unsigned int, int) { ... } // function B

void foo(float , unsigned int) { ... } // function CFor ea
h of the following fun
tion 
alls, de
ide to whi
h of the fun
tions (A, B, C)it resolves to, or de
ide that the 
all is ambiguous. Explain your de
isions! Thisexer
ise requires you to read the paragraph on overloading resolution in the Detailsse
tion.
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) foo(1.0, 1)d) foo(1, 1u)e) foo(1, 1.0f)f) foo(1.0f, 1.0)

4.1.9 Challenges

Exercise 135 This 
hallenge has a 
omputer graphi
s 
avor. Write a program thatallows you to visualize and manipulate a 3-dimensional obje
t. For the sake of
on
reteness, think of a wireframe model of a 
ube given by 12 edges in threedimen-sional spa
e.The program should be able to draw the obje
t in perspe
tive view and at leastprovide the user with a possibility of rotating the obje
t around the three axes. Thedrawing window might for example look like in Figure 24.Instead of a 
ube, you may want to take another platoni
 solid, you may readthe wireframe model from a �le, you may add the possibility of s
aling the ob-je
t, translating it, et
. Use the library libwindow that is available at the 
oursehomepage to 
reate the graphi
al output.If you don't know (or have forgotten) how to rotate and proje
t threedimensionalpoints, here is a 
rash 
ourse.Rotating a point (x, y) 2 R2 around the origin by an angle of α (radians) resultsin the point (x 0, y 0) with 
oordinates 
x 0
y 0 ! =

 
osα − sinαsinα 
osα

! 
x

y

!
.In order to rotate a point (x, y, z) 2 R3 around the z-axis, you simply keep zun
hanged and rotate (x, y) as above. By symmetry, you 
an �gure out how thisworks for the other axes.General perspe
tive proje
tion is not so easy, but if you want to proje
t a pointonto the z = 0-plane (imagine that this plane is the 
omputer s
reen that youwant to draw on), this is not hard. Imagine that v = (vx, vy, vz) is the viewpoint(position of your eye). vz > 0 for example means that you are sitting in front of thes
reen. When you proje
t the point p = (x, y, z) onto the s
reen, the image pointhas 
oordinates

(x − t(vx − x), y − t(vy − y)),
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Figure 24: Sample drawing window for Exer
ise 135where
t =

z

vz − z
.The proje
tion thus only works if vz 6= z.



262 CHAPTER 4. COMPOUND TYPES
4.2 Reference TypesWhereas Europeans generally pronoun
e my name the rightway ('Ni-klows Wirt'), Ameri
ans invariably mangle it into'Ni
k-les Worth'. This is to say that Europeans 
all me byname, but Ameri
ans 
all me by value.Attributed to Niklaus WirthThis se
tion explains referen
e types that enable fun
tions to a

ept andreturn lvalues and in parti
ular 
hange the values of their 
all argu-ments. Referen
e types naturally 
ome up in implementing fun
tionalityfor stru
ts.
4.2.1 The trouble with operator+=Let us try to implement the addition assignment operator += for the stru
t rationalfrom Program 33. Here is an attempt:
rational operator += (rational a, const rational b) {

a.n = a.n * b.d + a.d * b.n;

a.d *= b.d;

return a;

}With this, we 
an write
rational r;

r.n = 1; r.d = 2; // 1/2

rational s;

s.n = 1; s.d = 3; // 1/3

r += s;

std::cout << r.n << "/" << r.d << "\n";You may already see that the output of this will not be the desired 5/6. Re
allfrom Se
tion 3.1.3 what happens when r += s (equivalently, operator+= (r, s)) isevaluated: r and s are evaluated, and the resulting values are used to initialize theformal arguments a and b of the fun
tion operator+=. The values of r and s are not
hanged by the fun
tion 
all.Hen
e, with the above implementation of operator+=, the value of the expression
r += s is indeed 5/6, but the desired e�e
t, the 
hange of r's value, does not happen.That's why we get 1/2 as output in the above pie
e of 
ode.
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tions to 
hangethe values of their 
all arguments. The 
areful reader may remember that pointer types(Se
tion 2.6.6) 
an indire
tly be used to a
hieve this, but with a somewhat 
lumsy syntaxand potentially unsafe behavior due to pointers \going nowhere", see Exer
ise 100.Referen
e types are very similar to pointer types in their philosophy, but in most
ontexts, they are more natural to use and at the same time more safe, sin
e they renderthe use of expli
it (and possibly invalid) pointers unne
essary.
4.2.2 Reference Types: DefinitionIf T is any type, thenT&is the 
orresponding referen
e type (read T& as \T referen
e" or \referen
e to T").In value range and fun
tionality, T& is identi
al to T. The di�eren
e is only in theinitialization and assignment semanti
s. An expression of referen
e type is 
alled areferen
e.A variable of referen
e type T& 
an be initialized only from an lvalue of type T.The initialization makes it an alias of the lvalue: another name for the obje
t behindthe lvalue. We also say that the referen
e refers to that obje
t. The following exampleshows this.
int i = 5;

int& j = i; // j becomes an alias of i

j = 6; // changes the values of i

std::cout << i << "\n"; // outputs 6De
larations su
h as
int& j; // error: no object to refer to

int& k = 5; // error: 5 is not an lvalueare invalid.A referen
e behaves like (and is implemented) by a 
onstant pointer to the obje
t thatit refers to, a pointer that is dereferen
ed whenever the referen
e is evaluated. But thepointer and its value|the address of the obje
t|are hidden. Here is the expli
it-pointervariant of the above 
ode fragment that 
hanges the value of i to 6:
int i = 5;

int* const j = &i; // j points to i

*j = 6; // changes the values of i

std::cout << i << "\n"; // outputs 6Apart from the syntax, the main di�eren
e between the two de
larations
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int& j = lvalueand
int* const j = ptris that in the former 
ase, the 
onstant pointer hidden behind the referen
e j is guar-anteed to represent a valid address, namely the one of lvalue. In the latter 
ase, theexpli
it 
onstant pointer j may or may not be valid, depending on whether the pointerptr is valid. From a safety point of view, working with referen
es is therefore preferableto working with pointers.The fa
t that a referen
e is implemented by a 
onstant pointer implies that a referen
e
annot be 
hanged to refer to another obje
t after initialization. If we later assignsomething to the referen
e, we in fa
t assign to the obje
t referred to by it. In writing
j = 6 in the above pie
e of 
ode, we therefore 
hange the value of i to 6, sin
e j is analias of i.Every referen
e is an lvalue itself. We 
an therefore use a referen
e r to initializeanother referen
e r', but then we don't get a referen
e to r, but another referen
e to theobje
t referred to by r:
int i = 5;

int& j = i; // j becomes an alias of i

int& k = j; // k becomes another alias of i

4.2.3 Call by value and call by referenceWhen a fun
tion has a formal argument of referen
e type, the 
orresponding 
all argu-ment must be an lvalue; when the fun
tion 
all is evaluated, the initialization of theformal argument makes it an alias of the 
all argument. In this way, we 
an implementfun
tions that 
hange the values of their 
all arguments. Here is an example.
void increment (int& i)

{

++i;

}

int main ()

{

int j = 5;

increment (j);

std::cout << j << "\n"; // outputs 6

return 0;

} If a formal argument of a fun
tion has referen
e type, we have 
all-by-referen
esemanti
s with respe
t to that argument. Equivalently, we say that we pass the argumentby referen
e. Another frequently used term for 
all by referen
e is 
all by name.
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e type, we have 
all-by-value semanti
s: wepass the argument by value. Under 
all by referen
e, the address of (or a referen
e to) the
all argument is used to initialize the formal argument; under 
all-by-value semanti
s, itis the value of the 
all argument that is used for initialization.The basi
 rule is to pass an argument by referen
e only if the fun
tion in questiona
tually needs to 
hange the 
all argument value. If that is not the 
ase, 
all by value ismore 
exible, sin
e it allows a larger 
lass of 
all arguments (lvalues and rvalues insteadof lvalues only).
4.2.4 Return by value and return by referenceThe return type of a fun
tion 
an be a referen
e type as well, in whi
h 
ase we havereturn-by-referen
e semanti
s (otherwise, we return by value). If the fun
tion returnsa referen
e, the fun
tion 
all expression is an lvalue itself, and we 
an use it whereverlvalues are expe
ted.This means that the fun
tion itself 
hooses (by using referen
e types or not) whetherits 
all arguments and return value are lvalues or rvalues. Se
tion 2.1.14 and Se
tion 2.2.4do
ument these 
hoi
es for some of the operators on fundamental types, but only nowwe understand the me
hanism that makes su
h 
hoi
es possible.As a 
on
rete example, let us 
onsider the following version of the fun
tion incrementthat exa
tly models the behavior of the pre-in
rement operator ++: it in
rements itslvalue argument and returns it as an lvalue.
int& increment (int& i)

{

return ++i;

} In general, we must make sure that an expression of referen
e type that we returnrefers to a non-temporary obje
t. To understand what a temporary obje
t is, let us
onsider the following fun
tion.
int& foo (const int i)

{

return i;

}This is asking for trouble, sin
e the formal argument i runs out of s
ope when thefun
tion 
all terminates. This means that the asso
iated memory is freed and the addressexpires (see Se
tion 2.4.3). If we now write for example
int i = 3;

int& j = foo(i); // j refers to expired object

std::cout << j << "\n"; // undefined behaviorthe referen
e j refers to an expired obje
t, and the resulting behavior of the program isunde�ned. Referen
es are safer than pointers, but not absolutely safe. In working withreferen
es, we need to adhere to the following guideline.
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Reference Guideline: Whenever you 
reate an alias for an obje
t, ensure that the obje
tdoes not expire before the alias.The 
ompiler usually noti
es violations of the Referen
e Guideline and issues a warn-ing.
4.2.5 More user-defined operators

Rational numbers: addition assignment. Let's get ba
k to the addition assignment operatorfor our new stru
t rational. In order to �x our failed attempt from the beginning ofthis se
tion, we need to add two 
hara
ters only.As in the previous fun
tion increment, the formal argument a must be passed as areferen
e, and to be 
ompliant with the usual semanti
s of +=, we also return the resultas a referen
e:
// POST: b has been added to a; return value is the new value of a

rational & operator += (rational & a, const rational b)

{

a.n = a.n * b.d + a.d * b.n;

a.d *= b.d;

return a;

} The other arithmeti
 assignment operators are similar, and we don't list them here ex-pli
itly. Together with the arithmeti
 and relational operators dis
ussed in Se
tion 4.1.5,we now have a useful set of operations on rational numbers.
Rational numbers: input and output. Let us look at Program 33 on
e more, with thefun
tion name add repla
ed by operator+ and the fun
tion 
all add (r, s) repla
ed by
r + s. Still, we 
an spot potential improvements: instead of writing
std::cout << "Sum is " << t.n << "/" << t.d << "\n";in line 37, we'd rather write
std::cout << "Sum is " << t << "\n";just like we are doing it for fundamental types.From what we have done above, you 
an guess that all we have to do is to overloadthe output operator <<. In dis
ussing the output operator in Se
tion 2.1.14 we haveargued that the output stream passed to and returned by the output operator must bean lvalue, sin
e the output operator modi�es the stream. Having referen
e types at ourdisposal, this 
an easily be done: we simply pass and return the output stream (whosetype is std::ostream) as a referen
e:
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// POST: a has been written to o

std:: ostream& operator << (std:: ostream& o, const rational r)

{

return o << r.n << "/" << r.d;

} There is no reason to stop here: for the input, we would in the same fashion liketo repla
e the two input statements std::cin >> r.n; and std::cin >> r.d; by thesingle statement
std::cin >> r;(and the same for the input of s). Again, we need to pass and return the input stream(of type std::istream) as a referen
e. In addition, we must pass the rational numberthat we want to read as a referen
e, sin
e the input operator has to modify its value.The operator �rst reads the numerator from the stream, followed by a separating
hara
ter, and �nally the denominator. Thus, we 
an read a rational number in one goby entering for example 1/2.
// POST: r has been read from i

// PRE: i starts with a rational number of the form "n/d"

std:: istream& operator >> (std:: istream& i, rational & r)

{

char c; // separating character , e.g. ’/’

return i >> r.n >> c >> r.d;

} In 
ontrast to operator<<, things 
an go wrong, e.g., if the user enters the 
hara
tersequen
e \A/B" when prompted for a rational number. Also, we probably don't want toa

ept 3.4 as a rational number as our input operator does. There are me
hanisms todeal with su
h issues, but we won't dis
uss them here.Let us 
on
lude this se
tion with a beauti�ed version of Program 33 (see Program 34below). What makes this version even ni
er is the fa
t that the new type is used exa
tlyas fundamental type su
h as int. All the operations ne
essary for this are outsour
edinto Program 35.In the spirit of Se
tion 3.1.8 on modularization, we should a
tually split the programinto three �les: a �le rational.h that 
ontains the de�nition of the stru
t rational,along with de
larations of the overloaded operators; a �le rational.cpp that 
ontainsthe de�nitions of these operators; and �nally, a �le userational2.cpp that 
ontainsthe main program. At the same time, we should put our new type rational and theoperations on it into namespa
e ifm in order to avoid possible name 
lashes. (You 
anstill write the expression r + s in Program 34, without mentioning the namespa
e inwhi
h the operator+ in question is de�ned. The Details of Se
tion 4.1 explains this inthe paragraph on argument-dependent name lookup.) Exer
ise 136 asks you to do allthis and integrate the new rational number type into the math library that you havebuilt in Exer
ise 106, so that Program 34 below 
an be 
ompiled using this library.



268 CHAPTER 4. COMPOUND TYPES1 // Program: userational2.cpp2 // Add two rational numbers.3 #include <iostream >4 #include "rational.cpp"56 int main ()7 {8 // input9 std::cout << "Rational number r:\n";10 rational r;11 std::cin >> r;1213 std::cout << "Rational number s:\n";14 rational s;15 std::cin >> s;1617 // computation and output18 std::cout << "Sum is " << r + s << ".\n";1920 return 0;21 }

Program 34: progs/le
ture/userational2.
pp1 // Program: rational .cpp2 // Define a type rational and operations on it34 // the new type rational5 struct rational {6 int n;7 int d; // INV: d != 08 };910 // POST: b has been added to a; return value is the11 // new value of a12 rational& operator += (rational& a, const rational b) {13 a.n = a.n * b.d + a.d * b.n;14 a.d *= b.d;15 return a;16 }1718 // POST: return value is the sum of a and b19 rational operator + (const rational a, const rational b)20 {



4.2. REFERENCE TYPES 26921 // reduce to operator +=22 rational result = a;23 return result += b;24 }2526 // POST: a has been written to o27 std::ostream& operator << (std::ostream& o, const rational a)28 {29 return o << a.n << "/" << a.d;30 }3132 // POST: a has been read from i33 // PRE: i starts with a rational number of the form "n/d"34 std::istream& operator >> (std::istream& i, rational& a)35 {36 char c; // separating character , e.g. ’/’37 return i >> a.n >> c >> a.d;38 }

Program 35: progs/le
ture/rational.
ppHere is an example run of Program 34, showing that we have now a
hieved what weset out to do in the beginning of Se
tion 4.1.
Rational number r:

1/2

Rational number s:

1/3

Sum is 5/6.

4.2.6 Const referencesLet us 
ome ba
k to the addition operator for rational numbers de�ned in Program 35:
// POST: return value is the sum of a and b

rational operator+ (const rational a, const rational b)

{

rational result = a;

return result += b;

}The eÆ
ien
y fanati
 in you might already have anti
ipated that we 
an slightly speedup this operator by using 
onst-quali�ed referen
e types:
// POST: return value is the sum of a and b

rational operator+ (const rational& a, const rational& b)

{

rational result = a;
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return result += b;

}Indeed, this version is potentially faster than the previous one, sin
e the initializationof a formal argument is done by 
opying just one address, rather than two int valuesas in the member-wise 
opy that takes pla
e under the 
all-by-value semanti
s. Evenif the saving is small in this example, you 
an imagine that member-wise 
opy 
an bepretty expensive in stru
ts that are more elaborate than rational; in 
ontrast, 
all byreferen
e is fast for all types, even the most 
ompli
ated ones.As usual, the const keyword makes sure that the formal arguments 
annot be 
hangedwithin the fun
tion body, but in addition, the 
onst promise extends to the obje
treferred to by the 
all argument, sin
e the formal argument will be
ome an alias forit. Under 
all by referen
e, 
onst-
orre
tness is thus mu
h more important than under
all by value. Here is an instru
tive example. Consider the unary operator- fromSe
tion 4.1.5:
// POST: return value is -a

rational operator - (rational a)

{

a.n = -a.n;

return a;

}Blindly speeding this up to
rational operator - (rational& a)

{

a.n = -a.n;

return a;

}has a drasti
 (and undesired) 
onsequen
e: the expression -a will still have the samevalue as before, but it will have the additional e�e
t of negating the value of the 
allargument. We have \a

identally" 
reated a 
ompletely di�erent operator. The fa
tthat we have started out with a non-
onstant formal argument in the �rst pla
e is takingrevenge when we move to 
all by referen
e semanti
s.Const-
orre
tness requires that whenever an argument is passed by referen
e to anon-mutating fun
tion, it must have 
onst-quali�ed referen
e type. In 
ase of the unaryminus, this would have revealed our programming error:
rational operator - (const rational& a)

{

a.n = -a.n; // error: a was promised to be constant

return a;

}In 
ompiling this variant of the operator, the 
ompiler will issue an error message, point-ing out the mistake. We 
an then �x it by either going ba
k to 
all-by-value semanti
s,or by introdu
ing a result variable like in operator+ above:
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rational operator - (const rational& a)

{

rational result = a;

result.n = -result.n;

return result;

} Let us dis
uss the const me
hanism in 
ontext of referen
es in more detail. Thesituation is very similar to that of 
onst pointers, see Se
tion 2.6.8.A 
onst referen
e is a referen
e for whi
h the obje
t referred to is 
onstant. A 
onstreferen
e 
an for example be obtained as follows.
int i = 5;

const int& j = i; // j becomes a non -modifiable alias of iNow, writing j = 6 leads to an error message, sin
e i and its alias j have been promisedto be 
onstant.A 
onst referen
e behave like (and is implemented by) a 
onstant 
onst pointer tothe obje
t that it refers to.Const referen
es of 
onst-quali�ed type constT& 
an as usual be initialized withlvalues of type T, but also with rvalues of type T, or of types whose values are 
onvertibleto T. We 
an for example write
const int& j = 5;Under the hood, the 
ompiler generates a temporary obje
t that holds the value 5, andit initializes j with the address of the temporary obje
t. This is useful in operator+that 
an still be 
alled with rvalue arguments under formal arguments of 
onst-quali�edreferen
e type const rational&. A formal argument of type const T& is thereforethe all-in-one devi
e suitable for every purpose: if the 
all argument is an lvalue, theinitialization is very eÆ
ient (only its address needs to be 
opied), and otherwise, weessentially fall ba
k to 
all-by-value semanti
s.Despite this, there are still situations where T is preferable over const T& as argu-ment type. If T is a fundamental type or a stru
t with small memory requirements, itdoes not pay o� to move to const T&, sin
e the saving in handling lvalue arguments is sosmall (or even nonexistent) that it won't 
ompensate for the (slightly) more 
ostly a

essto the formal fun
tion argument in the fun
tion body. Indeed, 
all by referen
e adds oneindire
tion: to look up the value of a formal fun
tion argument under 
all-by-referen
esemanti
s, we �rst have to look up its address and then look up the a
tual value at thataddress. Under 
all-by-value semanti
s, the address of the value is \hardwired" (andrefers to some obje
t on the 
all sta
k, see Se
tion 3.2.2).Also, it is often 
onvenient to use the formal argument as a lo
al variable and modifyits value (see operator- above); for that, its type must not be a 
onst-type.
What exactly is constant? We already had a paragraph with the same title in Se
tion 2.6.8,and what is going on here is also the same: an expression of type const T& is the alias
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t, but that obje
t is not ne
essarily 
onstant itself. The 
onst-quali�
ationin this 
ase is merely a promise that the obje
t's value will not be modi�ed through thealias in question. Here is an example that illustrates this point.
int n = 5;

const int& i = n; // i becomes a non -modifiable alias of n

int& j = n; // j becomes a modifiable alias of n

i = 6; // error: n is modified through const -reference

j = 6; // ok: n receives value 6Here, we do not have a 
onstant obje
t, but a 
onstant alias (namely i).
4.2.7 Const-types as return types.Const-types may also appear as return types of fun
tions, just like any other types. Inthat 
ase, the const promises that the fun
tion 
all expression itself is 
onstant.It is not generally valid to repla
e return type T by const T&; while this safelyworks for the formal argument types, it 
an for the return type result in synta
ti
ally
orre
t but semanti
ally wrong 
ode.As an example, let's repla
e rational by const rational& as the return type of
operator+, with the hope of realizing another speedup:
const rational & operator+ (const rational & a, const rational& b) {

rational result = a;

return result += b;

}In exe
uting the return statement, the return value (in this 
ase a 
onst-referen
e) tobe passed to the 
aller of the fun
tion is initialized with the expression result. Nowre
all that the initialization of a (
onst-)referen
e from an lvalue simply makes it analias of the lvalue. But the lvalue in question (namely result) is a lo
al variable whosememory is freed and whose address be
omes invalid when the fun
tion 
all terminates(see Se
tion 2.4.3 and Se
tion 4.2.1). The 
onsequen
e is that the returned referen
e willbe the alias of an expired obje
t, and using this referen
e results in unde�ned behaviorof the program. The issue is again the one of temporary obje
ts, see the dis
ussion andthe Referen
e Guideline on 265.Errors like this are very hard to �nd (and we 
annot reliably 
ount on 
ompilerwarnings here), sin
e the program may work as intended, for example if the memorythat was asso
iated to the expired obje
t is not immediately reused. But on anotherplatform, the program may behave di�erently or even 
rash.
4.2.8 Goals

Dispositional. At this point, you should . . .1) understand the alias 
on
ept behind referen
e types and the Referen
e Guideline;
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e between 
all by value and 
all by referen
e semanti
s forfun
tion arguments;3) understand 
onst referen
es.
Operational. In parti
ular, you should be able to . . .(G1) state exa
t pre-and post
onditions for fun
tions involving formal argument typesor return types of referen
e and/or 
onst-type;(G2) write fun
tions that modify (some of) their 
all arguments;(G3) �nd synta
ti
al and semanti
al errors in programs that are due to improper han-dling of referen
e types;(G4) �nd synta
ti
al and semanti
al errors in programs that are due to improper han-dling of 
onst-types;(G5) �nd the de
larations in a given program whose types should be 
onst-a

ordingto the Const Guideline.
4.2.9 Exercises

Exercise 136 Split program Program 35 into a header �le rational.h and a sour
e �le
rational.cpp. Build obje
t 
ode �le rational.o from rational.cpp and integrate itinto the library libmath.a that you have 
reated in Exer
ise 106. Modify the mainprogram Program 34 to use this library.
Exercise 137 Consider the following family of fun
tions:
T foo (S i)

{

return ++i;

} with T being one of the types int, int& and const int&, and S being one of thetypes int, const int, int& and const int&. This de�nes 12 di�erent fun
tions,and all of those 
ombinations are synta
ti
ally 
orre
t.a) Find the 
ombinations of T and S for whi
h the resulting fun
tion de�nition issemanti
ally valid, meaning, for example, that the 
onstness of variables andreferen
es is respe
ted. Semanti
al 
orre
tness also means that the 
ompilerwill a

ept the 
ode, be
ause we have already established synta
ti
al 
orre
t-ness. Explain your answer.b) Among the 
ombinations found in a), �nd the 
ombinations of T and S forwhi
h the resulting fun
tion de�nition is also valid during runtime, meaningthat fun
tion 
alls always have well-de�ned value and e�e
t; explain youranswer.
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) For all 
ombinations found in b), give pre
ise post
onditions for the 
orre-sponding fun
tion foo. (G1)(G3)(G4)
Exercise 138 Write a fun
tion that swaps the values of two int-variables. (G2)For example,
int a = 5;

int b = 6;

// here comes your function call

std::cout << a << "\n"; // outputs 6

std::cout << b << "\n"; // outputs 5

Exercise 139 We want to have a fun
tion that normalizes a rational number, i.e.transforms it into the unique representation in whi
h numerator and denominatorare relatively prime, and the denominator is positive. For example,
21

−14is normalized to
−3

2
.There are two natural versions of this fun
tion:

// POST: r is normalized

void normalize (rational& r);

// POST: return value is the normalization of r

rational normalize (const rational& r);Implement one of them, and argue why you have 
hosen it over the other one.
Hint: you may want to use the fun
tion gcd from Se
tion 3.2, modi�ed for argumentsof type int (how does this modi�
ation look like?). (G2)(G2)
Exercise 140 Provide a de�nition of the following fun
tion.
// POST: return value indicates whether the linear equation

// a * x + b = 0 has a real solution x ; if true is

// returned , the value s satisfies a * s + b = 0

bool solve (double a, double b, double& s);Test your fun
tion in a program for at least the pairs (a, b) from the set
{(2, 1), (0, 2), (0, 0), (3,−4)}. (G2)
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Exercise 141 Find all mistakes (if any) in the following programs, and explain whythese are mistakes. All programs share the following two fun
tion de�nitions andonly di�er in their main fun
tions. (G1)
int foo (int& i) {

return i += 2;

}

const int& bar (int &i) {

return i += 2;

} a) int main()

{

const int i = 5;

int& j = foo (i);

}b) int main()

{

int i = 5;

const int& j = foo (i);

}
) int main()

{

int i = 5;

const int& j = bar (foo (i));

}d) int main()

{

int i = 5;

const int& j = foo( bar (i));

}e) int main()

{

int i = 5;

const int j = bar (++i);

}

Exercise 142 The C++ standard library also 
ontains a type for 
omputing with 
om-plex numbers. A 
omplex number where both the real and the imaginary part are



276 CHAPTER 4. COMPOUND TYPES
doubles has type std::complex<double> (you need to #include <complex> in orderto get this type). In order to get a a 
omplex number with real part r and imaginarypart i, you 
an use the expression
std::complex <double >(r,i); // r and i are of type doubleOtherwise, 
omplex numbers work as expe
ted. All the standard operators (arith-meti
, relational) and mathemati
al fun
tions (std::sqrt, std::abs, std::pow. . . )are available. The operators also work in mixed expressions where one operand isof type std::complex<double> and the other one of type double. Of 
ourse, you
an also input and output 
omplex numbers.Here is the a
tual exer
ise. Implement the following fun
tion for solving quadrati
equations over the 
omplex numbers:
// POST: return value is the number of distinct complex solutions

// of the quadratic equation ax^2 + bx + c = 0. If there

// are infinitely many solutions (a=b=c=0), the return

// value is -1. Otherwise , the return value is a number n

// from {0,1,2}, and the solutions are written to s1 ,..,sn

int solve_quadratic_equation (std::complex <double > a,

std::complex <double > b,

std::complex <double > c,

std::complex <double >& s1,

std::complex <double >& s2);Test your fun
tion in a program for at least the triples (a, b, c) from the set
{(0, 0, 0), (0, 0, 2), (0, 2, 2), (2, 2, 2), (1, 2, 1), (i, 1, 1)}. (G2)

4.2.10 Challenges

Exercise 143 Implement the following fun
tion for solving 
ubi
 equations over the
omplex numbers:
// POST: return value is the number of distinct (complex) solutions

// of the cubic equation ax^3 + bx^2 + cx + d = 0. If there

// are infinitely many solutions (a=b=c=d=0), the return

// value is -1. Otherwise , the return value is a number n

// from {0,1,2,3}, and the solutions are written to s1 ,..,sn

int solve_cubic_equation (std::complex <double > a,

std::complex <double > b,

std::complex <double > c,

std::complex <double > d,

std::complex <double >& s1,

std::complex <double >& s2,

std::complex <double >& s3);
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ription of the type std::complex<double> in the text ofExer
ise 142.Write a program that tests your fun
tion. For example, you may substitute thesolutions returned by the above fun
tion into ax3 + bx2 + cx + d = 0 and 
he
kwhether the expression indeed evaluates to (approximately) zero.
Hint: You �nd the ne
essary theory under the keyword Cardano's formula.
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4.3 Classes Let me tell you this in 
losingI know we might seem imposingBut trust me if we ever show in your se
tionBelieve me its for your own prote
tionWill Smith, Men in Bla
k (1997)This se
tion introdu
es the 
on
ept of 
lasses as an extension of thestru
t 
on
ept from Se
tion 4.1. You will learn about data en
apsulationas a distinguishing feature of 
lasses. This feature makes type imple-mentations more safe and 
exible. You will �rst learn 
lasses featureby feature for rational numbers, and then see two 
omplete 
lasses in
onne
tion with random number generation.
4.3.1 EncapsulationIn the previous two se
tions, we have de�ned a new stru
t type rational whose valuerange models the mathemati
al type Q (the set of rational numbers), and we have shownhow it 
an be equipped with some useful fun
tionality (arithmeti
 and relational opera-tors, input and output).To motivate the transition from stru
ts to 
lasses in this se
tion (and in parti
ularthe aspe
t of en
apsulation), let us start o� with a thought experiment. Suppose youhave put the stru
t rational and all the fun
tionality that we have developed into ani
e library. In Exer
ise 136 you have a
tually done this, for the very basi
 version ofthe type rational from Program 35. Now you have sold the library to a 
ustomer; let's
all it RAT (Rational Thinking In
.). RAT is initially happy with the fun
tionalitythat the library provides, and starts working with it. But then some unpleasant issues
ome up.
Issue 1: Initialization is cumbersome. Some 
ode developed at RAT needs to initialize anew variable r with the rational number 1/2; for this, the programmer in 
harge mustwrite
rational r; // default -initialization of r

r.n = 1; // assignment to data member

r.d = 2; // assignment to data memberThe de
laration rational r default-initializes r, but the a
tual value of r must be pro-vided through two assignments later. RAT tell you that they would prefer to initialize rfrom the numerator and denominator in one go, and you realize that they have a point
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t is larger (
onsider theexample of rational_vector_3 on page 249), the problem is ampli�ed.
Issue 2: Invariants cannot be guaranteed. Every legal value of the type rational musthave a nonzero denominator. You have stipulated this as an invariant in Program 35,but there is no way of enfor
ing this invariant. It is possible for anyone to write
rational r;

r.n = 1;

r.d = 0;and thus violate the integrity of the type, the 
orre
tness of the internal representation.You might argue that it would be quite stupid to write r.d = 0, and even the pro-grammer at RAT 
an't be that stupid. But in RAT's appli
ation, the values of rationalnumbers arise from 
ompli
ated 
omputations somewhere else in the program; these
omputations may result in a zero denominator simply by mistake, and in allowing value
0 to be assigned to r.d, the mistake further propagates instead of being withdrawn from
ir
ulation (again, you get to handle the bug reports).You think about how both issues 
ould be addressed in the next release of the rationalnumbers library, and you 
ome up with the following solution: As another pie
e offun
tionality on the type rational, you de�ne a fun
tion that 
reates a value of type
rational from two values of type int. (We have proposed su
h a solution already inExer
ise 128 in 
onne
tion with nested stru
ts).
// PRE: d != 0

// POST: return value is n/d

rational create_rational (const int n, const int d) {

assert (d != 0);

rational result;

result.n = n;

result.d = d;

return result;

}You then advise RAT to use this fun
tion whenever they want to initialize or assign toa rational number. For example,
rational r = create_rational (1, 2);would initialize r with 1/2 in one go, and at the same time make sure that the denomi-nator is nonzero.Su
h a 
reation fun
tion 
ertainly makes sense for stru
ts in general, but the two issuesabove don't really go away. The reason is that this safe 
reation 
an be 
ir
umvented bynot using it. In fa
t, your advi
e might not have rea
hed the programmer at RAT, andeven if it did, the programmer might be too lazy to follow it. It is therefore still possible
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t a mu
h larger problem, as you dis
over next.
Issue 3: The internal representation cannot be changed. After having used the rationalnumbers library for some time, RAT approa
hes you with a request for a version with alarger value range, sin
e they have observed that intermediate values sometimes over
ow.You re
all the type extended_int from Page 249 and realize that one thing you 
ouldeasily do is to 
hange the type of numerator and denominator from int to unsigned intand store the sign of the rational number separately as a data member of type bool. forexample like this:
struct rational {

unsigned int n; // absolute value of numerator

unsigned int d; // absolute value of denominator

bool is_negative; // sign of the rational number

};It is also not too hard to rewrite the library �les rational.h and rational.cpp to re
e
tthis 
hange in representation.But shortly after you have shipped the new version of your library to RAT (you haveeven in
luded the safe 
reation fun
tion create_rational from above in the hope toresolve issues 1 and 2 above), you re
eive an angry phone 
all from the management ofRAT: the programmer reports that although the appli
ation 
ode still 
ompiles with thenew version of the library, nothing works anymore!After taking a qui
k look at the appli
ation 
ode, you suddenly realize what theproblem is: the 
ode is 
luttered up with expressions of the form expr.n and expr.d, asin
rational r;

r.n = 1;

r.d = 2;Already this parti
ular pie
e of 
ode does not work anymore: a rational number is nowrepresented by three data members, but the (old) appli
ation 
ode obviously does notinitialize the (new) member of type bool. Now you regret not to have provided the
create_rational fun
tion in the �rst pla
e; indeed, the statement
rational r = create_rational (1, 2);would still work, assuming that you have 
orre
tly adapted the de�nition of the fun
tion
create_rational to deal with the new representation. But the problem is mu
h morefar-rea
hing and manifests itself in ea
h and every o

urren
e of expr.n or expr.d in theappli
ation 
ode, sin
e the data members have 
hanged their meaning (they might evenhave 
hanged their names): in letting RAT a

ess numerator and denominator throughdata members that are spe
i�
 to a 
ertain representation, you are now 
ommitted to thatrepresentation, and you 
an't 
hange it without asking RAT to 
hange its appli
ation
ode as well (whi
h they will refuse, of 
ourse).
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ontra
t with you. Disappointed asyou are, you still realize that what you need to avoid su
h troubles in the future is en
ap-sulation : a me
hanism that hides the a
tual representation of the type rational fromthe 
ustomer, and at the same time o�ers the 
ustomer representation-independentways of working with rational numbers.In C++, en
apsulation is available through the use of 
lasses, and we start by ex-plaining how to hide the representation of a type from the 
ustomer. In the following,the term \
ustomer" is used in a broader sense for all programs that use the 
lass.
4.3.2 Public and privateHere is a preliminary class version of struct rational that takes 
are of data hiding.
class rational {

private:

int n;

int d; // INV: d!= 0

}; In the same way as a struct, a class aggregates several di�erent types into anew type, but the class keyword indi
ates that a

ess restri
tion may o

ur, real-ized through the keywords public and private.A data member is publi
 if and only if its de
laration appears somewhere after a
public: spe
i�er, and with no private: spe
i�er in between. It is private otherwise.In parti
ular, if the 
lass de�nition (see Se
tion 4.3.9 below for the pre
ise meaning ofthis term) 
ontains no public: spe
i�er, all data members are private by default. In
ontrast, a stru
t is a 
lass where all data members are publi
 by default.If a data member is private, it 
annot be a

essed by 
ustomers through the membera

ess operator. If a data member is publi
, there are no su
h restri
tions. Under ourabove de�nition of class rational, the following will therefore not 
ompile:
rational r;

r.n = 1; // error: n is private

r.d = 2; // error: d is private

int i = r.n; // error: n is privateIn parti
ular, the assignment r.d = 0 be
omes impossible (whi
h is good), but at a (too)high pri
e: now your 
ustomer 
annot do anything with a rational number, and even you
annot implement operator+=, say, as you used to do it in Program 35. What we arestill la
king is some way of a

essing the en
apsulated representation. This fun
tionalityis provided by a se
ond 
ategory of 
lass members, namely member fun
tions.
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4.3.3 Member functionsLet us now add the missing fun
tionality to class rational through member fun
tions.It would seem natural to start with safe 
reation, but sin
e there are spe
i�
 memberfun
tions reserved for this purpose, let us �rst show two \general" member fun
tionsthat grant safe a

ess to the numerator and denominator of a rational number (we'lldis
uss below what *this and const mean here; and if you wonder why we 
an use
n and d before they are de
lared: this is a spe
ial feature of 
lass s
ope, explained inSe
tion 4.3.9).
class rational {

public:

// POST: return value is the numerator of *this

int numerator () const

{

return n;

}

// POST: return value is the denominator of *this

int denominator () const

{

return d;

}

private:

int n;

int d; // INV: d!= 0

}; If r is a variable of type rational, for example, the 
ustomer 
an then write
int n = r.numerator(); // get numerator of r

int d = r.denominator(); // get denominator of rusing the member a

ess operator as for data members. The 
ustomer 
an 
all these twofun
tions, sin
e they are de
lared public. A

ess spe
i�ers have the same meaning formember fun
tions as for data members: a private member fun
tion 
annot be 
alled bythe 
ustomer. This kind of a

ess to the representation is 
exible, sin
e the 
orrespondingmember fun
tions 
an easily be adapted to a new representation; it is also safe, sin
e it isnot possible to 
hange the values of the data members through the fun
tions numeratorand denominator. As a general rule of thumb, all data members of a 
lass should beprivate (otherwise, you en
ourage the 
ustomer to a

ess the data members, with theugly 
onsequen
es mentioned in Issue 3 above).
The implicit call argument and *this. In order to 
all a member fun
tion, we need an expres-sion of the 
lass type for whi
h we a

ess the fun
tion, and this expression (appearingbefore the .) is an impli
it 
all argument whose value may or may not be modi�ed bythe fun
tion 
all.
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h member fun
tion, the lvalue *this refers to this impli
it 
all argumentand explains the appearan
e of *this in the post
onditions of the two member fun
tionsabove. It does not explain why an asterisk appears in *this, but we will get to thislater.
Const member functions. A const keyword after the formal argument list of a memberfun
tion refers to the impli
it argument *this and therefore promises that the memberfun
tion 
all does not 
hange the value (represented by the values of the data members)of *this. We 
all su
h a member fun
tion a 
onst member fun
tion.
Member function call. The general syntax of a member fun
tion 
all isexpr.fname ( expr1, ..., exprN )Here, expr is an expression of a 
lass type for whi
h a member fun
tion 
alled fname isde
lared, expr1,. . . , exprN are the 
all arguments, and . is the member a

ess operator.In most 
ases, expr is an lvalue of the 
lass type, typi
ally a variable.
Access to members within member functions. Within the body of a member fun
tion f of a
lass, any member (data member of member fun
tion) of the same 
lass 
an be a

essedwithout a pre�x expr.; in this 
ase, we impli
itly a

ess it for *this. In our example,the expression n in the return statement of the member fun
tion numerator refers tothe data member n of *this. The 
all r.numerator() therefore does what we expe
t: itreturns the numerator of the rational number r.Within member fun
tions, we 
an also a

ess members for other expressions of thesame 
lass type through the member a

ess operator (like a 
ustomer would do it). Alla

esses to 
lass members within member fun
tions of the same 
lass are unrestri
ted,regardless of whether the member in question is publi
 or private. The public: and
private: spe
i�ers are only relevant for the 
ustomer, but not for member fun
tions ofthe 
lass itself.Member fun
tions are sometimes also referred to as methods of the 
lass.
Member functions and modularization. In the spirit of Se
tion 3.1.8, it would be useful tosour
e out the member fun
tion de�nitions, in order to allow separate 
ompilation. Thisworks like for ordinary fun
tions, ex
ept that in a member fun
tion de�nition outsideof the 
lass de�nition, the fun
tion name must be quali�ed with the 
lass name. Inthe header �le rational.h we would then write only the de
larations (as usual withinnamespa
e ifm):
class rational {

public:

// POST: return value is the numerator of *this

int numerator () const;
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// POST: return value is the denominator of *this

int denominator () const;

private:

int n;

int d; // INV: d!= 0

};The mat
hing de�nitions would then appear in the sour
e 
ode �le rational.cpp (againwithin namespa
e ifm, and after in
luding rational.h) as follows.
int rational ::numerator () const

{

return n;

}

int rational :: denominator () const

{

return d;

}

4.3.4 ConstructorsA 
onstru
tor is a spe
ial member fun
tion that provides safe initialization of 
lass values.The name of a 
onstru
tor 
oin
ides with the name of the 
lass, and|this distinguishes
onstru
tors from other fun
tions|it does not have a return type, and 
onsequently noreturn value. A 
lass usually has several 
onstru
tors, and the 
ompiler �gures out whi
hone is meant in a given 
ontext (using the rules of overloading resolution, see the Detailsof Se
tion 4.1).The syntax of a 
onstru
tor de�nition for a 
lass T is as follows.T (T1 pname1, T2 pname2, ..., TN pnameN): name1 (expr1), ..., nameM (exprM)blo
kHere, pname1,. . . , pnameN are the formal arguments of the 
onstru
tor. In the initial-izer: name1 (expr1), ..., nameM (exprM)name1,. . . , nameM are data members, and expr1,. . . ,exprM are expressions of typeswhose values 
an be 
onverted to the respe
tive data member types. These values areused to initialize the data members, before blo
k is exe
uted, and in the order in whi
hthe members are de
lared in the 
lass. In other words, the order in the initializer isignored, but it is good pra
ti
e to use the de
laration order here as well. If a datamember is not listed in the initializer, it is default-initialized. In the 
onstru
tor bodyblo
k, we 
an still set or 
hange the values of some of the data members.
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onstru
tor that initializes a rational number fromtwo integers.
// PRE: d != 0

// POST: *this is initialized with numerator / denominator

rational (const int numerator , const int denominator)

: n (numerator), d (denominator)

{

assert (d != 0);

}To use this 
onstru
tor in a variable de
laration, we would for example write
rational r (1,2); // initializes r with value 1/2In general, the de
larationT x ( expr1, ..., exprN )de�nes a variable x of type T and at the same time initializes it by 
alling the appropriate
onstru
tor with 
all arguments expr1,. . . , exprN.The 
onstru
tor 
an also be 
alled expli
itly as in
rational r = rational (1, 2);This initializes r not dire
tly from two integers, but from an expression of type rationalthat is 
onstru
ted by the expli
it 
onstru
tor 
all rational(1,2) (whi
h is of type
rational).
4.3.5 Default constructorIn Se
tion 4.1.4, we have introdu
ed the term default-initialization for the kind ofinitialization that takes pla
e in de
larations like
rational r;For fundamental types, default-initialization leaves the value in question unde�ned, butfor 
lass types, the default 
onstru
tor is automati
ally 
alled to initialize the value. Ifpresent, the default 
onstru
tor is the unique 
onstru
tor with an empty formal argumentlist.By providing a default 
onstru
tor, we 
an thus make sure that 
lass type valuesare always properly initialized. In 
ase of the 
lass rational (or any arithmeti
 type),default-initialization with value 0 seems to be the 
anoni
al 
hoi
e, and here is the
orresponding default 
onstru
tor.
// POST: *this is initialized with 0

rational ()

: n (0), d (1)

{}
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t, we must provide a default 
onstru
tor if we want the 
ompiler to a

ept thede
laration rational r. This makes 
lass types safer than fundamental types, sin
e itis not possible to 
ir
umvent a 
onstru
tor 
all in de
laring a variable.The 
areful reader will noti
e that there must be an ex
eption to this rule: Program 33in Se
tion 4.1 
ontains the de
laration statement rational r; although in that program,the type rational is a stru
t without any 
onstru
tors. This is in fa
t the only ex
eption:for a 
lass without any 
onstru
tors, the default 
onstru
tor is impli
itly provided bythe 
ompiler, and it simply default-initializes the data members; if a data member isof 
lass type, this in turn 
alls the default 
onstru
tor of the 
orresponding 
lass. Thisex
eption has been made so that stru
ts (whi
h C++ has inherited from its pre
ursorC) �t into the 
lass 
on
ept of C++.
4.3.6 User-defined conversionsConstru
tors with one argument play a spe
ial role: they are user-de�ned 
onversions.For the 
lass rational, the 
onstru
tor
// POST: *this is initialized with value i

rational (const int i)

: n (i), d (1)

{}is a user-de�ned 
onversion from int to rational. Under this 
onstru
tor, int be
omesa \type whose values 
an be 
onverted to rational". This for example means thatwe 
an provide a 
all argument of type int whenever a formal fun
tion argument oftype rational is expe
ted; in the impli
it 
onversion that takes pla
e, the 
onverting
onstru
tor is 
alled. With user-de�ned 
onversions, we go beyond the set of standard
onversions that are built-in (like the one from int to double), but in 
ontrast to the(sometimes in
omplete) standard 
onversion rules stipulated by the C++ standard, wemake the rules ourselves.There are meaningful user-de�ned 
onversions that 
an't be realized by 
onstru
-tors. For example, if we want a 
onversion from rational to double, we 
an't add a
orresponding 
onstru
tor to the type double, sin
e double is not a 
lass type. Even
onversions to some 
lass type T might not be possible in this way: if T is not \our"type (but 
omes from a library, say), we 
annot simply add a 
onstru
tor to T. In su
hsituations, we simply tell our type how its values should be 
onverted to the target type.The 
onversion from rational to double, for example, 
ould be done through a memberfun
tion named operator double like this.
// POST: return value is double -approximation of *this

operator double () const

{

return double(n)/d;

}
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tion operator S has impli
it return type S and indu
esa user-de�ned 
onversion to the type S that is automati
ally invoked whenever this isne
essary.
4.3.7 Member operatorsAll fun
tionality of rational numbers that we have previously provided through \global"fun
tions (operator+, operator+=,. . . ) must now be re
onsidered, sin
e dire
tly a

ess-ing the data members is no longer possible. For example, operator+= as in Program 35needs to 
hange the value of a rational number, but there there is no spe
i�
 memberfun
tion that allows us to do this.The way to go is to realize operator+ as a publi
 member fun
tion (a memberoperator), having only one formal argument (for b), and *this taking the role of a.This looks as follows.
// POST: b has been added to *this; return value is

// the new value of *this

rational & operator += (const rational & b)

{

n = n * b.d + d * b.n;

d *= b.d;

return *this;

}Within this member fun
tion, there is no problem in a

essing the data members di-re
tly, sin
e the a

ess restri
tions do not apply to member fun
tions. This version of
operator+= is as eÆ
ient as the one previously used for struct rational.
Prefer nonmember operators over member operators. You might argue that even operator+should be
ome a member fun
tion of class rational, and indeed, this would probablyallow a slightly more eÆ
ient implementation (without 
alling operator+=). There isone important reason to keep this operator global, though, and this has to do withuser-de�ned 
onversions.Having the 
onversion from int to rational that we get through the 
onstru
tor
// POST: *this is initialized with value i

rational (int i);we 
an for example write expressions like r + 2 or 2 + r, where r is of type rational.In 
ompiling this, the 
ompiler automati
ally inserts a 
onverting 
onstru
tor 
all. Now,having operator+ as a member would remove the se
ond possibility of writing 2 + r.Why? Let's �rst see what happens when r + 2 is 
ompiled. If operator+ is a memberfun
tion, then r + 2 \means"
r.operator + (2)
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ompiling this, the 
ompiler inserts the 
onversion from the 
all argument type intto the formal argument type rational of operator+, and everything works as expe
ted.
2 + r, however, would mean
2. operator + (r)whi
h makes no sense whatsoever. If we write a binary operator as a member fun
tion,then the �rst 
all argument must be of the respe
tive 
lass type. Impli
it 
onversionsdo not work here: they only adapt 
all arguments to formal argument types of 
on
retefun
tions, but they 
annot be expe
ted to \�nd" the 
lass whose operator+ has to beapplied.
4.3.8 Nested typesThere is a third 
ategory of 
lass members, and these are nested types. To motivatethese, let us 
ome ba
k to Issue 3 above, the one 
on
erning the internal representationof rational numbers. If you think about 
onsequently hiding the representation of arational number from the 
ustomer, then you probably also want to hide the numeratorand denominator type. As indi
ated in the example, these types might internally 
hange,but in the member fun
tions numerator and denominator, you still promise to return
int-values.A better solution would be to promise only a type with 
ertain properties, by sayingfor example that the fun
tions numerator and denominator return an integral type(Se
tion 2.2.9). Then you 
an internally 
hange from one integral type to a di�erent onewithout annoying the 
ustomer. Te
hni
ally, this 
an be done as follows.
class rational {

public:

// nested type for numerator and denominator

typedef int rat_int;

...

// realize all functionality in terms of rat_int

// instead of int , e.g.

rational (rat_int numerator , rat_int denominator); // constructor

rat_int numerator() const; // numerator

...

private:

rat_int n;

rat_int d; // INV: d!= 0

};In 
ustomer 
ode, this 
an be used for example like this.
typedef rational ::rat_int rat_int;

rational r (1,2);

rat_int numerator = r.numerator(); // 1

rat_int denominator = r.denominator(); // 2
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onvertible to it. Ifyou have set up everything 
leanly, you 
an now for example repla
e the line
typedef int rat_int;by the lines
typedef ifm:: integer rat_int;and thus immediately get exa
t rational numbers without any over
ow issues; see alsoExer
ise 144.

Typedef declarations. A typedef de
laration introdu
es a new name for an existing typeinto its s
ope. It does not introdu
e a new type. In fa
t, the new name 
an be usedsynonymously with the old name in all 
ontexts. In the above 
ode, we see this twi
e:within the 
lass rational, the typedef de
laration introdu
es a nested type rat_int, anew name for the type int. In the 
ustomer 
ode, the 
lass's nested type (that 
an bea

essed using the s
ope operator, if the nested type de
laration is publi
) re
eives a new(shorter) name.In real-life C++ 
ode, there are nested types of nested types of nested types,. . . , andtypenames tend to get very long due to this. The typedef me
hanism allows us to keepour 
ode readable.
4.3.9 Class definitionsWe now have seen the major ingredients of a 
lass. Formally, a 
lass de�nition has theform
class T f
lass−element ... 
lass−elementg;where T is an identi�er. The sequen
e of 
lass-element's may be empty. Ea
h 
lass-element is an a

ess spe
i�er (public: or private:), or a member de
laration. Amember de
laration is a de
laration statement that typi
ally de
lares a member fun
tion,a data member, or a nested type. Colle
tively, these are 
alled members of the 
lass,and their names must be identi�ers. A 
lass de�nition introdu
es a new type, and thistype is 
alled a 
lass type, as opposed to a fundamental type.A member fun
tion de�nition is a de
laration as well, but if the 
lass de�nition doesnot 
ontain the de�nition of a member fun
tion, this fun
tion must have a mat
hingde�nition somewhere else (see Se
tion 4.3.3). All member fun
tion de�nitions togetherform the 
lass implementation.
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Class Scope. Any member de
laration of a 
lass is said to have 
lass s
ope. Its de
lar-ative region is the 
lass de�nition. Class s
ope di�ers from lo
al s
ope (Se
tion 2.4.3)in one aspe
t. The potential s
ope of a member de
laration is not only the part of the
lass de�nition \below" the de
laration, but it spans the whole 
lass de�nition, and theformal argument lists and bodies of all member fun
tion de�nitions. In short, a 
lassmember 
an be used \everywhere" in the 
lass.If two 
lass de�nitions form disjoint de
larative regions, there is no problem in usingthe same name for members of both 
lasses.
4.3.10 Random numbersWe now have all the means to put together a 
omplete and useful implementation of thetype rational as a 
lass in C++; but sin
e we have already seen most of the ne
essary
ode in Se
tion 4.1 and in this se
tion, we leave this as Exer
ise 144 and 
ontinue herewith a fresh 
lass that has a little more entertainment in store.Playing games on the 
omputer would be pretty boring without some unpredi
tabil-ity: a 
hess program should not always 
ome up with the same old moves in rea
tion toyour same old moves, and in an a
tion game, the enemies should not always pop up atthe same time and lo
ation. In order to a
hieve unpredi
tability, the program typi
allyuses a random number generator. This term is misleading, though, sin
e the numbersare in reality generated a

ording to some �xed rule, in su
h a way that they appear tobe random. But for many purposes (in
luding games), this is 
ompletely suÆ
ient, andwe 
all su
h numbers pseudorandom.
Linear congruential generators. A simple and widely-used te
hnique of getting a sequen
eof pseudorandom numbers is the linear 
ongruential method. Given amultiplier a 2 N,an o�set c 2 N, a modulus m 2 N and a seed x0 2 N, let us 
onsider the sequen
e
x1, x2, . . . of natural numbers de�ned by the rule

xi = (axi−1 + c)modm, i > 0.A small example is the pseudorandom number generator knuth8, de�ned by the followingparameters.
a = 137, c = 187, m = 28 = 256, x0 = 0.The sequen
e x1, x2, . . . of numbers that we get from this is

187, 206, 249, 252, 151, 138, 149, 120, 243, 198, 177, 116, 207, 130, 77,
240, 43, 190, 105, 236, 7, 122, 5, 104, 99, 182, 33, 100, 63, 114, 189, 224, 155,
174, 217, 220, 119, 106, 117, 88, 211, 166, 145, 84, 175, 98, 45, 208, 11, 158,
73, 204, 231, 90, 229, 72, 67, 150, 1, 68, 31, 82, 157, 192, 123, 142, 185, 188,
87, 74, 85, 56, 179, 134, 113, 52, 143, 66, 13, 176, 235, 126, 41, 172, 199, 58,
197, 40, 35, 118, 225, 36, 255, 50, 125, 160, 91, 110, 153, 156, 55, 42, 53, 24,
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147, 102, 81, 20, 111, 34, 237, 144, 203, 94, 9, 140, 167, 26, 165, 8, 3, 86, 193,
4, 223, 18, 93, 128, 59, 78, 121, 124, 23, 10, 21, 248, 115, 70, 49, 244, 79, 2,
205, 112, 171, 62, 233, 108, 135, 250, 133, 232, 227, 54, 161, 228, 191, 242, 61,
96, 27, 46, 89, 92, 247, 234, 245, 216, 83, 38, 17, 212, 47, 226, 173, 80, 139,
30, 201, 76, 103, 218, 101, 200, 195, 22, 129, 196, 159, 210, 29, 64, 251, 14,
57, 60, 215, 202, 213, 184, 51, 6, 241, 180, 15, 194, 141, 48, 107, 254, 169, 44,
71, 186, 69, 168, 163, 246, 97, 164, 127, 178, 253, 32, 219, 238, 25, 28, 183,
170, 181, 152, 19, 230, 209, 148, 239, 162, 109, 16, 75, 222, 137, 12, 39, 154,
37, 136, 131, 214, 65, 132, 95, 146, 221, 0, 187, . . .From here on, the sequen
e repeats itself (in general, the period 
an never be longerthan m). But until this point, it appears to be pretty random (although a 
loser lookreveals that it is not random at all; do you dis
over a striking sign of nonrandomness?).In order to make the magnitude of the random numbers independent from the mod-ulus, it is 
ommon pra
ti
e to normalize the numbers so that they are real numbers inthe interval [0, 1).Program 36 below 
ontains the de�nition of a 
lass random in namespa
e ifm for gen-erating normalized pseudorandom numbers a

ording to the linear 
ongruential method.There is a 
onstru
tor that allows the 
ustomer to provide the parameters a, c, m, x0,and a member fun
tion operator() to get the respe
tive next element in the sequen
eof the xi.1 XSym2 00433 d3fc0c93ee67314d959391d4a93e1a824 ../ libraries/librandom/include/IFM/random.h

Program 36: progs/le
ture/random.hThe fun
tion operator() has no arguments in our 
ase (that's why its de
laration is
operator()(), whi
h admittedly looks a bit funny), and it overloads the fun
tion 
alloperator, see Table 9 in the Appendix. In general, if expr is an expression of some 
lasstype whi
h has the member fun
tion
operator()(T1 name1,..., TN nameN)then expr 
an be used like a fun
tion: the expressionexpr (expr1,..., exprN)is equivalent to a 
all of the member fun
tion operator() with arguments expr1,. . . ,exprNfor the expression expr. We will see su
h 
alls in Program 39 and Program 40 below.Here is the implementation of the 
lass random in whi
h we see how operator()updates the value of the data member x_i to be the respe
tive next element in thesequen
e of the xi.



292 CHAPTER 4. COMPOUND TYPES1 XSym2 00373 fbfaaf2b99f7c006131c1dd104b0d8464 ../ libraries/librandom/lib/random.cpp

Program 37: progs/le
ture/random.
ppMany 
ommonly used random number generators are obtained in exa
tly this way.For example, the well-known generator drand48 returns pseudorandom numbers in [0, 1)a

ording to the parameters
a = 25214903917, c = 11, m = 248,and a seed 
hosen by the 
ustomer. Assuming that the value range of unsigned intis {0, . . . , 232 − 1}, we 
an't realize this generator using our 
lass random. Doing all the
omputations over the type double and simulating the modulo operator in a suitableway is the way to go here. It is 
lear that we need a large modulus to obtain a usefulgenerator, sin
e m is an upper bound for the number of di�erent numbers that we 
anpossibly get from the generator. This means that knuth8 from above is rather a toygenerator.

The game of choosing numbers. Here is a game that you 
ould play with your friend whilewaiting for a delayed train. Ea
h of you independently writes down an integer between
1 and 6. Then the numbers are 
ompared. If they are equal, the game is a draw. If thenumbers di�er by one, the player with the smaller number gets CHF 2 from the one withthe larger number. If the two numbers di�er by two or more, the player with the largernumber gets CHF 1 from the one with the smaller number. You 
an repeat this untilthe train arrives (or until one of you runs out of 
ash, and hopefully it's your friend).If you think about how to play this game, it's not obvious what to do. One thingis obvious, though: you should not write down the same number in every round, sin
ethen your friend qui
kly learns to exploit this by writing down a number that beats yournumber (by design of the game, this is always possible).You should therefore add some unpredi
tability to your 
hoi
es. You 
ould, forexample, se
retly roll a di
e in every round and write down the number that it shows.But Exer
ise 149 reveals that your friend 
an exploit this as well.You must somehow �netune your random 
hoi
es, but how? In order to experimentwith di�erent distributions, you de
ide to de�ne and implement a 
lass loaded_dicethat rolls the di
e in su
h a way that the probability for number i to 
ome up is equalto a prespe
i�ed value pi (a fair di
e has pi = 1/6 for all i 2 {1, . . . , 6}). Then you
ould let di�erent loaded di
es play against ea
h other, and in this way dis
over suit-able probabilities to use against your friend (who is by the way not studying 
omputers
ien
e).Program 38 shows a suitable 
lass de�nition (that in turn relies on the 
lass randomfrom above, with the normalization to the interval [0, 1)). We will get to the 
lass



4.3. CLASSES 293implementation (and the meaning of the data members) in Program 39 below.1 XSym2 00483 86 df79c8550915c1b25b35a6710761ae4 ../ libraries/librandom/include/IFM/loaded_dice.h

Program 38: progs/le
ture/loaded di
e.hTo initialize the loaded di
e, we have to provide the probabilities p1, . . . , p5 (p6 =

1 −
∑5

i=1 pi), and the random number generator that is being used to a
tually roll thedi
e. Again, we overload operator() to realize the fun
tionality of rolling the di
e on
e.How do we implement this fun
tionality? We partition the interval [0, 1) into 6 right-openintervals, where interval i has length pi:
0 1

p1 p2 p3 p4 p5 p6

p1 + p2 + p3p1 + p2 xThen we draw a number x at random from [0, 1), using our generator. If the numberthat we get were truly random, then it would end up in interval i with probability exa
tly
pi. Under the assumption that our pseudorandom numbers behave like random numbersin a suitable way, we therefore de
lare i as the out
ome of rolling the di
e if and only if
x ends up in interval i. This is the 
ase if and only if

p1 + . . . + pi−1 � x < p1 + . . . + pi.This explains the data members p_upto_1,. . . , p_upto_5 (we don't need p_upto_0(= 0) and p_upto_6 (= 1)). The 
onstru
tor in Program 39 simply sets these membersfrom the data provided, and the implementation of operator() uses them in exa
tly theway that was envisioned by the previous equation.1 XSym2 00423 5c527f4b9a90d808ab6874c5adc555514 ../ libraries/librandom/lib/loaded_dice.cpp

Program 39: progs/le
ture/loaded di
e.
ppNow you 
an 
ompare two di�erent loaded di
es to �nd out whi
h one is better in thegame of 
hoosing numbers. Program 40 does this, assuming that you are using a loadeddi
e that prefers larger numbers, and your friend uses a loaded di
e that stays more inthe middle. It turns out that in this setting, you win in the long run, but not by mu
h(CHF 0.12 on average per round). Exer
ise 150 
hallenges you to �nd the best loadeddi
e that you 
ould possibly use in this game.



294 CHAPTER 4. COMPOUND TYPES1 // Prog: choosing_numbers.cpp2 // let your loaded dice play against your friend’s dice3 // in the game of choosing numbers.45 #include <iostream >6 #include <IFM/loaded_dice.h>78 // POST: return value is the payoff to you (possibly negative ),9 // given the numbers of you and your friend10 int your_payoff (const unsigned int you , const unsigned int your_friend)11 {12 if (you == your_friend) return 0; // draw13 if (you < your_friend) {14 if (you + 1 == your_friend) return 2; // you win 215 return -1; // you lose 116 } // now we have your_friend < you17 if (your_friend + 1 == you) return -2; // you lose 218 return 1; // you win 119 }2021 int main() {22 // the random number generator; let us use the generator23 // ANSIC instead of the toy generator knuth8; m = 2^31;24 ifm::random ansic (1103515245u, 12345u, 2147483648u, 12345u);2526 // your strategy may be to prefer larger numbers and use27 // the distribution (1/21, 2/21, 3/21, 4/21, 5/21, 6/21)28 const double p = 1.0/21.0;29 ifm:: loaded_dice you (p, 2*p, 3*p, 4*p, 5*p, ansic);3031 // your friend’s strategy may be to stay more in the middle32 // and use the distribution (1/12, 2/12, 3/12, 3/12, 2/12, 1/12)33 const double q = 1.0/12.0;34 ifm:: loaded_dice your_friend (q, 2*q, 3*q, 3*q, 2*q, ansic);3536 // now simulate 1 million rounds (the train may be very late...)37 int your_total_payoff = 0;38 for (unsigned int round = 0; round < 1000000; round++) {39 your_total_payoff += your_payoff (you(), your_friend());40 }4142 // output the result:43 std::cout << "Your total payoff is "44 << your_total_payoff << "\n";45
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Program 40: progs/le
ture/
hoosing numbers.
pp
4.3.11 Details

Friend functions. Sometimes, we want to grant nonmember fun
tions a

ess to the inter-nal representation of a 
lass. Typi
al fun
tions for whi
h this makes sense are the in- andoutput operators operator<< and operator>>. Indeed, writing out or reading into theinternal representation often requires some knowledge of this representation that goesbeyond what other fun
tions need.We 
annot reasonably write operator<< and operator>> as members (why not?), butwe 
an make these fun
tions friends of the 
lass. As a friend, a fun
tion has unrestri
teda

ess to the private 
lass members. It is 
lear that the 
lass must de
lare a fun
tion tobe its friend, and not the other way around, sin
e it's the 
lass that has to prote
t itspriva
y, and not the fun
tion. Formally, a friend de
laration is a member de
larationof the form
friend fun
tion−de
laration;This de
laration makes the respe
tive fun
tion a friend of the 
lass and grants a

ess toall data members, whether they are publi
 or private. For the 
lass rational, we 
ouldrewrite the private se
tion as follows to de
lare in- and output operators to be friendsof the 
lass.
class rational {

private:

friend std::ostream& operator << (std::ostream& o, const rational & r);

friend std::istream& operator >> (std::istream& i, rational& r);

int n;

int d; // INV: d!= 0

}; In the de�nition of these operators, we 
an then a

ess the numerator and denomina-tor through .n and .d as we used to do it in Se
tion 4.2.5. If possible, friend de
larationsshould be avoided, sin
e they 
ompromise en
apsulation; but sometimes, they are usefulin order to save unne
essary member fun
tions.
4.3.12 Goals

Dispositional. At this point, you should . . .1) be able to explain the purpose of a 
lass in C++;
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ti
al and semanti
al terms asso
iated with C++ 
lasses,in parti
ular a

ess spe
i�ers, member fun
tions, and 
onstru
tors ;3) understand the 
lasses ifm::random and ifm::loaded_dice in detail.
Operational. In parti
ular, you should be able to . . .(G1) �nd synta
ti
al and semanti
al errors in a given 
lass de�nition and implementa-tion;(G2) des
ribe value range and fun
tionality of a type given by a 
lass de�nition;(G3) add fun
tionality to a given 
lass through member fun
tions;(G4) write simple 
lasses on your own;(G5) work with and argue about pseudorandom numbers.
4.3.13 Exercises

Exercise 144 Provide a full implementation of rational numbers as a 
lass type, andtest it. The type should o�er all arithmeti
 operators (in
luding in- and de
re-ment, and the arithmeti
 assignments), relational operators, as well as in- andoutput and user-de�ned 
onversions (from int and to double). As an invariant, itshould hold that the internal representation is normalized (see also Exer
ise 139).For all the fun
tionality you provide, de
ide whether it should be realized by mem-ber fun
tions, or by nonmember fun
tions. The 
lass should also have a nestednumerator and denominator type to a
hieve more 
exibility, and there should be a
onversion fun
tion from values of this type. Test this 
lass with internal integraltype ifm::integer! (G3)(G4)
Exercise 145 Rewrite the stru
t Tribool that you have developed in Exer
ise 129 intoa 
lass, bya) making the data members private,b) adding 
orresponding a

ess fun
tions,
) adding an a

ess fun
tion is_bool() const that returns true if and only if thevalue is not unknown, andd) adding user-de�ned 
onversions from and to the type bool. (G4)
Exercise 146
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onst-
orre
tness in the following program.Fix them and des
ribe the fun
tionality of the type Clock, by providing pre-andpost
onditions for the member fun
tions. (G1)(G2)1 #include <iostream >23 class Clock {4 Clock(unsigned int h, unsigned int m, unsigned int s);5 void tick ();6 void time(unsigned int h, unsigned int m,7 unsigned int s);8 private :9 unsigned int h_;10 unsigned int m_;11 unsigned int s_;12 };1314 Clock :: Clock(unsigned int& h,15 unsigned int& m,16 unsigned int& s)17 : h_(h), m_(m), s_(s)18 {}1920 void Clock :: tick()21 {22 h_ += (m_ += (s_ += 1) / 60) / 60;23 h_ %= 24; m_ %= 60; s_ %= 60;24 }2526 void Clock :: time(unsigned int & h,27 unsigned int & m,28 unsigned int & s)29 {30 h = h_;31 m = m_;32 s = s_;33 }3435 int main () {36 Clock c1 (23, 59, 58);37 tick ();3839 unsigned int h;40 unsigned int m;41 unsigned int s;42 time(h, m, s);4344 std ::cout << h << ":" << m << ":" << s << "\n";4546 return 0;47 }b) Implement an output operator for the 
lass Clock. (G3)
Exercise 147 Write a program random_triangle.cpp to simulate the following randompro
ess graphi
ally. Consider a �xed triangle t and 
hoose an arbitrary vertex of tas a starting point. In ea
h step, 
hoose as a next point the midpoint between the
urrent point and a (uniformly) randomly sele
ted vertex of t.The simulation at ea
h step draws the 
urrent point into a Window. Use the
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t ifm::wio de�ned in <IFM/window> for graphi
al output, and 
hoosethe triangle with verti
es (0, 0), (512, 0), and (256, 512). Use the random numbergenerator ansic from Program 40. At begin, the program should read in a seed forthe random number generator and the number of simulation steps to perform. Fortesting purposes, let the simulation run for about 100,000 steps. (G5)
Exercise 148 Consider the generator ansic used in Program 40. Sin
e the modulusis m = 231, the internal 
omputations of the generator will 
ertainly over
ow if32 bits are used to represent unsigned int values. Despite this, the sequen
e ofpseudorandom numbers 
omputed by the generator is 
orre
t and 
oin
ides with itsmathemati
al de�nition. Explain this! (G5)
Exercise 149 Find a loaded di
e that beats the fair di
e in the game of 
hoosingnumbers. (This is a theory exer
ise.) (G5)
4.3.14 Challenges

Exercise 150 What is the best loaded di
e for playing the game of 
hoosing numbers?Give its distribution! You 
ould try to approximate the distribution experimen-tally, or somehow 
ompute it. (Hint: in order to �nd a suitable theoreti
al model,sear
h for the term \zero-sum games", or dire
tly go to the 
orresponding 
hap-ter in http://www.inf.ethz.ch/personal/gaertner/cv/lecturenotes/ra.pdf. On
eyou have formulated the problem as a zero-sum game, you 
an solve it using forexample the web-interfa
e http://banach.lse.ac.uk/form.html (G5)
Exercise 151 This is about visual 
ryptography. You may know the riddle of the ri
hBedouin on his deathbed who wants to split his 17 
amels among his three sons.Here we 
onsider a modern version of this riddle where a se
ret image should besplit among two people. You 
an for example imagine that the ri
h Bedouin wantsto pass a treasure map to his two sons (these days, even Bedouins have less 
hildrenthan they used to have). Unfortunately, the two sons are at odds with ea
h other,so that the Bedouin 
an't put the map into his testament. He is afraid that the sonwho �nds the testament �rst keeps the treasure for himself.But the 
lever Bedouin �nds a way of \splitting" the treasure map in su
h away that the two sons must 
ooperate in order to de
ipher the map and �nd thetreasure. He 
alls his two sons and gives ea
h of them one image, printed on atransparen
y. By themselves, both images look (and really are) absolutely random,and the sons are puzzled. But then the father tells the two that in order to see thetreasure map, they simply have to overlay the two transparen
ies!Now how does this work? We assume for simpli
ity that the image to be split isbla
k and white. The splitting happens pixel by pixel, a

ording to the result (heador tail) of a fair 
oin 
ip. In ea
h of the two transparen
ies, the original pixel isrepla
ed by a \superpixel" of four pixels, a

ording to the s
heme in Figure 25.
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white black

tailhead head tail

gray black

transparency 1

transparency 2
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Figure 25: Visual 
ryptography: one pixel is split into two random \superpixels" offour pixels ea
h, depending on the out
ome of a fair 
oin 
ipIn overlaying the two transparen
ies, we get a bla
k superpixel for every bla
kpixel, and a gray superpixel for every white pixel. Thus, the overlay reveals these
ret image, ex
ept that it now has double size, and white appears as gray.Ea
h transparen
y by itself does not 
ontain any information about the se
retimage. Independently of the 
olor of the original pixel, every superpixel is with thesame probability in one of the two di�erent gray states.Now the 
hallenge: write a program visual_crypto.cpp that splits an image in
XBM format into two images (again in XBM format) a

ording to the s
heme justoutlined. The XBM format is des
ribed in the text of Exer
ise 91 on page 174. Youmay use 
ommand line arguments (see the Details of Se
tion 2.6 to spe
ify thetransparen
y to be generated.Test your program by printing the resulting images on transparen
ies, and thenoverlaying them. If you 
annot print on transparen
ies (or if you feel that you 
an-not a�ord it anymore, after a few dozen failed attempts to �x your buggy program),write a program xbm_merge.cpp that simulates the overlay of two transparen
ies in
XBM format.
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Appendix A

C++ Operators

Description Operator Arity Prec. Assoc.s
ope :: 2 18 rightsubs
ript [] 2 17 leftfun
tion 
all () 2 17 left
onstru
tion type() 1 17 rightmember a

ess . 2 17 leftmember a

ess -> 2 17 leftpost-in
rement ++ 1 17 leftpost-de
rement -- 1 17 leftdynami
 
ast dynamic_cast<> 1 17 rightstati
 
ast static_cast<> 1 17 rightreinterpret 
ast reinterpret_cast<> 1 17 right
onst 
ast const_cast<> 1 17 righttype identi�
ation typeid 1 17 rightpre-in
rement ++ 1 16 rightpre-de
rement -- 1 16 rightdereferen
e * 1 16 rightaddress & 1 16 rightbitwise 
omplement ~ 1 16 rightlogi
al not ! 1 16 rightsign + 1 16 rightsign - 1 16 rightsizeof sizeof 1 16 rightnew new 1 16 rightdelete delete 1 16 right
ast (type) 1 16 rightmember pointer ->* 2 15 leftmember pointer .* 2 15 left. . .301
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ation * 2 14 leftdivision (integer) / 2 14 leftmodulus % 2 14 leftaddition + 2 13 leftsubtra
tion - 2 13 leftoutput/left shift << 2 12 leftinput/right shift >> 2 12 leftless < 2 11 leftgreater > 2 11 leftless equal <= 2 11 leftgreater equal >= 2 11 leftequality == 2 10 leftinequality != 2 10 leftbitwise and & 2 9 leftbitwise xor ^ 2 8 leftbitwise or | 2 7 leftlogi
al and && 2 6 leftlogi
al or || 2 5 leftassignment = 2 4 rightmult assignment *= 2 4 rightdiv assignment /= 2 4 rightmod assignment %= 2 4 rightadd assignment += 2 4 rightsub assignment -= 2 4 rightrshift assignment >>= 2 4 rightlshift assignment <<= 2 4 rightand assignment &= 2 4 rightxor assignment ^= 2 4 rightor assignment |= 2 4 rightsele
tion ? 3 3 rightex
eption throw 1 2 rightsequen
ing , 2 1 left
Table 9: Pre
eden
es and asso
iativities of C++ op-erators.
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ess spe
i�er, 289
onstru
tor, 284de�nition, 289implementation, 289member de
laration, 289member fun
tion, 282member fun
tion 
all, 283member operator, 287method, 283nested type, 288private member, 281publi
 member, 281
lass s
ope, 290
lass type, 289Collatz problem, 89Collatz, Lothar (1910{1990), 100
ommand line argument, 166
ommand shell, 18
omment, 25
ompilation, 16separate, 192
ompiler, 16
omplex number, 275
omplexityof a problem, 219of an algorithm, 219
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omputable fun
tion, 99
omputermain memory, 17memory 
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onstmember fun
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e, 271Const Guideline, 29


onst pointer, 142
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e, 271
onst-
orre
tness, 29
onst-pointer typein fun
tion argument, 191
onst-quali�ed type, 28as formal argument type of fun
tion ,182as return type of fun
tion , 183in fun
tion argument, 191
onstant, 28
onstant expression, 135
onstant pointer, 142
onstru
tor, 284default, 285expli
it 
all, 285initializer, 284
ontainer, 138iteration, 138
ontinue statement, 93
ontrol 
hara
ter, 151
ontrol 
ow, 79iteration, 80jump, 92linear, 79sele
tion, 79
ontrol statement, 80
ontrol variable, 82
onversionarray to pointer, 141expli
it, 112
oating point, 111impli
it, 56integral, 56promotion, 72standard, 286user-de�ned, 286
orre
tness proof, 215
oupon 
olle
tor's problem, 121CPU, 17Cramer's rule, 170
ryptographyvisual, 298
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ryptosystem, 13data en
apsulation, 281data membera

ess for, 251of stru
t, 249De Morgan's laws, 72De Morgan, Augustus, 72debugging output, 85de
imal-to-binary 
onversion, 57de
laration, 35lo
al, 85of a 
lass member, 289of a fun
tion, 185of a variable, 27of friend, 295stru
t, 250de
laration statement, 35de
larative region, 86default argumentof a fun
tion, 199default 
onstru
tor, 285default initializationstru
t, 252default-initializationby default 
onstru
tor, 285de�nitionof a 
lass, 289of a fun
tion, 181of a variable, 28stru
t, 249delete expression, 149denormalized number, 126dereferen
e operator, 140dereferen
ing, 140deterministi
 �nite automaton, 208DFA, 208dimension(multidimensional) array, 154dire
tivein
lude, 25using, 39dis
riminant

of a quadrati
 equation, 123divide and 
onquer, 223division assignment operator, 54do statement, 91body, 91domainof a fun
tion, 180double, 109drand48random number generator, 292dynami
 memory allo
ation, 147dynami
 programming, 157dynami
 storage duration, 147Dynami
 Storage Guideline, 150editor, 15e�e
tof a fun
tion, 26of a statement, 35of an expression, 30e�e
t (semanti
al term), 27elementof array, 133en
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