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Exercises

You can get feedback and bonus points for Exercise 2 by handing in your solution as pdf via Moodle
before the deadline.

1. Linear transformations (in-class) (Wy¥vY)

a) Letn € N*. Consider the function 7" : R" — R defined by
n
T(x) := Z kxy,
k=1

T . .
forall x = [:cl Ty ... xn] € R™. Prove that T is a linear transformation.

b) Let n € NT with n > 2 be arbitrary. Consider the function 7" : R" — R defined by

T(x) = (ax)"

k=1

T . .
forallx = [z1 @z ... z,] €R" IsT alinear transformation?

2. Linear transformation (bonus, hand-in) (#7¥7Y)

Let m,n € NT and consider an arbitrary m x (n + 1) matrix

A= 1|vy Vo ... V, Vpyi
o | \
with columns vy, ...,v,41 € R™. Let T : R™ — R™ be the function defined by
o]
T2
T(x)=A]|":
Tn
-~ 1 -
Z1
Z2
forallx = | . | € R™. Prove that T is a linear transformation if and only if v,, 1 = O.
Tn


https://ti.inf.ethz.ch/ew/courses/LA24/index.html

3. Rotation matrices (W#iY)

: This exercise requires some basic knowledge of sin and cos. Part c) can also be solved
independently by assuming parts a) and b).

a) We define a real 2 x 2 matrix A to be a rotation matrix if and only if there exists a rotation
angle ¢ € R such that

sing cos¢

A= Q)= | e

Prove that the matrix

is a rotation matrix according to this definition.

b) Show that the matrix product Q(¢1) Q(¢2) of two rotation matrices with angles ¢ and ¢ is
again a rotation matrix Q(¢3) according to this definition, and determine the corresponding
rotation angle ¢s.

: You might need to review trigonometric formulas to solve this question.

¢) Let A be a2 x 2 rotation matrix. Prove that there exists a 2 x 2 matrix B such that AB =
BA=1.

4. Product of triangular matrices (YY)

a) Let A and B be m x m lower triangular matrices. Prove that AB is lower triangular.

b) Let A and B be m x m upper triangular matrices. Prove that AB is upper triangular.

: Use the statement from subtask a).

5. Linear transformations (YY)

a) Consider the linear transformation given by the matrix

1 9 L
V2 V2
A=10 1 0
1 9 L
V2 V2

Describe the geometric operation that this linear transformation corresponds to.

b) Consider the line L = {Av: A€ R} CR3*withv = [1 1 O}T. Find a matrix A € R3*3
that corresponds to rotating vectors by 180° around the axis L.

: Try to find out what Aey, Aes, and Aes should be.

6. Reconstruct a linear transformation (Wy¥vY)

a) Let 7 : R?> — R3 be a linear transformation such that

r(B)- 1] () -
]

Determine the general formula for T' ( [y

) with z,y € R.

2



b) Find a matrix A such that Ty = T.

7. Embedding a line in R (*ﬁﬁﬁ?)

Let v € R™ be non-zero and consider the line L = {Av : A € R}. Prove that there is a linear
transformation 7' : R — R™ with {T'(x) : x € R} = L (i.e. the image of T is exactly L).



