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Exercises

You can get feedback from your TA and bonus points for Exercise 2 by handing in your solution as pdf
via Moodle before the deadline.

1. Gram-Schmidt (in-class) (WYryY)
This task includes Challenge 13 from the lecture notes.

Consider the invertible matrices
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a) Apply the Gram-Schmidt process to the columns of A.
b) Write down a () R-decomposition of A.
¢) Apply the Gram-Schmidt process to the columns of B.

d) Is it always true that the Gram-Schmidt process on the columns of an upper triangular n X n
matrix with non-zero diagonal entries yields the canonical basis ey, . .., e,? Provide a proof
or counterexample.

2. Preserving inner products (bonus, hand-in) (*i?ﬁ?)

Let Q € R™™ be an arbitrary matrix satisfying (Qv) " (Qw) = v w for all v, w € R™. Prove
that ) is orthogonal.

3. Orthogonal 2 x 2 matrices (WHY)

Recall 2 x 2 rotation matrices from Example 5.4.4. It is shown in this example that 2 x 2 rotation
matrices are orthogonal.

a) Find an orthogonal 2 x 2 matrix that is not a rotation matrix.

b) Consider an arbitrary 2 x 2 matrix A = [Z
lad — bc| = 1.

Z] . Prove that if A is orthogonal, then we have
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¢) Prove that the converse is not true, i.e. find values for a, b, ¢, d such that A is not orthogonal
but we still have |ad — be| = 1.

4. Fitting a parabola (“’i}i})
This task includes Challenge 8 from the lecture notes of the second part of the course.

Assume we are given m > 3 distinct datapoints (¢1,b1), ..., (tm, bn) where ¢, by, € R for all
k € [m] (distinct means that we have ¢; # t; for all i # j with 4, j € [m]). Using the least squares
method, we want to find a parabola described by three parameters oy, a1, a2 € R such that we
have

br = ag + aity + asty

for all k € [m]. More concretely, we want to solve the optimization problem

m
min ||[Aa — b|[? = min be — (g + a1ty + ast?))?
Juin 1 | ao’ahaﬁﬂ{;( K — (a0 + aaty + asty))
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a) Compute the matrix AT A.

b) Prove that for AT A to be diagonal, we must have t;, = 0 for all k& € [m]. Note that this is an
uninteresting case which is actually excluded by the assumption m > 3 and the assumption
that our datapoints are distinct.

5. Fitting a circle (WiY)

a) Consider the following points
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in the plane. We want to find a circle C,. with origin O and radius » € R such that the sum
of the quadratic distances of the points to the circle is minimized. Note that the quadratic
distance of a point p € R? to the circle C;. is (r — ||p||)?. Find the optimal value of r for the
four points above.

Note that the interesting thing here is to find a formula for r in terms of p1, p2, p3, p4. The
actual numerical answer is of secondary interest, i.e. you are not expected to simplify the
value you get for r as much as possible.

b) Generalize the result from a) to a formula for 7 in terms of n datapoints p1,...,pn € R2.

6. Permutation matrices (WAY)
This exercise includes Challenge 12 from the lecture notes.

Let P € R™™"™ be a permutation matrix for some n > 1. In particular, P has the form
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where p : [n] — [n] is a bijective function (the permutations of [n] are exactly the bijective funtions
p : [n] = [n]). Prove that there exists & € N with P¥ = I.



