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1.

Linear Algebra HS 2025

Solution for Assignment 12

a) One could solve this by first computing A and then computing its real eigenvalues. But in

b)

)

this case, it is not hard to guess eigenvectors of A. In particular, choosing z = y = 1 yields
1 1
1()=0)
and hence 1 is an eigenvalue of A. Moreover, guessing x = 1 and y = —1 yields
-1 1
(1)=()

and hence —1 is an eigenvalue of A. We conclude that the two real eigenvalues of A are 1
and —1. Since A is a 2 x 2 matrix, there cannot be more thant 2 eigenvalues.

The simplest choice is the diagonal matrix

A=

o O O

0
1
0

N OO

Indeed, we have Ae; = 0, Aes = ey, and Ae3z = 2e3. Hence, A has the desired eigenvalues.
It does not have any other eigenvalues because a 3 X 3 matrix can have at most 3 eigenvalues.

Consider the matrix A from the previous subtask and the basis
Vi =e1t+e, V=€ —€, V3=e3

of R3. In particular, consider the matrix

] | | 1 1 0
V=|vi vo v3| =11 =1 0
] ] | 0 0 1
with inverse
11 9
-1 i 2
0 0 1
and define B as
1 _19
2 2
B=VAV'=|-1 1 0
0 0 2

The matrices A and B are similar and hence have the same eigenvalues.

Let v be an eigenvector of AB corresponding to eigenvalue \. Observe that
(BA)Bv = B(AB)v = BAv = ABv.

Hence, if Bv # 0 then Bv is an eigenvector of BA with corresponding eigenvalue .
Otherwise, we must have Bv = 0 and hence A = 0. But this implies that B is not full rank
which also means that B A is not full rank. Thus, A = 0 must be an eigenvalue of B A.



b)

)

d)

Let vi,...,v, € R" be a complete set of real eigenvectors of AB. By subtask a) and the
additional assumption that B is invertible, we know that the vectors Bvy, ..., Bv, € R" are
all real eigenvectors of BA. Moreover, the n vectors Bvy, ..., Bv,, are linearly independent
since B is invertible and because the vectors vy, ..., v, are linearly independent. Hence,
Bvy,...,Bv, form a basis of R™ and therefore they are a complete set of real eigenvectors
of BA.

From subtask b), we know that if AB has a complete set of real eigenvectors, then so does
BA. Using subtask b) again with matrices A and B exchanged (we can do this because here
A is invertible as well), we also get that if BA has a complete set of real eigenvectors, then
so does AB. This proves the claim.

Consider the matrices

10 0 1
A[O 0} andB[0 0]

with

0 1 00
AB—[O 0] andBA—{0 O]'

The matrix BA has a complete set of real eigenvectors because N(BA) = R2. However,
the matrix AB does not have a complete set of real eigenvectors: the eigenvalue 0 appears
with algebraic multiplicity 2, but AB only has rank 1 and hence dim(N(AB)) = 1. In other
words, the geometric multiplicity of eigenvalue O is only 1. We conclude that there is no
complete set of real eigenvectors for AB.

One way to attempt to find such an example is to start with a matrix that is not diagonalizable

such as C' = [0 1 . Then, introduce variables for the entries of A, B and write down the

0 0
equations that need to be satisfied such that AB = C'. Finally, we also know that an easy
matrix that is diagonalizable is the zero-matrix 0, so we also want BA = 0. Now try to solve
for the entries of A and B.

3. By definition of the sequence, we get the relation

L) =)

for all n > 2. We start by finding the eigenvalues of the matrix

A:[f 06].

The characteristic polynomial p(\) of A is given by

p(A):'E’IA :i’:(S)\)(A)er‘:)\Z5)\+6:()\2)()\3)

and hence has roots A\; = 3 and Ay = 2. By solving the linear systems

and

(A= MDx=0

(A—)\QI)XZO

we find the two corresponding eigenvectors (you might also be able to guess them)

e (%) wve- (3).

2



4.

Now define a,, = <aa" ) for n > 1 and observe that
n—1
a] — (a1> = <2> = 2V1 — 2V2.
agn 0

2.3""1.3-2.2n71.2
-1 -1 -1 -1 -1
a, =A""a; = A" 2vy — A" 2vy = 20T vy — 200 e = (2 qn—1.1_ 9. on-1. 1>

Hence, we get

for all n > 1. The first component gives us a closed form for a,,, thus for any n € N we have

ap =2(3" —2")

a) We know that A and B are similar. Hence, there exists an invertible matrix S with B =
S—1AS. Recall that we must have det(S~!)det(S) = 1. Therefore, we get

det(A—21I) = det(S™1)det(A—zI)det(S) = det(S™'(A—2I)S) = det(B—2S71IS) = det(B—=zI),

as desired.

b) Since Ay, ..., \, are distinct, we know from Lemma 8.3.2 that any n corresponding real
eigenvectors vy, ...,v, € R"™ of A are linearly independent. In other words, A has a com-
plete set of real eigenvectors vy, ..., v,. By assumption, B also has this complete set of real
eigenvectors vy, ..., vy,. Let V be the matrix with columns vy, . .., v,. From Theorem 9.1.1
it follows that A = VA4V ! for some diagonal matrix A4 € R™*™. Analogously, it follows
that B = VAV ~! for some diagonal matrix Az € R™*". Now observe that since both A4
and Ap are diagonal matrices, we have AgAp = ApA4. Thus, we get

AB = (VALV H(VAgV ™
= VAV V) AV !
=VAsAgV !
= VAgAAV !
= VAp(VIV) A,V
= (VA,V H(vAgV
— BA

which concludes the proof.

¢) By similarity of A and B, there exists an invertible matrix S € R™*" with A = SBS~!.
By similarity of B and C, there exists an invertible matrix 7' € R"*" with B = TCT .
Hence, we get
A=SBS ' =8TCT 'S~ = PCP™!

where P = ST is invertible with inverse P~ = T-15~!. We conclude that A and C' are
similar.

d) Since A has n distinct real eigenvalues, it must have a complete set of real eigenvectors
and hence it must be diagonalizable (by Lemma 8.3.2 and Theorem 9.1.1), i.e. there exists
an invertible matrix V' € R™ ™ and a diagonal matrix A € R™ " with A = VAV L
Analogously, B is diagonalizable with B = W AW ~! for some invertible matrix W &
RR™*™, Note that we can assume that the diagonalization of both A and B use the same
diagonal matrix A because A and B are assumed to have the same eigenvalues.

We observe that this means that A is similar to A and that A is similar to B. By using the
statement from the previous subtask for A, A, B, it follows that A is similar to B.



e) Let A € R be an arbitrary real eigenvalue of A with corresponding eigenvector v € R". By
similarity of A and B, there exists an invertible matrix S € R™*" with B = SAS~!. Now
consider the vector w = S'v. We have

Bw = SASTY(Sv) = SAv = ASv = \w

and hence w is a real eigenvector of B with corresponding real eigenvalue A. Since A was
arbitrary, we conclude that every real eigenvalue of A is also a real eigenvalue of B.

By a symmetric argument (swapping the roles of A and B above) we get that every real
eigenvalue of B is also a real eigenvalue of A. We conclude that A and B have the same set
of real eigenvalues.

5. a) Consider the rotation ¢. Applying ¢ to a vector should leave the second coordinate un-
changed but rotate in the plane given by the first and third coordinate. In particular, deleting
the second row and second column should give us the corresponding rotation matrix in two
dimensions. Hence, the matrix A is given by

cos % 0 sin % 1 1 0 V3
A= 0 1 0 =—1 0 2 0
—sing 0 cos3g 2 -3 0 1

3

Note that this solution assumes that the direction of the rotation is given by the right-hand
rule in a right-handed coordinate system, as explained e.g. on Wikipedia'.

b) The vector (3 4 0)T € R3 is orthogonal to the plane P. Normalizing it yields the normal

vector -
_ (3 4
n=(3 35 0) .
Now consider an arbitrary vector x € R3. We can split it into x = x| + x| withx,x| € R3
such that x| - n = 0 and x| - n = [|x||| (i.e. x| is collinear with n). In particular, we then

must have x| € P. Hence, reflecting x on the plane P should yield ¥(x) = —x|+x_ . This
works for any x € R? and plugging in e1, ey, and e3 for x will give you the desired matrix.

To avoid this computation, let us recall that we have previously projected vectors to a plane.
In particular, the projection matrix here would be 7 — nn . From that, one might now guess
that the reflection matrix for reflection on the plane P should be I — 2nn ' (the term —nn "
in the projection gets rid of the x| part, hence the term —2nn' should negate the X| part).
Indeed, we can check that

(I —2nn')x = (I—2nnT)(xl+x‘) = (x1 +x)) —2x, =x1 — X

as desired. Hence, we get

7 —24 0
B:I—2nnT:% 24 -7 0
0 0 25

¢) Both matrices are square, hence it suffices to check AAT = Tand BB = I. Indeed, we

have
L1300 100
AATZZ 0 4 0 |=/010
0 0 3+1 00 1
and
72 4 242 0 0 1 00
T 1 2 2
BB = o 0 22472 0 (=101 0
0 0 25 00 1

"https://en.wikipedia.org/wiki/Right—hand_rule


https://en.wikipedia.org/wiki/Right-hand_rule

d)

e)

a)

b)

)

As we have observed before, a rotation should leave the axis of rotation unchanged. In our
case, the vector e; € R? is on this axis of rotation. Indeed, we get Aey = e,. Hence, e is
a real eigenvector of A with corresponding eigenvalue 1. As it turns out, this is the only real
eigenvalue of A and all other real eigenvectors of A are multiples of ey (i.e. all vectors on
the axis of rotation).

Consider the vector n € R? from before. As we observed, we have ¥(n) = Bn = —n and
hence n is a real eigenvector of B with corresponding eigenvalue —1. Similarly, vectors that
lie in the plane P should not be affected by the reflection. Indeed, consider for example the
vector v = (—4 3 O)T. We have v-n = 0 and hence v € Pand Bv = (I—2nn')v = v.
Hence, v is a real eigenvector of B with corresponding eigenvalue 1.

The matrix B does not have any other (distinct) eigenvalues because, as it turns out, the
eigenvalue 1 appears with algebraic multiplicity two. (But it would be possible to find another
real eigenvector corresponding to eigenvalue 1 that is linearly independent from v.) This
corresponds to the fact that all vectors in P (a two-dimensional object) are eigenvectors of
B.

Note that 0 is an eigenvalue of A. In particular, the nullspace of A is non-trivial (i.e. contains
vectors other than 0). Hence, A is not full rank and not invertible. By Theorem 7.2.6, this
means that det(A) = 0.

The given vector is a multiple of vz. In particular, it is the vector 18vs. Thus, we have
A(18v3) = 18(Avs) = 0 which means that the vector belongs to the nullspace of A.

Let V be the 3 x 3 matrix with columns v, vo, v3. Since the three vectors are orthonormal,
V must be an orthogonal matrix, i.e. we have VV ' =V TV = I.

We want to find the matrix A just from the information about its eigenvectors and eigenvalues.
In particular, we know that Avy = vi, Ave = —vy, and Avy = 0. We can summarize this
in the equation

AV =VD
where D € R3*3 is the diagonal matrix
1 0 0
D=0 -1 0
0 0 O

Multiplying from the right by V= = V' T yields
A=VDV'.

Hence, we can now calculate A as follows:

A=VDVT
1‘1—48“100 1 8 —4
=<1 8 4 10 -1 0| |-4 4 7
-4 7 4[]0 0 o] [8 1 4
) (1 —4 8] [1 8 —4
=<1 8 4 1|4 —4 -7
-4 7 4[]0 0 0
) [—15 24 24
=3 24 48 —60
| 24 60 —33




7. The key insight of this exercise is to look at the real eigenvalues of A. For this, we first compute
the characteristic polynomial

-2 1 3 L1
pA) =32 X 0|=-X+2+-
01 27 "2

We can guess one of the roots of this polynomial to be 1. Hence, we obtain

P = (A= (N A~ )

and it turns out that the other roots of p are complex-valued. Hence, the only real eigenvalue of A
is 1.

Recall that our goal is to find an initial population that yields a stable population over time. The
idea here is that an eigenvector corresponding to eigenvalue 1 is a suitable choice. Such an eigen-
vector can be found in N(A — I') and one example would be to choose

vo=1(6 3 1),

Indeed, we get

0 1 3] /6 6
Avo= |5 0 0] |3]|=(3],
0 % 0] \1 1

and hence v; = Alvg = v for all t € Ny. We conclude that this choice of initial population
yields a stable population.



