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where the evaluation of the sum follows from the induction sketched in the lecture notes on
page 66.

The result of vw | is now a matrix. We have
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It is possible to compute vw ' and then w' (vw " )v using induction. This is not needed
since we can simply use associativity, see Lemma 2.42, and the calculation from the first part
of this exercise:

Tvwhiv=(wv)(w'v)= v w)(vw)= (v w)?=(n(n+1))>~%
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The colums of A are linearly independent as » = n. So we have C' = A. Next, we determine
R'. Let v; be the i-th column of A. There exists a vector of scalars x; € R" such that
v, = Cx; = Ax;. Since v; is the i-th column of A, we select x; = e;, where e; is the i-th
unit vector. This choice is unique. The same holds for all columns of A. Since x; = e; is the
i-th column of R’ by the proof of Theorem 2.46, we obtain that R’ = I, where I is the n X n
unit matrix. Together, we get A = CR' = Al

When 7 = 0, no column is linearly independent. Therefore, C € R™*? is a matrix with no
columns and therefore R’ € R%*" is a matrix with no rows. We check if this is a plausible
answer: The matrix product C R’ is the zero matrix by Observation 2.39 and the fact that
the empty sum is 0. Since » = 0 implies that A is also the zero matrix, we conclude with
A=CR.

Let A~! be the inverse of A. We use AA~! = I and associativity to obtain the following.
B=BI=B(AA™) = (BA)A™ = (CA)A' =Cc(AA ) =CI=C.

The statement is not true. We give a counterexample when m = 2. Let C' = 0 and therefore
AC = 0 and C'A = 0. Then the task becomes to show that BA = 0 implies AB = 0, which

is not true. To see this, select A = {8 é] and B = {8 (1)] . Then we have BA =0 = CA,
but AB = | Y £0=4ac
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The equation BA = C'A implies BA — CA = 0. Distributivity, see Lemma 2.42, implies
(B—C)A = 0. Since (B — () is invertible, the columns of B — C' are linearly indepen-
dent by Lemma 2.53. Let v; be an arbitrary column of A. We have (B — C)v; = 0. By
Observation 2.5, we conclude that v; = 0. This holds for all columns of A, so we have
A=0.

Recall that the inverse A~! of the m x m matrix A, if it exists, is the unique matrix satisfying

AA~' = T by Definition 2.57. To obtain the inverse of A, we will try to understand the
T1 T3

transformation T4. Let x € R3 with x = [ 22 |. Then T4(x) = Ax = | 21 | . Loosely
T3 i)

speaking, T4 shifts the coordinates downwards by one, and x3 to the top. The inverse of Ty

needs to reverse this process, that is, shift each coordinate back. So we are searching for a

x2
transformation 7'z and matrix B such that Tp(x) = Bx = | x3 |, because then we have
T
X9 I
Tap(x) =ABx=A|z3| =|2z2] =%
r1 x3

for all x € R3. To find Tz, we look at T4 and the matrix A and observe that the columns of
A are permutations of the columns of the unit matrix /. The first column is the second unit
vector e, the second column is es, and the third is e;. This coincides with our shifts in the
following sense: the first column determines where x; is mapped, the second column where
we map 2, and the third tells us where 3 gets sent. Following this principle, we can guess
that B needs to be a permutation of the columns of I, just in different order, namely

010
B=10 0 1
1 00

Indeed, computing the matrix product AB we get AB = I and therefore B = A~!.

As before, we try to understand find the transformation implied by 7. Let x € R? as before.

We have Tp(x) = Dx = %i; . So each coordinate gets scaled by the corresponding

diagonal entry in D. To reversgextilis, we need to find a tlransformation Tp(x) and matrix B

such that we redo the scaling, that is, Tp(x) = Bx = gi; . Again, then we can conclude
2713

Tpp = DBx = x for all x € R3. Based on D, we can guess that B needs to be a diagonal
matrix of the form

B =

S O
O wi= O
Njw O© O

Indeed, this choice of B implies DB = I and therefore B = D~ 1.

We observe that B can be obtained from A and D as DA = B. From the lecture we know
that B! can now be computed as

O ON=
S w= O
O O wi
oNjw O

010
Bl=mA)t=A"'D'=10 0 1
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5. a) Yes, the inverse of A* exists and is given by (A~1)*. We will argue by induction over k.

» Property: The inverse of A* is given by (A~1)*.

» Base case: For k = 1, the property is true because we are given that A~! is the inverse
of A.

* Induction step: Fix a natural number 1 < k and assume that the property is true for this
k (induction hypothesis). We prove that the property is true for k + 1, i.e. we prove that
the inverse of A**1 is (A~1)k*1 By the induction hypothesis, we have A*(A~1)* = T.
Hence, from
Ak+1(A—1)k+1 — AkAA—l(A—l)k: _ Ak:(AA—l)(A—l)k — AkI(A—l)k — Ak(A—l)k: 12 T
we conclude that the property is indeed true for k& + 1.

b) We prove this by contradiction. Assume for a contradiction that A has an inverse A~
Since A is nilpotent, we know from Assignment 2 that AA~! = [ is nilpotent too, i.e. there
exists some k € N* such that I¥ = (AA~1)¥ = 0. But we have I* = I # 0 which is a
contradiction.

¢) We prove this with the following calculation:

A=Al = A(A3) =A*=1.

d) Observe that it suffices to find a 2 x 2 matrix A # I with A2 = I indeed, for even k = 2/
we then get AF = A% = (A2)Y = I' = T as well by using A> = I. Such a matrix is
sometimes called self-inverse, since we have A~! = A. We have seen some self-inverse
matrices before in this course. In particular, the 2 x 2 rotation matrix for angle ¢ = 7 is
self-inverse. Concretely, this is the matrix

T c R

sin(m)  cos(m) 0 -1
and we can check that indeed A2 = I but A # I. Moreover, for odd k we then have
AP = AAF = AT = A4 T
by using that £ — 1 must be even.

e) Again, we use rotation matrices. In particular, the rotation matrix with angle 7/2 should
satisfy this. The intuition is that whenever we apply this rotation matrix four times, we rotate
one whole turn and hence nothing happens. For a complete solution, we check that this
indeed works. For the matrix

[ -0 3]

we get

Now consider an arbitrary £ > 4. Then k can be split as k = 4¢ + h where ¢, h € Ny and
0 < h < 4 and we get AF = (A*)!A" = A" We conclude that A* = I if and only if h = 0
which is the same as saying that A* = I if and only if k =4 0.



6.

a) Using the formula for 2 x 2 matrices, we get

N
I _{_a 1].

b) We prove both directions individually. First, assume that we are given an arbitrary m X m

lower triangular matrix L with no zeroes on its diagonal. We want to prove that L is invertible.
Let vy, va,..., vy be the columns of L. We claim that these vectors are linearly independent.
Indeed, checking them from right to left, we can see that for any 7 € [n], there is no way of
obtaining v,,_; from v,,_; 11, ..., v,: by assumption, the (n—i)-th entry of v,,_; is non-zero,
but by the triangular shape of L, the (n — 7)-th entries in all of v,,_; 1, ..., vy, are zero. This
argument works for all ¢ and we conclude that the columns of L are linearly independent.
Hence, by the inverse theorem, L is invertible.

The reverse direction is a bit more difficult. We provide an indirect proof. For this, let L be
an arbitrary lower triangular m X m matrix with a zero on its diagonal. We want to prove
that L is not invertible. Let i € [m] be such that £;; = 0. Without loss of generality, assume
that this is the last zero on the diagonal, i.e. we have £;; # 0 for all integers ¢ < j < m. If
1 = m, the last column of L is 0 and hence the columns of L are dependent. By the inverse
theorem, this implies that L is not invertible, as desired. Thus, assume from now on 7 < m.

Now consider the (m — i) X (m — i) submatrix L’ in the bottom right corner of L, i.e. the
entries of L’ are E;k = L(i+4),(i+k)- Observe that L’ is lower triangular and all entries on
its diagonal are non-zero (by our choice of ¢). But then, we know from above (the other
direction of this subtask) that L’ is invertible. By the inverse theorem, this implies that the
linear system
Lty
x|
gm,i

has a solution. By adding rows of zeroes to the system, we then get that

0 0 - 0 0

0 0 . 0 0=2;
Ciavr)iry Larn,are) - Larnym | X = [t
Lo v Lar2)ir2) - Lar2)m Ciiva)
L Lon(it1) boiv2)y oo lmm | Ll |

has a solution as well. In other words, the last m — ¢+ 1 columns of L are linearly dependent.
Hence, L is not invertible by the inverse theorem.

Let L be an arbitrary m x m lower triangular matrix with inverse L~!. We want to prove
that L~! is lower triangular. Assume for a contradiction, that there exists (L_l)l-j # 0 for
some i, j € [m] with i < j. Moreover, assume without loss of generality that (L~1);; is the
rightmost non-zero entry in row ¢, i.e. j is maximized given . Let u € R™ be the i-th row of
L~ andlet v € R™ be the j-th column of L. Note that we must have u-v = (L7!L);; = 0
since ¢ # j. But observe that by the triangular shape of L, v;, = 0 for all integers 1 < k < j.
Recall that (Lil)ij is the rightmost non-zero entry in row ¢. Hence, we also have u; = 0 for
all j < k < n. We conclude that

OZ(LflL)ij:u‘V:u1v1+'”+ujvj+--~—|-umvm:ujvj7é0

since we have u; # 0 by assumption and v; # 0 from the previous subtask. This is a
contradiction. Hence, L~! must be lower triangular.
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d) Yes, both statements also hold for upper triangular matrices. To see this, consider an arbitrary
m X m upper triangular matrix U. Then U " is lower triangular. The diagonal entries of U
are non-zero if and only if the diagonal entries of U | are non-zero. Moreover, U is invertible
if and only if U " is invertible, since (U~!)T = (UT)~! (so if either of the inverses exists,
the other exists as well). Because UT is lower triangular, we know that (UT)_I, if it exists,
must be lower triangular as well. In particular, the inverse of U, if it exists, must be upper
triangular by U~! = (U~1))T = (UT)=H .



