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Solution for Assignment 5

1. Each of the four points yields one linear equation with variables a, b, ¢, d. For example, for x =
4,y = 5 we get the equation
a4’ +b4% + cd +d =5.

In total, we get the linear system
a0® +00% +c0+d =1
a2’ +b2° + 2+ d =2
a4’ +04° +cd+d =5
a6® + b6% + c6 + d = 6

with four equations and four variables that we can write in matrix form as

100 07 /d 1
12 4 8| [e|] |2
1416 64| |o] |5
1 6 36 216] \a 6

We now want to solve this system by using the elimination technique. For this, it is convenient to
apply the row operations to the system matrix and the right-hand side simultaneously by appending
the right-hand side to the matrix as follows:

1 0 0 017
1 2 4 812
1 4 16 645

| 1 6 36 216 |6 |

After performing elimination in the first column we get

1.0 0 0]1]
0 2 4 8|1
0 4 16 644

| 0 6 36 216 |5 |

Next, we perform elimination in the second columns to get

0 0 0
4 8
8 48

24 192
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Finally, we obtain

0
8
48
0 0 0 48| —4

o O =
o N O
0 = O
N — =

It remains to perform backward substitution. From the last row, we geta = — f =— % Next, we

g
- . —8a— 14+2-3 .
eth = 2=28a¢ _ 6 _ 3 From the second row we obtain ¢ = 1=82=4b — “T3°° _ _ 2 FEipa]ly,
g g 8 1 2 3 y

we get d = 1 from the first row. Hence, the function f(z) = —%xS + %xz — %x + 1 interpolates
all of our datapoints.




2. We will show that Ax # 0 for all x € R with x # 0. Once this is established the claim follows
since Corollary 1.23(iii) tells us that the columns of A are linearly independent, which means that
A is invertible by Definition 2.55.

Let x € R™ with x # 0 and z; a coordinate of x that satisfies |z;| = max{|z1]|,...,|zm|}.
Consider the ¢-th entry of Ax, which is

m
E QijT; = E Qi T + Qi %; -
- - S~~~
Jj=1 J=1 =z
Vil
—_——

We will show that y 4+ z # 0. To do so, we calculate

y= ayx; <Y lagr| = |ail|z]
P =1

j=1
G J#i J#i
<D ||l
j=1
J#i
<aiil|zi| = |awnzi| = |2|.

The first line break follows from the choice of x;. The second line break is the definition of strictly
diagonally dominant matrices. We established y < |z|. With a similar calculation, one can show
that —y < |z|. In total, we have |y| < |2|. However, this implies that 0 # y + 2 = > ', a;;2; =
> j=1 aijx; and the claim follows.

J#

3. Consider the three constraints p(—1) = 0, p(0) = 2 and p(1) = 2 that we have on p. Each of these
constraints gives us an equation involving the unknowns a, b and c. In particular, we get the three
equations

a—b+c=0 from p(—1) =0
c=2 from p(0) = 2
a+b+c=2 from p(1) = 2
that we can also write down in matrix form
1 -1 1 a 0
0 0 1 bl =12
1 1 1 c 2

In order to solve this system, let us use the elimination method from the lecture. For this, let us
define

1 -1 1 0
A=1(0 0 1| andb=1]2
1 1 1 2

We already highlighted the first pivot in A. After one step of elimination, we get

1 -1 1] 0
EglA =10 0 1 and Eglb = 2
1 1 1] 2

with Fo; = I as we already had as; = 0. In the second step, we obtain

E31E31A= |0
0

1 -1

0
2

-
1
0_

and E31E21b =

0
2
2



1 -1 1 0
P23E31E21A =10 2 0| and P23E31E216 = 2
0 0 1 2

In the last elimination step we again find that we do not need to do anything. In other words, we
have E'32 = I and get

1 -1 1 0
E32P23E31E21A =10 2 0| and E32P23E31E21() = 2
0 0 1 2

We arrived at the desired upper triangular shape. It remains to use back substitution to get ¢ = 2,
b=1landa = —1.

. Note that A is already upper triangular. Hence, we can solve the three systems Ax; = e, Axy =
€9, and Ax3 = ej3 to find the inverse

AT = X1 X9 X3
.
In the first system
a b c 1
AX1: 0 1 dX1= 0 = €]
0 1 0
we find
1
a
X1 = 0
0
by backwards substitution. In the second system
a b c 0
AXQZ 0 1 dX2: 1 = €2
0 01
we find
—b
a
X9 = 1
0
by backwards substitution. Finally, we find
bd—c
a
X3 = —d
1

in the third system



by backward substitution. The inverse of A is hence given by

o . o

1 a a a
A" = X1 X9 X3| = 0 1 —d
| 0 0 1

whenever a # 0. In the case where a = 0, the matrix A is not invertible as its columns are
not linearly independent (the first column is 0). In other words, A is invertible for all choices of
a,b,c,d € R where a # 0.

a)

b)

1 0 0 0
The inverse of A is A™! = Bl _11 (1) 8 . To justify this, it suffices to check that
0 0 -1 1

AA~" indeed equals I. But let us still explain how we found A~': Finding A~! can be done
by finding vectors v1, vo, v3, v4 € R?* (columns of A~1) such that

AVZ' = €;

for all i € {1,2,3,4}, where e; is the i-th standard unit vector. Using e.g. elimination to
solve these systems, we get

1 0 0 0
-1 11 10 0
V]. - 0 9 V2 - _1 ) V3 - 1 b V4 - O
0 0 -1 1
1 0 0 0
1 ) -1 1 0 0 ) .
andthus A" = [vq vo vy vy| = 0o -1 1 ol Alternatively, one might also
: 0 0 -1 1
be able to guess the vectors vy, ..., vy by noticing that by subtracting the (i + 1)-th column

of A from the i-th column of A, we get e;, for all ¢ € {1,2,3} (and that v4 = ey).

We solve this exercise by guessing that the pattern from a) also works in general. Concretely,
we define the matrix B € R™*™ with columns vy, ..., v,, € R™ such that v; := e; — €;41
foralli € {1,2,...,m — 1} and v,,, := e,,. We claim that B is the unique inverse of A.
To prove this, first observe that the i-th row of A is given by 22:1 eg. This means that the
entry (AB);; is given by

% %

(AB)ij = (D ey )vi = _eiv;
k=1

k=1
forall i, j € [m]. Let now 4, j € [m] be arbitrary. We distinguish three cases.

« Assume first j < 7. Then we get > i_ e v, = Y_ €} (e — eji1) = e;—ej -

ejTHejH =0.
* Next, assume j > ¢. Observe that in this case, we have e,;rvj = O forall k£ € [i] and thus
(AB);; = 0.

* Finally, we observe that 22:1 e;vj = ejTej =1fori=j.

We conclude that AB = I and thus B is the unique inverse of A.



6. We want to prove that w1, wy, wg are linearly independent. Consider the matrices

W= |w; wg w3|,Vi=|vi vy v3|,and M =

Observe that we have chosen M such that by definition of w;, ws, w3, we have W = VM.
Observe first that V' has rank 3 and is invertible, since its columns are linearly independent (Inverse
Theorem).

1

o~
— e

1
0

Next, we compute the rank of M. From the lecture, we know that the rank of a matrix is equal to
the number of pivots after using Gauss elimination on the matrix. We use this on M subtracting
the first row of M once from its second row, we get the triangular matrix

1 -1
0
0

=N

2
0
which means that M has rank 3 as well. In other words, the columns of M are linearly independent

and hence M is invertible.

By Lemma 2.59, we conclude that W is invertible as it can be written as the product of two invert-
ible matrices. By the Inverse Theorem, the columns of W are linearly independent, as desired.



