Lecture plan Linear Algebra (401-0131-00L, HS25), ETH Ziirich
Numbering of Sections, Definitions, Figures, etc. as in the Lecture Notes

Week 2

More on the span:
Corollary 1.27: Let vi,vs...,v, € R™ such that v, is a linear combination of the other
vectors. Then

Span(vy,va,...,v,) = Span(vy, Vo, ..., Vi 1, Vi1, Vi, -, Vi) -
WV

S

Proof: By Lemma 1.26, S equals

Span(vy, Vo, ..., Vg1, Viki1, Vkia, - -, Vp, Vi) = Span(vy, v, ..., v,) (order doesn’t matter).
T
Y
Challenge 1.6 in R™:
Lemma 1.28: Let vy, va,...,v,, € R™ be linearly
independent. Then Span(vy,vs,...,v,,) = R™. <2>
This already captures the spirit of the Steinitz ex- 0 T
change Lemma 4.23. Proof in lecture notes and 0
when we do Steinitz. ( 3)
—1

Matrices and linear combinations (Section 2.1)

Matrix: Notation for sequence of vectors:

1 2 1 2
31,14 — 3 4 = ((1 2),(3 49,05 06))
5 6 5 6

Also gives a sequence of covectors.

Definition 2.1: An m X n matrix is a table of real numbers with m rows and n columns.

11 Q2 - Qip

Q21 Q22 --° Q2p
A=

Am1 Am2 **° Omp
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a;;: entry in row 4, column j

1 . — m n
Dot-free notation: A = [a;]iZ, j_,
R™*": set of m x n matrices

Column notation (interprets columns as vectors):

A=|vy v -+ v,|, Vi,Va...,v, €ER™
. |
Row notation (interprets rows as covectors):
—u —
— w =
A= 11:2 , ul,uy,...,ul € (R")*
T
Matrix addition, matrix scalar multiplication: Definition 2.2

A e R i i e g

0: zero matrix (all entries are 0)

Matrix shapes:
m |
L m m
n Ln Ln—
tall square wide
m>n m=n m<n
Square matrices: Definition 2.3
100 2 00 210 2 00 210
010 040 047 1 40 1 47
001 005 005 075 075

identity /  diagonal = upper triangular lower triangular symmetric
Clz‘jzél‘j Z#]CLUZO i>j:az-j:() i<j:aij:O Qi; = Qjj
Kronecker delta: ,; = 1 if ¢ = j and 0 otherwise.

m m

m x m identity matrix I = [5;;]%, ;™

Matrix-vector multiplication: Notation for linear combination of the columns
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1 2 1 2 - 23
713 +814 = 3 4 ( 8) = 53
5 6 5 6 83
N ~~ — S——
linear combination matrix-vector product result
Definition 2.4: Let
T1
. | s
A= Vi Vo - Vn| € Rmxnj X = . e R".
o N

The vector

Ax = ix]’V]’ e R™

j=1
is the product of A and x.
Observation 2.5:
(i) b € R™ is a linear comb. of the columns of A <
(i) The columns of A are linearly independent <«

Direct definition of Ax (without columns):

“Transformation” of x € R" to Ax € R™

there is a vector x € R” with Ax = b
x = 0 is the only vector with Ax = 0.

Observation 2.6

T T
uy aiq a12 QA1np T a11%1 + a12T9 + -4 1Ty u; X
T T
U, a1 929 QAon, ) 211 + A92T9 + -+ - + A2y, Ty, Uy X
T T
u,, Um1  Gm2 Amn T Am1T1 + Am2T2 + -+ ApnTn u,X
Vi Vo Vn r1Vy +x9vy +---+2,V,
Corollary 2.7: Ix = x for all x € R™.
Definition of Ax in row notation: Observation 2.8
— u — u/ x
— u — uy
A= ) , Ax = )
— u), — u) x
———
scalar products
A X Ax
Pictorial view: | m
m n|{ =
L,
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Column space and rank:
Definition 2.9: Let A be an m x n matrix. The column space C(A) of A is the span of the

columns,
C(A) :={Ax:x € R"} C R™.

o5 ) = () () =

Independent columns:
Definition 2.10: Let

x=0=0¢c C(A).
Fact1.5:

A= vy vy - Vv,
. |

Column v, is independent if v; is not a linear combination of vy, vy, ..., v;_;. Otherwise,
v; is dependent. The rank of A, rank(A), is the number of independent columns.

rank(A) = n: linearly independent columns rank(A) = 0: zero matrix

both columns are independent only first column is independent
Later: Reordering columns does not change the rank.
The independent columns span the column space:

Lemma 2.11: Let A be an m x n matrix with r independent columns, and let C be the m x r
submatrix containing the independent columns. Then C(A) = C(C).

Proof.

Uy, Uy, ..., u,: the independent columns.

Wi, Wo, ..., W,_,: the dependent columns (order as in A)

For all j, w; is a linear combination of uy, uy, ..., u,, Wi, Wy, ... W;_;: sequence contains

all previous columns.

Take Span(uy, uy, ..., u,), add wy,ws,...,w,_,. — Span(u, us, ..., U, Wi, Wa, ..., W,_,.).

c() C(4)

Adding linear combinations of previous vectors never changes the span (Lemma 1.26)!
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Row space and transpose:
Row space: span of the rows (treated as columns of the transposed matrix)

R([; 1)) () R([; o) ()

1 4
12 3 s 123 L
{4 6}<—>CARD A_LLE)G} A 2 5
3 6
wW ©

Definition 2.12: Let A = [a;;]i2, 7, be an m x n matrix. The transpose of A is the n x m
matrix
AT =B = [bij]n o

i=1,j=1»
where b;; = a;; for all 7, j.

vector <> covector m X 1 matrix <> 1 X m matrix
1\ " 17"
3] =(1 3 5) 31 =[1 3 5
5 5)

(AN = A. Observation 2.13

A symmetric < A= A",

Definition 2.14: Let A be an m x n matrix. The row space R(A) of A is the column space of
the transpose,
R(A) :=C(AT) C R™

Nullspace: everything that gets “transformed” to 0.
Definition 2.17: Let A be an m x n matrix. The nullspace of A is the set

N(A) ={xeR": Ax =0} C R".

0 € N(A) (A0 = 0).
N(A) = {0} < columns of A are linearly independent (Observation 2.5 (ii)).
(A)=R"< A=0.

)
)
N(E 4})2?[:23 é} (5)2(8) & 2r4+4y=0and3zx+6y=0 < y=—z/2

5

Z
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Matrices and linear transformation (Section 2.2)

Definition 2.18: Let A be an m x n matrix. The function 74 : R® — R™ defined by
Ty - X > Ax
~~ ~~~
"input”€R™ "output”€R™

is the matrix transformation with matrix A.
_ 01 . . Zy 01 T . i)
a=la e ()=l ()= ()

A=[1 1]:  Tu: (il) = [1 1] @1) = (21 +2) € R!

2 2
Lemma 2.19: “Linearity”
Let A be an m x n matrix, x;,Xs € R" and A\, A3 € R. Then

A(>\1X1 + )\QXQ) = )\1AX1 + /\QAXQ.

Follows from the rules of vector addition (Definition 1.2), scalar multiplication (Defini-
tion 1.3) and matrix-vector multiplication (Definition 2.4).

linear combination
X1, X2 — )\1X1 + )\2X2
tative
T T (commu
Al L T diagram)
AXl, AXQ — )\1AX1 + )\QAXQ = A()\1X1 + )\2X2)
linear combination

Geometric interpretation: How is a set X of inputs transformed? A(X):={Ax:x¢e X}

Examples R? — R*: Ae;, Ae, are the two columns of A.
10 0 1
A - A —
oo b T Bl T
Aes — e — Aey
Ael (S Aez
stretching inputs mirroring


https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#section.2.2
https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#dfn.2.18
https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#lem.2.19
https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#dfn.1.2
https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#dfn.1.3
https://ti.inf.ethz.ch/ew/courses/LA25/notes_part_I.pdf#dfn.2.4

A() _|7 7 _[r
R x A 1 A(X)
AGQ Ael — €2 — Aeg
(S3 A61
rotation inputs shear

Animation: https://scratch.mit.edu/projects/1076177705/
Example R* — R?: parallel projection

Applying T,y : R® — R? with A = {(2) i (2)} :

0 1

1 3
1 1 v ) ()
1 1 A\ ?
0 1
0 B O 0 2
| 1 (5) :

—

0 | . (1)
1 i 1 1 1
0 0

I T
0 1 0 9
0 0 0 0
0 0

inputs projection

Perspective projection:

Not a matrix transformation: lines that are parallel in the 3d-cube are not parallel in the
projection (Exercise 2.20).
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