
Lecture plan Linear Algebra (401-0131-00L, HS25), ETH Zürich
Numbering of Sections, Definitions, Figures, etc. as in the Lecture Notes

Week 3

Linear transformations and linear functionals:
Definition 2.21: A function T : Rn → Rm / T : Rn → R is called a linear transformation /
linear functional if the following linearity axiom holds for all x1,x2 ∈ Rn and all λ1, λ2 ∈ R:

T (λ1x1 + λ2x2) = λ1T (x1) + λ2T (x2).

The same can be said with two axioms (Lemma 2.23): For all x,x′ ∈ Rn and all λ ∈ R,

(i) T (x+ x′) = T (x) + T (x′), and

(ii) T (λx) = λT (x).

Observation 2.22: Every matrix transformation is a linear transformation.

Proof. Use TA(x) = Ax and Lemma 2.19:

linear combination
x1,x2 −→ λ1x1 + λ2x2

TA

y y TA

TA(x1), TA(x2) −→ λ1TA(x1) + λ2TA(x2) = TA(λ1x1 + λ2x2)
linear combination

Examples:

1. Let v ∈ Rm. T : Rm → R,

T : x 7→
m∑
i=1

vixi = v⊤x

is a linear functional (the covector v⊤; see Definition 1.20). For the proof, verify (i)
and (ii) in Lemma 2.23:

T (x+ x′) =
m∑
i=1

vi(xi + x′
i) =

m∑
i=1

vixi +
m∑
i=1

vix
′
i = T (x) + T (x′), and

T (λx) =
m∑
i=1

vi(λxi) = λ

m∑
i=1

vixi = λT (x).
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2. T : R3 → R2,

T : x →
(

x1 + 2x2

3x2 + 4x3

)
is a linear transformation. For the proof, observe that T = TA for

A =

[
1 2 0
0 3 4

]
: TA(x) = Ax =

(
1x1 + 2x2 + 0x3

0x1 + 3x2 + 4x3

)
= T (x).

Now use Observation 2.22 (every matrix transformation is a linear transformation).

3. T : Rn → Rm,x 7→ 0 is a linear transformation (T = TA for A = 0).

4. T : Rm → Rm,x 7→ x is a linear transformation (T = TA for A = I).

5. T : Rm → R,

T : x 7→
m∑
i=1

|xi| = ∥x∥1 (1-norm of x)

is not a linear functional: if x ̸= 0 and λ < 0, then T (λx) > 0 but λT (x) < 0; so (ii):
T (λx) = λT (x), fails.

6. T : Rn → Rm,x 7→ v ̸= 0 is not a linear transformation: (i): T (x+x′) = T (x)+T (x′),
fails with T (x+ x′) = v and T (x) + T (x′) = 2v ̸= v.

“Null in, null out”:
Lemma 2.24: Let T : Rn → Rm / T : Rn → R be a linear transformation / linear func-
tional. Then T (0) = 0 / 0.

Proof. Use (ii), T (λx) = λT (x): T (0) = T (0x) = 0T (x) = 0 / 0.

“Linearity with more terms”:
Lemma 2.25: Let T : Rn → Rm / T : Rn → R be a linear transformation / linear func-
tional, let x1,x2, . . . ,xℓ ∈ Rn and λ1, λ2, . . . , λℓ ∈ R. Then

T

(
ℓ∑

j=1

λjxj

)
=

ℓ∑
j=1

λjT (xj).

ℓ = 0: Lemma 2.24 ℓ = 1: (ii) ℓ = 2: Definition 2.21 ℓ > 2?

Proof.

T

(
ℓ∑

j=1

λjxj

)
= T

(
ℓ−1∑
j=1

λjxj + λℓxℓ

)
(i)
= T

(
ℓ−1∑
j=1

λjxj

)
+T (λℓxℓ)

(ii)
= T

(
ℓ−1∑
j=1

λjxj

)
+λℓT (xℓ) .
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Same for ℓ− 1:

= T

(
ℓ−2∑
j=1

λjxj

)
+ λℓ−1T (xℓ−1) + λℓT (xℓ) .

Repeating for ℓ− 2, . . . , 1:

T

(
ℓ∑

j=1

λjxj

)
= T

(
0∑

j=1

λjxj

)
︸ ︷︷ ︸

T (0)=0 / 0

+λ1T (x1) + . . .+ λℓ−1T (xℓ−1) + λℓT (xℓ) =
ℓ∑

j=1

λjT (xj).

Proof by induction (without “repeating”):
For ℓ = 0, prove it directly (base case): statement reads as T (0) = 0 / 0 which is Lemma 2.24.
For ℓ > 0, prove the induction step: if the statement is true for ℓ − 1 (induction hypothesis),
then it is also true for ℓ.
Having done this, we know that the statement is true for all ℓ. Induction step:

T

(
ℓ∑

j=1

λjxj

)
= T

(
ℓ−1∑
j=1

λjxj + λℓxℓ

)
(i)
= T

(
ℓ−1∑
j=1

λjxj

)
+ T (λℓxℓ)

(ii)
= T

(
ℓ−1∑
j=1

λjxj

)
+ λℓT (xℓ) (as before)

=
ℓ−1∑
j=1

λjT (xj) + λℓT (xℓ) (induction hypothesis)

=
ℓ∑

j=1

λjT (xj).

The matrix of a linear transformation:
Theorem 2.26: Let T : Rn → Rm be a linear transformation. There exists a unique m × n
matrix A such that T = TA.

Proof. For T = TA, we need T (ej) = TA(ej) = Aej (j-th column of A), for all j ∈ [n]. Only
candidate is

A =

 | | |
T (e1) T (e2) · · · T (en)

| | |

 .
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This works:

TA(x) = Ax (Definition 2.18, TA)

=
n∑

j=1

xjT (ej) (Definition 2.4, matrix-vector multiplication)

= T

(
n∑

j=1

xjej

)
(Lemma 2.25)

= T (x) (as in

x1

x2

x3

 = x1

1
0
0


︸ ︷︷ ︸

e1

+x2

0
1
0


︸ ︷︷ ︸

e2

+x3

0
0
1


︸ ︷︷ ︸

e3

)

Consequence: If we know T (e1), T (e2), . . . , T (en), we know A and T (x) for all x ∈ Rn.

Matrix multiplication (Section 2.3)

Combining two matrix transformations. . .

B =

[
1 0
0 3

4

]
−→
TB

A =

[
0 1
1 0

]
−→
TA

C =

[
0 3

4

1 0

]
TC

“Stretching, then mirroring”

A =

[
0 1
1 0

]
−→
TA

B =

[
1 0
0 3

4

]
−→
TB

C =

[
0 1
3
4 0

]
TC

“Mirroring, then stretching”

. . . gives another matrix transformation (columns of C: what happens to e1, e2 in the end?)
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Definition 2.33 (Composition of functions): Let g : X → Y and f : Y → Z be two
functions where X, Y, Z are arbitrary sets. The function h : X → Z,

h : x 7→ f(g(x))

is the composition of f and g, written as h = f ◦ g (“first apply g, then f”).

Lemma 2.34 (Composition of matrix transformations): Let TB : Rb → Rn and TA : Rn →
Ra be two matrix transformations. The composition TA ◦ TB : Rb → Ra (“first do TB, then
TA”) is another matrix transformation.

Proof. Step 1: TA ◦ TB is a linear transformation (Definition 2.21):

(TA ◦ TB)(λ1x1 + λ2x2) = TA(TB(λ1x1 + λ2x2)) (composition)
= TA(λ1TB(x1) + λ2TB(x2)) (linearity of TB)
= λ1TA(TB(x1)) + λ2TA(TB(x2)) (linearity of TA)
= λ1(TA ◦ TB)(x1) + λ2(TA ◦ TB)(x2). (composition)

Step 2: TA ◦ TB is a matrix transformation by Lemma 2.25.

What is the matrix of TA ◦ TB?
Lemma 2.35: Let A be an a× n matrix (TA : Rn → R)
and

B =

 | | |
x1 x2 · · · xb

| | |


an n× b matrix. (TB : Rb → Rn)
The a× b matrix (TA ◦ TB : Rb → Ra)

C =

 | | |
Ax1 Ax2 · · · Axb

| | |


is the unique matrix that satisfies TC = TA ◦ TB.

Proof. Both TC and TA ◦ TB must produce the same output on every standard unit vector:

TC(ej) = (TA ◦ TB)(ej)
Def. 2.33
= TA(TB(ej))

Def. 2.18
= ATB(ej), j = 1, 2, . . . , b.

TC(ej) = Cej (j-th column of C) TB(ej) = Bej (j-th column of B: xj) .
So, previous derivation says: j-th column of C is Axj .

Let’s call C the product of A and B:
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Definition 2.36 (Matrix multiplication in column notation)
Let A be an a× n matrix and

B =

 | | |
x1 x2 · · · xb

| | |


an n× b matrix. The a× b matrix

AB :=

 | | |
Ax1 Ax2 · · · Axb

| | |


is the product of A and B.

Corollary 2.37: Let A be an a× n matrix and B be an n× b matrix. Then TA ◦ TB = TAB.

product
A,B −→ AB

construct
transformation

y y construct
transformation

TA, TB −→ TA ◦ TB

composition

“Usual” definition of AB: rows of A times columns of B
Observation 2.38: Let

A =



| u⊤
1

|

| u⊤
2

|

...

| u⊤
a

|

 ∈ Ra×n, B =

 | | |
x1 x2 · · · xb

| | |

 ∈ Rn×b.

Then

AB =


u⊤
1 x1 u⊤

1 x2 · · · u⊤
1 xb

u⊤
2 x1 u⊤

2 x2 · · · u⊤
2 xb

...
... . . . ...

u⊤
a x1 u⊤

a x2 · · · u⊤
a xb


︸ ︷︷ ︸

ab scalar products

=
[
u⊤
i xj

]a b

i=1,j=1
∈ Ra×b.

Works because Axj can be written as (u⊤
i xj)

a
i=1 (Observation 2.8). Example:[

2 3

3 −1

] [
−3 1 3

2 −1 0

]
=

[
0 −1 6

−11 4 9

]
2 · 1 + 3 · (−1) = −1

[
2 3

3 −1

] [
−3 1 3

2 −1 0

]
=

[
0 −1 6

−11 4 9

]
3 · 3 + (−1) · 0 = 9
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Previous examples:

A =

[
0 1
1 0

]
(mirroring), B =

[
1 0
0 3

4

]
(stretching)

AB =


(
0 1

)(1
0

) (
0 1

)(0
3
4

)
(
1 0

)(1
0

) (
1 0

)(0
3
4

)
 =

[
0 3

4

1 0

]
, BA =


(
1 0

)(0
1

) (
1 0

)(1
0

)
(
0 3

4

)(0
1

) (
0 3

4

)(1
0

)
 =

[
0 1
3
4

0

]
.

“Stretching, then mirroring” “Mirroring, then stretching”

Corollary 2.41: Let I be the m ×m identity matrix. Then IA = A for all m × n matrices,
and AI = A for all n×m matrices.

Lemma 2.40: Let A be an a× n matrix and B an n× b matrix. Then

(AB)⊤ = B⊤A⊤.

Works for more matrices, for example (ABC)⊤ = C⊤B⊤A⊤.

Distributivity and associativity:
Lemma 2.42:

(i) A(B + C) = AB + AC and (A+B)C = AC +BC; (distributivity, easy to check)

(ii) (AB)C = A(BC). (associativity)

Proof of associativity. By Corollary 2.37:

• (AB)C is the matrix of (TA ◦ TB) ◦ TC .

• A(BC) is the matrix of TA ◦ (TB ◦ TC).

• (TA ◦ TB) ◦ TC and TA ◦ (TB ◦ TC) are the same linear transformations (and therefore
have the same matrices (AB)C = A(BC) by Theorem 2.26):

((TA ◦ TB) ◦ TC)(x) = (TA ◦ TB)(TC(x)) = TA(TB(TC(x))),

(TA ◦ (TB ◦ TC))(x) = TA((TB ◦ TC)(x)) = TA(TB(TC(x))).

We can omit the brackets: ABC.

Also works for more matrices with the same proof (generalized associativity). For example,

(AB)(CD) = A((BC)D) = · · · = ABCD.
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