Lecture plan Linear Algebra (401-0131-00L, HS25), ETH Ziirich
Numbering of Sections, Definitions, Figures, etc. as in the Lecture Notes

Week 3

Linear transformations and linear functionals:
Definition 2.21: A function 7' : R® — R™ / T : R” — R is called a linear transformation /
linear functional if the following linearity axiom holds for all x;,x; € R” and all A1, A2 € R:

T(AMix1 + Aoxa) = M T(x1) + Ao T(x2).
The same can be said with two axioms (Lemma 2.23): For all x,x’ € R"and all A € R,
(i) T(x+x')=T(x)+T(x'),and
(i) T(Ax) = \T'(x).
Observation 2.22: Every matrix transformation is a linear transformation.

Proof. Use T4(x) = Ax and Lemma 2.19:

linear combination
X1, Xo — A1X1 + AoXo
Ta | | Ta
TA(X1), TA(XQ) — /\1TA(X1) + )\QTA(XQ) = TA(/\1X1 + )\2X2)
linear combination

Examples:

1. Letve R™. T :R™ = R,
T:x+— Zvixi =v'x
i=1
is a linear functional (the covector v'; see Definition 1.20). For the proof, verify (i)
and (ii) in Lemma 2.23:

T(x+x') = Z vi(x; +27) = Z v + Z viz; =T(x)+T(x'), and
i=1 i=1 i=1
T(A\x) = Zvi()\xi) = /\Zvixi = \T'(x).

1 =1

.
I
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2. T:R?— R?
] T1 + 27,
T:x— (3302 +4a:3)
is a linear transformation. For the proof, observe that 7' = T4 for

. 1 20 . . . 11’1+2$2+0I3 .
A= [0 3 4] + Talx) = Ax = (0x1+3x2+4x3> = T(x).

Now use Observation 2.22 (every matrix transformation is a linear transformation).
3. T:R" — R™, x — 0is a linear transformation (7" = T4 for A = 0).
4. T:R™ — R™,x — x is a linear transformation (7" = T}y for A = I).

5. T:R™ =R,
T:x— Y |z =|x[: (I-norm of x)
i=1
is not a linear functional: if x # 0 and A < 0, then T'(A\x) > 0 but AT'(x) < 0; so (ii):
T(Ax) = \T'(x), fails.
6. T:R" — R™,x — v # 0isnota linear transformation: (i): 7'(x+x') = T'(x)+1'(x’),
fails with T'(x + x') = vand T'(x) + T'(x') = 2v # v.

“Null in, null out”:
LemmaR2.24: LetT : R®» — R™ / T : R® — R be a linear transformation / linear func-
tional. Then 7'(0) = 0 / 0.

Proof. Use (ii), T'(Ax) = AT'(x): T'(0) = T'(0x) = 07'(x) =0 / 0. O

“Linearity with more terms”:
Lemma2.25: LetT : R® — R™ / T : R® — R be a linear transformation / linear func-
tional, let x1,Xs,...,x, € R"and A, \s, ..., N\, € R. Then

T (ZE: )\jxj> = Xe: N (x5).

¢ = 0: Lemma 2.24 ¢ =1: (i) ¢ = 2: Definition 2.21 (> 27
Proof.
J4 /—1 ) -1 N /—1
T (Z )\ij> =T (Z )\ij + )\ng> @ T (Z )\ij) +T ()\ng) (2) T (Z )\ij) + AT (Xg) .
j=1 j=1 j=1 j=1
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Same for ¢ — 1:

=2
=T (Z )\ij) + )\gflT (ngl) + )\gT (Xg) .

J=1

Repeating for ¢ —2,...,1:

l 0
T <Z ijj> =T <Z ijj) FNT(x1) 4 o+ e T (x1) + AT (%) Z)\ T(x;).
j=1

j=1

T(0)=0 / 0
[

Proof by induction (without “repeating”):
For ¢ = 0, prove it directly (base case): statement reads as 7'(0) = 0 / 0 which is Lemma 2.24.

For ¢ > 0, prove the induction step: if the statement is true for ¢ — 1 (induction hypothesis),
then it is also true for /.

Having done this, we know that the statement is true for all /. Induction step:

L -1 ) /-1
T (Z /\ij> = T (Z /\ij + )\ng) (—i) T (Z )\ij> + T (/\ng)
j=1 J=1 J=1

) -1
@ (Z /\jxj) + M1 (x¢) (as before)

=1

= Z/\jT(xj) + MT (%) (induction hypothesis)

L
= Z AT (x5).

]

The matrix of a linear transformation:
Theorem 2.26: Let 7' : R” — R'™ be a linear transformation. There exists a unique m x n
matrix A such that 7' = T)4.

Proof. For T'= T4, we need T'(e;) = Ta(e;) = Ae; (j-th column of A), for all j € [n]. Only
candidate is
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This works:
Ty(x) = Ax (Definition 2.18, T'4)

= Z z;T(e;)  (Definition 2.4, matrix-vector multiplication)
j=1

=T (i xjej) (Lemma 2.25)
- 2 1 0 0
= T(X) (as in ) =X 0 +x9 1 “+x3 0 )
T3 0 0 1

Consequence: If we know 7'(e;),T'(ez), ..., T(e,), we know A and T'(x) for all x € R".

Matrix multiplication (Section 2.3)

Combining two matrix transformations. ..

10 0 1
i =l
— —
TB TA

03
_ |V 1
o=
Tc
“Stretching, then mirroring”
01 10
=l o=l
— —
Ty T
01
o[
\%O/v
Tc

“Mirroring, then stretching”

... gives another matrix transformation (columns of C': what happens to e;, e, in the end?)
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Definition 2.33| (Composition of functions): Let g : X — Y and f : ¥ — Z be two
functions where X, Y, Z are arbitrary sets. The function h : X — Z,

h:x— f(g(x))

is the composition of f and g, written as h = f o g (“first apply g, then f”).

Lemma 2.34 (Composition of matrix transformations): Let T : R® — R" and T4 : R" —
R® be two matrix transformations. The composition T4 o T : R® — R® (“first do T, then
T4”) is another matrix transformation.

Proof. Step 1: T4 o Tp is a linear transformation (Definition 2.21):
(ThoTg)(Mix1 + Aox2) = Ta(Tr(Mx1 + Aaxz)) (composition)
= Ty(MTp(x1) + AoTp(x2)) (linearity of 1)
= MTa(Tg(x1)) + MTa(Tp(x2)) (linearity of T4)
M(T40Tg)(x1) + A2(T4 0 Tg)(x2). (composition)
Step 2: Ty o Tz is a matrix transformation by Lemma 2.25. O

What is the matrix of T4 o Tg?

Lemma 2.35: Let A be an a X n matrix (T4 : R = R)
and o |
B=|x1 x9 Xy
o |
an n x b matrix. (Tg : R® — R")
The a x b matrix (ThoTg: R — R
| | |
C=|Ax; Axs Axy

is the unique matrix that satisfies T = T}y o T.

Proof. Both T and T4 o Ts must produce the same output on every standard unit vector:

Te(e;) = (Ta o Tp)(e;) "2 Tu(Ts(e;)) "2 ATg(e;), j=1,2,....b.

Tco(ej) = Ce;j (j-th column of C) Tg(e;) = Be; (j-th column of B: x;) .
So, previous derivation says: j-th column of C'is Ax;. O

Let’s call C' the product of A and B:
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Definition 2.36 (Matrix multiplication in column notation)
Let A be an a x n matrix and

B=|xg x2 -+ x

an n X b matrix. The a x b matrix

AB = |Ax; Axy -+ Axy
| | |
is the product of A and B.
Corollary 2.37: Let A be an a x n matrix and B be an n x b matrix. Then Ty o T = Typ.
product
A B — AB
construct l l construct
transformation transformation
TA, Tg — ThoTp
composition
“Usual” definition of AB: rows of A times columns of B
Observation 2.38: Let
—u
S | |
2 axn nxb
A= . e R s B = X1 Xo - Xp e R .
Cw N
Then
u/x; u/xy - oulx
T T T
U, X; Uy Xo -+ Uy Xp a
AB=| 7 P T —ufx] b e R
ulx; ulx, - oulx,

J/

~
ab scalar products

Works because Ax; can be written as (u, x;)%, (Observation 2.8). Example:

23[-3 13 [ 0-16 [23—313_ 0—-16
3 -1 2-10 |-11 409 13 -1 2 -10] [-11 49

2.1+3-(—1)=-1 3.34+(-1)-0=9
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Previous examples:

A= {(1) (1)} (mirroring), B =

0 1) © (s ; aofy) 0o
Rt o)% 0 ”>8 e z>8 © 3>E§§ Lol

4
“Stretching, then mirroring” “Mirroring, then stretching”

1
O =
alw O

} (stretching)

Corollary 2.41: Let I be the m x m identity matrix. Then /A = A for all m x n matrices,
and Al = A for all n x m matrices.

Lemma 2.40: Let A be an a x n matrix and B an n x b matrix. Then
(AB)T =BTAT,

Works for more matrices, for example (ABC)" =C"BTAT.

Distributivity and associativity:
Lemma 2.42:

(i) A(B+C)=AB+ ACand (A+ B)C = AC + BC; (distributivity, easy to check)
(ii) (AB)C = A(BC). (associativity)
Proof of associativity. By Corollary 2.37:
* (AB)C is the matrix of (T4 o T) o T¢.
e A(BC) is the matrix of T4 o (T 0 T¢).

o (TyoTg)oTyand Ty o (T o T¢) are the same linear transformations (and therefore
have the same matrices (AB)C = A(BC') by Theorem 2.26):

(TaoTp)oTe)(x) = (TaoTs)(Te(x)) = Ta(Tp(Tc(x))),
(Tao (TgoTp))(x) = Ta((TpoTc)(x)) = Ta(Ts(Tc(x))).

We can omit the brackets: ABC.

Also works for more matrices with the same proof (generalized associativity). For example,

(AB)(CD) = A(BC)D) = --- = ABCD.
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