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Solve a system of equations with Gauss elimination and back substitution

System of linear equations Matrix vector form Ax = b
3 —1x3 +2x, = -1 0 3 -1 2| [x -1
2x;  +lx, —1x3 4+2x4 = 5 2 1 -1 2| [x| _ 5
—2x1  +b5xo —2x3 +6x, = 4 -2 5 =2 6| |xs| | 4
4x; +11x, —4x3 +8x4 = 2 4 11 —4 8| |x4 2
h X s X b

Algorithm:
» Turn the red entries into 0 using row subtractions and row exchanges!
» Use back substitution to solve for x!
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Zero pivot: Exchange rows 1 and 2

row 1

F
<

row 2

o O O

o O —+H O

— O O O

0
1
0
0

P2 =

permutation matrix:
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Elimination in column 1: Subtract 0 - row 1 from row 2

A b
[ 2 1 -1 27 [ 5]
0 3 -1 2 -1 row2: 0 3 -1 2 -1
-2 5 -2 6 4
| 4 11 —4 8| | 2]
Ex- | Ex- |
[ 2 1 -1 27 [ 5] O-rowl: 0 O 0 0 0
0 3 -1 2 ~1 =row?2: 0 3 -1 2 -1
-2 5 -2 6 4
| 4 11 —4 8| | 2]
1 000
elimination matrix: Ep; = 0100
0010
0 0 01
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Elimination in column 1: Subtract (—1) - row 1 from row 3

A b

[ 2 1 -1 2] [ 5]

0 3 -1 2 -1
-2 5 -2 6 4 row3: —2 5 =2 6 4
411 -4 o8] | 2]

Es- | Es- |
2 1 -1 27 [ 5] (=1)-rowl: -2 -1 1 -2 -5
0 3 -1 2 -1

0 6 -3 8 9 =row 3 : 0 6 -3 8 9
4 11 -4 8] | 2]

elimination matrix: E3; =

O = O =
O O+~ O
O = OO
= O O O
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Elimination in

column 1: Subtract 2 - row 1 from row 4

b
-1 27 [ 5]
-1 2 -1
-3 8 9
4 8] | 2]
{ Es- |
-1 2 5
-1 2 -1
-3 8 9
2 4] |-8]

elimination matrix:

row 4 :

=row 4 :

Ey =

2-row 1:

N O O -

O O+~ O

O = OO

= O O O
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Elimination in column 2: Subtract 2 - row 2 from row 3

A
(2 1 -1
0o 3 -1
0 6 -3
0 9 -2
Esp- |
2 1 -1
0o 3 -1
0 0 -1
0 9 2

H 0N DN
©

EE T~ O )
=
=

elimination matrix:

row3: 0
2-row 2: i
=row3: 0

Ez =

oo o
|
N

o = OO

-3 8 9
2 4 2
-1 4 11

= O O O
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elimination matrix:

Esp =

O O O

Elimination in column 2: Subtract 3 - row 2 from row 4

9 2 4 -8
9 -3 6 -3
0 1 -2 -5
0 0
0 0
10
0 1
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Elimination in column 3: Subtract (—1) - row 3 from row 4

A
1 -1
3 -1
0o -1
0 1
Eyz- |
1 -1
3 -1
0o -1
0 0

N B~ DN DN
[y
=

N AN
—
=

elimination matrix:

row 4
(—=1)-row 3
= row 4/
10

01

Eyz = 0 0
00

0 1 -2 -5
0 0o 1 -4 -
0 2 6

= = O O

= O O o
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Back substitution to compute x4, X3, X2, X1

Matrix vector form Ax = b System of linear equations

21 -1 2 X1 5 2X1 +1X2 —1X3 +2X4 = 5

0 3 -1 2f [x| |[-1 3x0 —1x3 +2x4 = -1

0 0 -1 4| x| |11 —1x3 +4x4 = 11

00 0 2 |[xa 6 2x4 = 6
—_— =

A x b

eq. before substitution after substitution | solution

1 2x1 +1lxo —1xz3 +2x4 = 5 2x1+ 3 =5|x= 1

2 30 —1x3 +2x4 = -1 3x04+5 =—-1|x= -2

3 —1x3 +4x, = 11| —-1x3+12 =11 |x3= 1

4 2X4 = 6 X4 =
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