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Solve a system of equations with Gauss elimination and back substitution

System of linear equations Matrix vector form Ax = b

1xq 49% +2x3 +b5xy = -2 1 9 2 5| |x -2

7X1 —3X2 —|—2X3 = 8 7 =3 2 0 X2 8

6x1 +8x, +lxz —1x, = 2 6 8 1 —1f [x3| | 2

—2X1 —|—3X2 —5X4 = 3 —2 3 0 =5 X4 3
~ ~ N~ =

A X b
Algorithm:

» Turn the red entries into 0 using row subtractions and row exchanges!
» Use back substitution to solve for x!
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Elimination in column 1: Subtract 7 - row 1 from row 2

A b
1 9 2 51 [ -2
7 -3 2 0 8 row?2: 7 -3 2 0 8
6 8 1 -1 2
| -2 3 0 =51 | 3]
Ex- | Ex- |
1 9 2 51 [ =27 7T-rowl: 7 63 14 35 —14
0 —-66 —12 35 22 —row2: 0 —66 —12 —-35 22
6 8 1 -1 2
| -2 3 0 =51 | 3]
1 000
elimination matrix: Ep; = —r 100
0 010
0 0 01
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Elimination in column 1: Subtract 6 - row 1 from row 3

A b

1 9 2 5] [ —2 ]

0 —-66 —-12 =35 22

6 8 1 -1 2 row3: 06 8 1 -1 2
2 3 0 -5| | 3

Es- | Es- |

1 9 2 57 [ -2 6-rowl: 6 54 12 30 -—12

0 -66 —12 35 22 o

0 —-46 -11 -31 14 =row3: 0 —46 —-11 =31 14
2 3 0o -5] | 3

elimination matrix: E3; =

O OO
O O = O
o = OO
= O O o
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Elimination in column 1: Subtract (—2) - row 1 from row 4

A b
1 9 2 57 [ -2
0 —-66 —-12 =35 22
0 —-46 -—-11 -31 14
| -2 3 0 5] | 3] row4d: —2 3 0 -5
Eqy- | Eqy- |
[ 1 9 2 51 [ -2 (=2)-rowl: -2 -18 -4 -10 4
0 —-66 —-12 35 22
0 —-46 -—-11 -31 14
| 0 21 4 5] | —-1] =row 4’ : 0 21 4 5 -1

elimination matrix: Ej1 =

N O O+
O O = O
O = OO
= O O O
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Elimination in column 2: Subtract % - row 2 from row 3

O O O

o O o

A

9 2
—-66 —12
—-46 -—11
21 4

Esp- |
9 2
—-66 —12
0 -3
21 4

b
5] [ =27
—-35 22
-31 14
5 | | —1 |
Ez- |
5] [ —2 ]
-35 22
_ 218 _4
33 3
5 | | —1 |

elimination matrix:

row3: 0 —-46 11 —-31 14
23 92 805 46
Zcrow2: 0 46 -3 —52 R
=row3: 0 0 —%g ——%;13% —23{
1 0 0O
0 1 00
Ez = 23
0 -2 1 0
0 0 0 1
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Elimination in column 2: Subtract (—55) - row 2 from row 4

A b
[1 9 2 57 [ —27
0 —-66 -12 —-35 22
29 218 4
0 0 -7 -3 -3
| 0 21 4 51 | —-1] rowd: 0 21 4 5 -1
Es- | Ep- |
(1 9 2 51 [ -2
0 —-66 -12 —35 22 (—5)-row2: 0 21 £ 2 7
0 0o -2 _28 _4
¥ e 3 , : s
L0 0 T 5l L 6] =rowd4: 0 0 2 -1¥ 6

elimination matrix: Ejg =

O O O+
O = O O
= O O O
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Elimination in column 3: Subtract (—%) - row 3 from row 4

A b
(1 9 2 5 [ =2
0 —-66 —12 —-35 22
0o o -B 3| |-
0 o & ¥ | 6. rowd: 0 0 2% -3 6
Eqz- | Eyz- |
(1 9 2 51 [ -2
0 —-66 —12 —35 22
29 218 2 2 436 8
SR (O | ai| Cmlrowd 00 5 oy g
_0 0 0 ~— 174 L 87 =row 4 0 0 0 ~q74 37
10 00
elimination matrix: E, 01 00
o Eaz =
00 10
2
0 0 55 1
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Back substitution to compute

Matrix vector form Ax = b

X4, X3, X2, X1

System of linear equations

1 9 2 51 Ix1 -2 Ix; +49x% +2x3 +5x4 -2

0 —-66 -—12 =35| |x| | 22 —66xp —12x3 —3bx, = 22

0 0 —2 28| |l T |4 —29, 28, — _24

11 3% 3 11 33 3

114 51 114 _ 51

0 0 0 —57] | 7 —Ima =

—— ~——
A x b

eq. before substitution | after substitution | solution
1 [1xa  49% +2x3  +5x = —2 1x — % =-2|x= 35
2 —66x, —12x3 —3bx4 = 22| —66xp— 19z =22 |xp= —-it
3 Oy, 218, _ 4| _20, 204104 _ 4|, _ 3186
11 3 4 = 3 1173 7T 737851 — T3 |73 1445
4 _1idr  _ 513 x — 1028
174 74 87 4 1147
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