
Satis�ability of Boolean Formulas - Combinatori
s and AlgorithmsAutumn 2008
Special ExercisesRegulations:� There will be a total of four spe
ial exer
ise sets during this semester.� You are expe
ted to solve them 
arefully and then write a ni
e and
omplete exposition of your solutions using LaTeX.� You are wel
ome to dis
uss the tasks with your 
olleagues, but weexpe
t ea
h of you to hand in your own, individual writeup.� Your solutions will be graded. The three highest out of your foura
hieved grades will a

ount for 10% of your �nal grade for the 
ourseea
h (so 30% of the grade in total).Spe
ial Exer
ise Set 1
Due date: Friday, October 17, 2008 (at the beginning of the 10 o'
lo
k le
ture)
Problem 1 Only double 
on
i
tsLet F be a CNF formula su
h that every pair of 
lauses C, D 2 F either haveno 
omplementary literals, or at least two pairs of 
omplementary literals,but never exa
tly one, i.e. using the notation�C := { �u | u 2 C }we have 8C, D 2 F : |C \ �D| 6= 1.

a. Prove that F is satis�able.
b. Exhibit a polynomial-time algorithm that �nds a satisfying assign-ment for su
h a formula.



Problem 2 Che
k-free Chess BoardYou are given a list of 
hess pie
es, e.g. [k kings, q queens, r rooks, b bi-shops, g knights℄, with k, q, r, b, g 2 N. For simpli
ity, we do not allow anypawns in the list (due to the spe
ial 
apturing rules that apply for them).You would like to position all the pie
es on a board of size n�n in su
h away that(i) no two pie
es are on the same �eld and(ii) no pie
e 
an 
apture another pie
e.Note that we disregard the 
olours of the pie
es in this problem. Findinga solution is not an easy task, but perhaps you 
an 
reate a CNF formulaout of it whi
h is satis�able if and only if your task has a solution.
a. Give a (high-level) des
ription of how an algorithm 
ould 
onstru
t aCNF formula for the problem in polynomial time.
b. Argue why your solution is 
orre
t and how a satisfying assignmentreveals a solution for the original task.
c. Des
ribe the 'metri
s' of the formulas your algorithm produ
es, e.g.the number of variables, the number of 
lauses and the sizes of the
lauses.

Problem 3 NAE-Satis�abilityA CNF formula F is said to beNot-All-Equal satis�able, orNAE-satis�ablefor short, if there exists an assignment for it su
h that in every 
lause, atleast one literal evaluates to true and at least one literal evaluates to false.
a. Give a 2-CNF with 2 
lauses that is not NAE-satis�able(and demonstrate that it really isn't!).
b. Give a 3-CNF with 4 
lauses that is not NAE-satis�able(and demonstrate that it really isn't!).
c. Show that every k-CNF with less than 2k−1 
lauses is NAE-satis�able.
d. Show that for every k, there exists a k-CNF formula with 2k−1 
lauseswhi
h is not NAE-satis�able.



Problem 4 Derandomizing the Lo
al LemmaLet F be a k-CNF formula of the form we require in Theorem 2�.1 and
V := vbl(F) its variable set. Let m := |F|. Re
all the various de�nitions
on
erning witness trees in Chapter 2�.

a. Show: for every witness tree T for F we 
an exhibit a 
lause CT over
V su
h that T is 
onsistent with an assignment α 2 {0, 1}V if and onlyif CT is violated. What is the size of su
h a 
lause?

b. Let u > k be any �xed number. Prove: if there exists a witness tree
T of size at least u for F whi
h expands and is 
onsistent with a given
α 2 {0, 1}V, then there exists also a witness tree T 0 of a size in therange [u, (k+1)u] that expands as well and is equally 
onsistent with
α.Hint: As you would expe
t, T 0 is a subtree of T . Use redu
tio ad absurdum:assume the 
laim is wrong for some �xed value u and then assume that Tis the smallest 
ounterexample to the 
laim, so the smallest tree larger than
u but su
h that no (expanding, 
onsistent,...) subtree of a size in the rangebetween u and (k + 1)u exists. Then derive a 
ontradi
tion.

c. Prove: there exists a list 
ontaining polynomially (in the size of
F) many witness trees, ea
h of them being of polynomial size, su
hthat if for a given assignment α, all the witness trees in the list arenon-
onsistent with α, then F[αp] 
onsists of small 
omponents ex
lu-sively, where 'small' is de�ned along the same lines as in the s
ript,i.e. l
s(F[αp]) < c log(m) for some 
onstant c.Hint: Use b.

d. Prove: the randomized algorithm presented in Chapter 2� 
an bederandomized, i.e. there is a deterministi
 polynomial-time algorithmthat �nds a satisfying assignment to any F whi
h has8C 2 F : |ΓF(C)| � 2k/2−6.Hint: Use a, 
 and at some point Theorem 2.2.


