
Satis�ability of Boolean Formulas - Combinatori
s and AlgorithmsAutumn 2008
Special ExercisesRegulations:� There will be a total of four spe
ial exer
ise sets during this semester.� You are expe
ted to solve them 
arefully and then write a ni
e and
omplete exposition of your solutions using LaTeX.� You are wel
ome to dis
uss the tasks with your 
olleagues, but weexpe
t ea
h of you to hand in your own, individual writeup.� Your solutions will be graded. The three highest out of your foura
hieved grades will a

ount for 10% of your �nal grade for the 
ourseea
h (so 30% of the grade in total).Spe
ial Exer
ise Set 2
Due date: Friday, November 7, 2008 (at the beginning of the 10:15 le
ture)
Problem 1 [4 points] Di�erent Clause TypesLet us 
all a CNF formula F allowed, if every 
lause C 2 F is either� a 3-
lause with 3 positive literals, e.g. {x, y, z}� a 3-
lause with 3 negative literals, e.g. {�x, �y, �z}� a 2-
lause with a negative and a positive literal, e.g. {x, �y}Prove: For every allowed formula, there is an assignment that satis�esat least (1 − Φ3)-fra
tion of the 
lauses, where Φ =

p
5−1

2
is the goldenratio 
onjugate.



Problem 2 [6 points] XSATLet F be a CNF formula and α some assignment to its variables. Wesay that α exa
tly satis�es F, if in ea
h 
lause of F, exa
tly one literalevaluates to true under α. A CNF formula is 
alled exa
tly satis�ableif it admits an assignment whi
h exa
tly satis�es it.
a. Let F be an exa
tly satis�able k-CNF formula, k � 2. Show thatthere are at least 2 satisfying (in the normal SAT sense!) assign-ments for F.
b. Improve on the result of task a. Give a tight bound f(n, k) 2 Nsu
h that for n � k � 2, for every exa
tly satis�able k-CNF formula

F with n variables, the number of satisfying (in the normal SATsense!) assignments for F is at least f(n, k).Hint: To show that your bound is tight, you have to exhibit for all
n � k � 2 an exa
tly satis�able k-CNF formula F whi
h has n variablesand exa
tly f(n, k) satisfying assignments.

c. The XSAT problem is to re
ognize whether a given CNF formula
F is exa
tly satis�able. Demonstrate that SAT is at least as hard tosolve as XSAT, i.e. give a polynomial-time algorithm whi
h takesa CNF formula F and transforms it into another CNF formula F 0su
h that F 0 is satis�able if and only if F is exa
tly satis�able.

d. Demonstrate that XSAT is at least as hard to solve as SAT, i.e.give a polynomial-time algorithm whi
h takes a CNF formula F andtransforms it into another CNF formula F 0 su
h that F 0 is exa
tlysatis�able if and only if F is satis�able in the normal sense. Forsimpli
ity, let F be a 3-CNF.



Problem 3 [6 points] Tree-like 2-CNFsLet F be a 2-CNF formula. Let the variable-dependen
y graph G 0[F]be de�ned as the graph with vertex set vbl(F) and in whi
h there existsan edge between two variables x, y 2 vbl(F) if 9C 2 F : vbl(C) = {x, y}.We say that F is tree-like, if its variable-dependen
y graph is a tree andno two 
lauses are over the same variable set, i.e. for all C, D 2 F with
C 6= D we have vbl(C) 6= vbl(D).

a. Show that a tree-like 2-CNF is satis�able.
b. Let F be a tree-like 2-CNF and let x 2 vbl(F) be any variable. Con-sider x to be the root vertex of G 0[F]. Let us say that the subtreesof G 0[F] are the trees that we obtain by pi
king any vertex y and allof its des
endants. Now re
all the pro
edure uc in the s
ript whi
hperforms unit 
lause redu
tion. Demonstrate that G 0[uc(F[x7→1])]
onsists of disjoint subtrees of G 0[F].
c. Give a re
ursive algorithm that 
ounts the number satisfying as-signments of a tree-like 2-CNF. What is the running time of youralgorithm?
d. Give a polynomial-time algorithm for the same task using dynami
programming.Hint: In 
ase you do not know this 
on
ept, 
onsider

http://en.wikipedia.org/wiki/Dynamic programminga reading assignment.


