
1Spe
ial Exer
ise Set 3November 24, 2009due on Friday, November 27 in the exer
ise session(same regulations apply as for the previous 2 sets)
3.1 Perfect ImplementationLet f : {0, 1}V 7→ {0, 1} be a boolean fun
tion over the variable set V. Let F be a CNFformula over variable set V 0 with V 0 � V. We say F perfe
tly implements f if8α : V 7→ {0, 1} : f(α) = 1 ⇐⇒ F[α] is satis�able.In parti
ular, if V = V 0, then the assignments α for whi
h f(α) = 1 and are exa
tlythe satisfying assignments of F.
Exercise a) Show that any k-
lause (viewed as a boolean fun
tion) 
an be perfe
tlyimplemented by a 3-CNF formula.
Exercise b) Show that any boolean fun
tion 
an be perfe
tly implemented by some
3-CNF formula.
Exercise c) Show that if the fun
tion x ∨ y ∨ z 
an be perfe
tly implemented by a
2-CNF formula, then P = NP.
Exercise d) Let α1, α2, α3 : {0, 1}V be truth assignments. We de�ne the truth assignmentmaj(α1, α2, α3) as follows:maj(α1, α2, α3)(x) =

{
1 if at least two of α1, α2, α3 set x to 1 ,

0 else.Let F be a 2-CNF formula. Show that if α1, α2, α3 all satisfy F, then maj(α1, α2, α3)also satis�es F.
Exercise e) Show that x ∨ y ∨ z 
annot be implemented by a 2-CNF formula.
3.2 Bounded Degree SATLet F be a CNF formula. The degree of a variable x in F, denoted by degF(x), is thenumber of 
lauses of F 
ontaining x or �x. A degree-d CNF formula is a CNF formula
F where degF(x) � d for any variable x. Degree-d SAT is the problem of de
idingwhether a given degree-d CNF formula is satis�able. Formally, Degree-d SAT is thelanguage 
onsisting of all satis�able degree-d CNF formulas.
Exercise a) Show that Degree-2 SAT is in P.
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Exercise b). Show that Degree-3 SAT is NP-
omplete. That is, give a polynomial timealgorithm that takes a CNF formula F as input and outputs a sat-equivalent degree-3CNF formula F 0. You might use the following degree-2 CNF formula:

{�x1, x2}, {�x2, x3}, . . . , {�xn−1, xn}, {�xn, x1} ,whi
h is satis�ed if and only if all variables x1, . . . , xn are set to the same value.Now we 
onsider degree-d k-CNF formulas, that is, formulas F where |C| = k for all
C 2 F and degF(x) � d for all x 2 vbl(F). Again, Degree-d k-SAT is the language ofall satis�able degree-d k-CNF formulas.
Exercise c) Show that for any k � 1, Degree-2k−2

k
k-SAT is in P.

Exercise d) Suppose your friend gives you, as a birthday present, an unsatis�able degree-
d k-CNF formula with k � 3. Using this formula, give a polynomial algorithm thattakes as input a degree-3 CNF formula F and outputs a degree-d k-CNF formula F 0su
h that F 0 is satis�able if and only if F is. Please note that in F 0, every 
lause musthave size exa
tly k, and also that it is not your 
hoi
e what d and k are.
Bonus Exercise e) Prove that for all d, k � 0, at least one of the following holds: (i)Degree-d k-SAT is in P, or (ii) Degree-d k-SAT is NP-
omplete.
3.3 Algorithmic Local Lemma

Exercise a) In
ompressibility plays a role in the 
onstru
tive proof of the Lov�asz Lo
alLemma. Here we want to investigate it in a somewhat simpler s
enario. Considera fun
tion f : {0, 1}n 7→ {0, 1}� that is pre�x free, i.e. there do not exist x1, x2 2
{0, 1}n, x1 6= x2 and y 2 {0, 1}� su
h that f(x1) = f(x2)y (where f(x2)y is simply the
on
atenation of two strings). Let |f(x)| denote the length of the string f(x). Showthat

Ex2u.a.r.{0,1}n [|f(x)|] � n ,where x 2u.a.r. means that x is sampled uniformly at random from {0, 1}n. In otherwords, a random string from {0, 1}n 
annot be 
ompressed. You might want to useLemma 5.3 from the le
ture notes together with the following lemma:
Lemma 1.1 (Special case of Jensen’s inequality) Let X be a random variable. Then E[2X] �
2E[X].
Exercise b) The algorithm solve lll outputs a log 
onsisting of at most mdlogme +

(k − 1)t bits. Modify the algorithm, i.e., modify the format of the log it produ
essu
h that the log 
onsists of at most m + (k − 1)t bits. Hint: in solve lll, we writethe binary 
ode for every 
lause C we are treating. Show how to en
ode the sameinformation with only one bit per 
lause!


