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I can't get no satisfactionI can't get no satisfaction'Cause I try and I try and I try and I tryI can't get no, I can't get no[Jagger, Richards, 1965]
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0.1 Course Description

Satisfiability of Boolean Formulas—Combinatorics and Algorithms(252-0491-00 Erf�ullbarkeit logischer Formeln|Kombinatorik und Algorith-men)EmoWelzl (lecturer) and Jerri Nummenpalo (assistant); ETH Z�urich, Spring2015, Tuesday, 10-12 (CAB G59) and Thursday 9-10 (CAB G59) for lec-tures, and and Tuesday, 13-15 (CAB G57) for exercises.
http://www.ti.inf.ethz.ch/ew/courses/SAT15/

Contents. Satis�ability (SAT) is the problem of deciding whether a booleanformula in propositional logic has an assignment that evaluates to true.SAT occurs as a problem and is a tool in applications (e.g. Arti�cial In-telligence and circuit design) and it is considered a fundamental problemin theory, since many problems can be naturally reduced to it and it is the`mother' of NP-complete problems. Therefore, it is widely investigated andhas brought forward a rich body of methods and tools, both in theory andpractice (including software packages tackling the problem). This courseconcentrates on the theoretical aspects of the problem. We will treat basiccombinatorial properties (employing the probabilistic method including avariant of the Lov�asz Local Lemma with its recent algorithmic version),recall a proof of the Cook-Levin Theorem of the NP-completeness of SAT,discuss and analyze several deterministic and randomized algorithms (in-cluding a very recent break through for deterministic algorithms) and treatthe threshold behavior of random formulas. In order to set the methodsencountered into a broader context, we will deviate to the more generalset-up of constraint satisfaction and to the problem of proper k-coloring ofgraphs.
Prerequisites. The course assumes basic knowledge in propositional logic (cf.[Sch�oning, 1992]), in probability theory and in discrete mathematics (cf.[Matou�sek, Nesetril, 1998], [Steger, 2001, Schickinger, Steger, 2001]), as itis supplied in the Vordiplomstudium.
Literature. There exists no book that covers the many facets of the topic.Lecture notes covering the material of the course will be distributed.
List of books with material related to the course:George Boole, An Investigation of the Laws of Thought on which areFounded the Mathematical Theories of Logic and Probabilities, DoverPublications (1854, reprinted 1973).



Peter Clote, Evangelos Kranakis, Boolean Functions and ComputationModels, Texts in Theoretical Computer Science, An EATCS Series, SpringerVerlag, Berlin (2002).Nadia Creignou, Sanjeev Khanna, Madhu Sudhan, Complexity Classi�ca-tions of Boolean Constrained Satisfaction Problems, SIAM Monographson Discrete Mathematics and Applications, SIAM (2001).Harry R. Lewis, Christos H. Papadimitriou, Elements of the Theory ofComputation, Prentice Hall (1998).Rajeev Motwani, Prabhakar Raghavan, Randomized Algorithms, Cam-bridge University Press, Cambridge, (1995).Uwe Sch�oning, Logik f�ur Informatiker, BI-Wissenschaftsverlag (1992).Uwe Sch�oning, Algorithmik, Spektrum Akademischer Verlag, Heidelberg,Berlin (2001).Michael Sipser, Introduction to the Theory of Computation, PWS Pub-lishing Company, Boston (1997).Klaus Truemper, Design of Logic-based Intelligent Systems, Wiley-Inter-science, John Wiley & Sons, Inc., Hoboken (2004).



0.2 Notation

Z denotes the set of integers, N the positive integers (natural numbers),Z,N,N0 and N0 the nonnegative integers. For i, j 2 Z, {i..j} := {n 2 Z | i � n � j}.{i..j}
A,B sets; k 2 N0: |A| denotes the cardinality of A, 2A the power set of

|A|, 2A
A (set of all subsets of A), �A

k

� the set of all k-element subsets of A, A�B�
A
k

�, A� B the symmetric di�erence, and A � B the Cartesian product. The set of
A� B

functions A −→ B is denoted by BA.
BA

Pr (E) denotes the probability of event E . E(X) denotes the expectedPr (E) value of random variable X. \u.a.r." is short for \uniformly at random,"and \i.i.d." for \identically and independently distributed." For P a pred-icate, [P] is 1 if P holds, and 0, otherwise (indicator function).[P] A (simple undirected) graph is a pair G = (V, E), where V is a �niteset (the vertices) and E � �
V
2

� (the edges). Vertex u is termed adjacentto vertex v (or u is a neighbor of v), if {u, v} 2 E. The degree, degG(v), ofdegG(v) vertex v in graph G is the number of neighbors of v in G.A (simple) directed graph is a pair G = (V, E), where V is a �nite setand E � V � V (the directed edges1 or arcs). For u, v 2 V, u is an out-neighbor of v if (v, u) 2 E, and u is an in-neighbor of v if (u, v) 2 E; u isa neighbor of v (or adjacent to v), if it is an out- or in-neighbor of v.The binary boolean operators `and' (conjunction) and `or' (disjunc-tion) are denoted by ∧ and ∨, resp. Negation is denoted by ¬ or by a∧, ∨
¬, x horizontal bar over the operand (e.g. x). We employ the usual shortcuts→(implication), ↔ (equivalence), and � (exclusive or, `xor ') (x → y for↔, →, �

x∨ y, x↔ y for (x→ y)∧ (y→ x) and x� y for ¬(x↔ y)).Two boolean formulas f and g are equivalent2, f � g in symbols, iff � g every assignment of the variables involved in f and g lets the two formulasevaluate to the same value. A boolean formula f is satis�able, if there is anassignment under which f evaluates to true (i.e. f 6� false). f is a tautology ,if it evaluates to true under all assignments (i.e. f � true).
1In a directed graph (as de�ned here), a vertex can have an edge to itself (a loop),while this is outruled for undirected graphs.2Note the di�erence between `�' and `↔': The latter is an operator symbol occurringin boolean formulas of propositional logic, while the former is an equivalence relation onthe set of such formulas. They are connected in that f � g holds i� f↔ g is a tautology.



Chapter 1

Basics, Examples, and Set-UpSatis�ability (SAT) is the problem of deciding whether a boolean1 formulain propositional logic, take
(x→ y)∧ (y→ z)∧ (z→ x)∧ (x∨ y∨ z) (1.1)or

(((x∧ y)∨ (y∧ z))∧¬(x↔ y)) � (x∧ y∧ z) (1.2)for examples, allows a {true, false}-assignment to variables so that the for-mula evaluates to true|a so-called satisfying assignment. The formula(1.1) has such a satisfying assignment, namely
x 7→ 1, y 7→ 0, z 7→ 0 ,as can be easily checked (we let 1 represent true and 0 represent false). (1.2)is not satis�able and we see that it takes an argument more elaborate thanin the case of satis�ability to certify this unsatis�ability.Satis�ability has numerous applications, let it be in Arti�cial Intelli-gence or Formal Veri�cation, but we will focus here on the theoreticalaspects of the problem which plays a key role in Theoretical ComputerScience, amongst others, as the `mother' of NP-complete problems. Nev-ertheless, in the beginning of this �rst chapter we will brie
y touch linksto possible applications. Next we will justify our restriction to formulasin so-called conjunctive normal form, which will lead us to a tailoredset-terminology for our treatise. In order to familiarize ourselves with this1George Boole, 1815-1864 (Queens College, Cork, Ireland)1



2 CHAPTER 1. BASICS, EXAMPLES, AND SET-UPterminology, we will discuss �rst simple algorithms (for counting the num-ber of satisfying assignments of a formula), and we will recapitulate thefundamental resolution method (for proving unsatis�ability of a formula).
Exercise 1.1 Show that the formula (1.2) is not satis�able.
Exercise 1.2 A binary boolean operator Æ is commutative if

x Æ y � y Æ x .Which of the operators Æ 2 {∧,∨,→,↔,�} are commutative?
Exercise 1.3 A binary boolean operator Æ is associative if

(x Æ y) Æ z � x Æ (y Æ z) .Which of the operators Æ 2 {∧,∨,→,↔,�} are associative?For the associative operators Æ characterize when a boolean assign-ment of the variables lets
n
i=1xi := x1 Æ x2 Æ . . . Æ xnevaluate to true.

Exercise 1.4 Is ({true, false},∨,∧) a ring? A �eld?
Exercise 1.5 Is ({true, false},�,∧) a ring? A �eld?
1.1 Examples

1.1.1 Circuit VerificationIf we want to test equality of two binary signals (bits, \booleans") x and
y, that is, whether

x↔ y � (x∨ y)∧ (y∨ x)is true, then the circuit in Figure 1.1 serves the purpose; its output is 1 i�
x equals y.



1.1. EXAMPLES 3
PSfrag replacementsx

yFigure 1.1: A circuit testing equality of signals x and y.PSfrag replacements is theAND-gate,PSfrag replacements is the OR-gate, and � negates. The output is 1 i� theinputs x and y are equal.For testing equality of x, y and z, we can build a circuit based on theboolean formula
(x↔ y)∧ (x↔ z) � (x∨ y)∧ (y∨ x)∧ (x∨ z)∧ (z∨ x) (1.3)with 4 OR-gates and 3 AND-gates, but there is an alternative way by usingthe equivalent boolean formula

(x∨ y)∧ (y∨ z)∧ (z∨ x) . (1.4)Is it really equivalent2?Generally speaking, we have here the problem of deciding whether twoboolean formulas f1 and f2 (here (1.3) and (1.4)) are equivalent. Thisamounts to deciding whether there is no satisfying assignment for
f1 � f2(recall that � is true i� its arguments are not equal).In order not to let the example get too big, let us restrict ourselves toshowing that the formula from (1.4), we call it f, implies that x↔ y, thatis, we have to show that the following formula is unsatis�able (the proof of2This can be seen by a case analysis. Suppose in an assignment of the variables x, yand z, the formula (1.4) is true. If x is false, then y has to be false (because of (x ∨ y)),and y false forces z to be false (because of (y∨ z); thus, all three have to be false in thiscase. Similarly, if x is true, then z has to be true (because of (z∨x)), and z true implies ytrue (because of (y∨z)); therefore, all three have to be true. We have shown that formula(1.4) is true i� all three variables are assigned the same value. But see also Exercise 1.6.



4 CHAPTER 1. BASICS, EXAMPLES, AND SET-UP
PSfrag replacements

x

x

y

y

z
z

Figure 1.2: Two equivalent circuits?unsatis�ability is postponed to Section 1.5).
¬(f→ (x↔ y))� ¬(¬f∨ (x↔ y)) � f∧ ¬(x↔ y)� f∧ (x↔ y) � f∧ (x→ y)∧ (y→ x)� (x∨ y)∧ (y∨ z)∧ (z∨ x)∧ (x∨ y)∧ (x∨ y) (1.5)We have gone through the e�ort of transforming the formula in the formof (1.5) since this is the type of formulas we will treat in this course.A boolean formula is in conjunctive normal form if it is the conjunc-tion of clauses, where a clause is the disjunction of literals; a literal is avariable or the negation of a variable. We will also use CNF formula, forshort. A CNF formula with m clauses is of the form

m̂

i=1

0@ ki_
j=1

ui,j

1A , ui,j's literals.(1.4) and (1.5) are examples of CNF formulas. (1.1) can easily be writtenas an equivalent CNF formula
(x∨ y)∧ (y∨ z)∧ (z∨ x)∧ (x∨ y∨ z) .What we have achieved in (1.5) is generally possible|every boolean for-mula can be transformed to an equivalent one in conjunctive normal form.



1.1. EXAMPLES 5There is a caveat though! The formula obtained may have size exponentialin the size of the original formula. That would make the restriction to CNFformulas quite severe from a complexity point of view. However, it is pos-sible to �nd for every formula f eÆciently a CNF formula f 0 with size linearin that of f so that f 0 is satis�able i� f is satis�able. So for the purposeof testing satis�ability of a formula f, this formula f 0 perfectly serves thepurpose. This will be discussed in more detail in Section 1.2 below.
Exercise 1.6 Inequalities for ImplicationsObserve that x → y is equivalent to the predicate x � y for x, y con-sidered as real variables in {0, 1}. Rewrite the clauses in (1.4) with →and use this observation to immediately conclude that the formula is
true i� all variables get the same value assigned.
Exercise 1.7 n 2 N. Characterize the assignments that satisfy

(x∨ y1)∧ (y1 ∨ y2)∧ (y2 ∨ y3)∧ . . .∧ (yn−1 ∨ yn)∧ (yn ∨ x) .

Exercise 1.8 n 2 N. Characterize the assignments that satisfy
(x∨ y1)∧ (y1 ∨ y2)∧ (y2 ∨ y3)∧ . . .∧ (yn−1 ∨ yn)∧ (yn ∨ x) .

1.1.2 Map LabelingPoints in a map have to be labeled. For each point, there are four possi-bilities to attach the label in the four quadrants around the point. Clearly,we want the labels not to overlap or to extend beyond the boundary of themap. We can express these conditions in a boolean formula as follows. Foreach point p we introduce four variables p1, p2, p3, p4 representing the fourpossible placements (pi for the ith quadrant). The expression
(p1 ∨ p2 ∨ p3 ∨ p4)is satis�ed only if at least one placement is set to 1 (here we can omitplacements that extend beyond the boundary). If placements pi of point pand placement qj of point q overlap, we do not want both to be set to 1,which is ensured by the condition

¬(pi ∧ qj) � (pi ∨ qj) .
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r
Z�urichZ�urich r

GrazGrazrLinzLinzLinz Linz
r
BerlinBerlinBerlin Berlin
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Z�urich

rGrazrLinz
rBerlin

Figure 1.3: The formula (b1 ∨ b2 ∨ b3 ∨ b4)∧ (g2 ∨ g3)∧ (l1 ∨ l2 ∨ l3 ∨

l4)∧ (z1∨z4)∧ (z1∨ l2)∧ (z1∨ l3)∧ (z4∨ l3)∧ (l3∨g2)∧ (l4∨g2) has asatisfying assignment with b4, g3, l1, z1 7→ 1 and the remaining variablesmapped to 0.The conjunction of all these constraints gives a formula which is satis�ablei� all conditions can be simultaneously satis�ed. (Note that we didn'tbother to include the condition that each point is labeled exactly once,but, of course, we can always omit extra options suggested by a satisfyingassignment at our pleasing.)We see here that the resulting formula comes in conjunctive normalform for free. Moreover, we observe that every clause involves at most 4literals.It is interesting to note that in circuit veri�cation under normal (suc-cessful) circumstances we do not expect to �nd a satisfying assignment,while for map labeling, we do. We have seen that there is an asymmetry,in theory expressed by the fact that satis�ability is in NP, while unsatis-�ability is in co-NP. If you are not familiar with these terms, this is best`experienced' by the fact that it is easy to certify satis�ability (this doesnot mean that it is easy to �nd the proof), while in general this is hard forunsatis�ability.



1.2. CONJUNCTIVE NORMAL FORM 7
1.2 Conjunctive Normal FormEvery boolean formula over a variable set V has an equivalent formula inconjunctive normal form. To prove this we �rst observe that every booleanformula f induces a function ϕf : {0, 1}V −→ {0, 1} by

ϕf(α) := value to which f evaluates under α 2 {0, 1}Vand two formulas are equivalent, if they induce the same function. So weare done, if we �nd for every function ϕ : {0, 1}V −→ {0, 1} a CNF formulathat induces ϕ. Such a formula is given by^
α2{0,1}V :ϕ(α)=0

0@ _
x2V :α(x)=0

x ∨
_

x2V :α(x)=1

x

1A
︸ ︷︷ ︸

=:Cα

. (1.6)The clause Cα has been chosen so that it is false for α and, in fact, α isthe only assignment on V for which Cα is false. It follows that the formulaevaluates to false under an assignment α i� ϕ(α) = 0. See Figure 1.4 foran example.
x y z x↔ (y∧ z)

0 0 0 1

0 0 1 1

0 1 0 1

0 1 1 0

1 0 0 0

1 0 1 0

1 1 0 0

1 1 1 1

(x∨ y∨ z)

∧ (x∨ y∨ z)

∧ (x∨ y∨ z)

∧ (x∨ y∨ z)Figure 1.4: A boolean formula, its induced boolean function, and anequivalent CNF formula.This existence statement is not really satisfactory from a complexitypoint of view, since it takes us exponential time to generate the CNF for-mula, and the resulting formula may have size exponential in that of theformula we started with. In the worst case this is inherently so: There



8 CHAPTER 1. BASICS, EXAMPLES, AND SET-UPare formulas of which all equivalent CNF formulas have exponential size(generalize Exercise 1.9). But there is a way out.
Theorem 1.1 For every boolean formula f we can generate in time poly-nomial in the size of f a CNF formula f 0, so that f 0 is satis�able i� fis satis�able.If f has m occurrences of binary operators and n variables then f 0has m+n variables and O(m) clauses, all of which are disjunctions ofat most 3 literals.Proof (sketch). We con�ne ourselves to a sketch, among others, since weavoided to (re-)provide a formal de�nition of what a boolean formula is aswe will not need it in our further proceeding.What we need here is that every such formula (as every arithmeticexpression) has an evaluation tree whose leaves are literals and whose innernodes are labeled by operators. See Figure 1.5 for an example of such anevaluation tree for the formula (1.2). (We assume that a 
¬ -node does nothave a 
¬ -node or a literal-node as a child. In the �rst case we could aswell omit both nodes in the tree, in the latter we could omit the 
¬ -nodeand replace the literal by its negation.3)So let f be a formula with variable set V and m binary operator occur-rences. Consider an evaluation tree of f. To each node i which is labeledby a binary operator we associate a new variable ai. Each 
¬ -node getsassociated the literal a, where a is the variable associated with its child,which has to be a binary operator node by our convention. Now all nodesin the tree have associated some literal, the leaves from variables in theoriginal set V, and the inner nodes from some newly introduced variable;the number of such new variables is obviously exactly the number of nodeslabeled by a binary operator.Now we de�ne a formula f 00 (not the �nal f 0 yet) as follows. If i is abinary operator node labeled Æ associated with ai, its left child associatedwith literal u and the right child with v, then we let fi be the formula
ai ↔ (u Æ v). Given that, we set

f 00 := (aroot)∧ ^
i inner node fi .3Actually, we can propagate the negations to the leaves by DeMorgan rules and relatives(¬(u ∧ v) � (u ∨ v), ¬(u ∨ v) � (u ∧ v), ¬(u ↔ v) � (u ↔ v), ¬(u � v) � (u � v), and

¬(u→ v) � (u∧ v)), so that in the end the only negations that occur are in the literals.
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PSfrag replacements

xx

x

y

y y

y

z

z

∧

∧

∧

∧

∧

∨

�
↔

¬

a1 a2

a3
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Figure 1.5: The evaluation tree of the boolean formula (1.2) with asso-ciated new variables for inner nodes. `Towards' f 0 we consider
(a8)∧ (a1 ↔ (x∧ y))∧ � � � (a6 ↔ (a3 ∧ a4))∧ � � � (a8 ↔ (a6 � a7)).Any assignment α on V for f can be extended to an assignment for the newvariables by proceeding bottom up in the tree and observing the `rules'

fi = ai ↔ (u Æ v), i.e. we set ai to the value of u Æ v. In this way we get anassignment for f 00 that satis�es all fi's. Hence, the `fate' of the assignmentis decided by the value of aroot which equals the value of f under α. Thatis, we have shown that if f is satis�able, then f 00 is.For the reverse direction, a satisfying assignment α 00 for f 00 must observeall fi's (and it must obey aroot 7→ 1), and thus the restriction of α 00 to V isa satisfying assignment for f.Therefore, f is satis�able i� f 00 is satis�able. f 00 is a conjunction of
m + 1 formulas, one consisting of one variable, and the remaining m in-volving three literals. Along the discussion before the theorem, we canreplace each such formula fi by an equivalent conjunction of at most 8 dis-junctions4. This �nally gives the desired CNF formula f 0, which involves
|V | +m variables and has at most 8m+ 1 = O(m) clauses.The generation of an evaluation tree for a given boolean formula canbe done in polynomial time by standard parsing techniques. Further stepsare trivially doable in polynomial time.4In fact, four disjunctions suÆce, see Exercise 1.12.



10 CHAPTER 1. BASICS, EXAMPLES, AND SET-UPIn the next section we will rede�ne some of the terminology, tailoredto our scenario of CNF formulas. Basically, we will remove some of theredundancies in the representation of a CNF formula. We write (repre-sent) a clause as the set of its literals, e.g. (x ∨ y ∨ z) `becomes' {x, y, z},and we write a conjunction of such clauses simply as the set of theseclauses (now sets themselves). This is justi�ed by the commutativity andassociativity of ∨ and ∧. For example, the formula in (1.5) `becomes'
{{x, y}, {y, z}, {z, x}, {x, y}, {x, y}}. In this representation also redundancies asin (x ∨ y ∨ x) disappear; in set notation this becomes {x, y}. We moveeven further in that direction by disallowing5 a variable and its negationto appear in a clause: Such a clause is trivial in the sense that it will al-ways evaluate to true under every assignment of the variables in the clause;hence, we may as well remove it from the formula and forget about it.
Exercise 1.9 Parity as CNFShow that

(x∨ y∨ z)∧ (x∨ y∨ z)∧ (x∨ y∨ z)∧ (x∨ y∨ z)is the unique CNF formula over {x, y, z} equivalent to x � y � z. Herewe mean `unique' up to permutation of literals in clauses, permuta-tion of clauses, and not considering clauses that repeat literals of thesame variable|all of those things that are so nicely �ltered out by ourterminology in the forthcoming section.
Exercise 1.10 At Least One Couple
n 2 N. For

(x11 ∧ x12)∨ (x21 ∧ x22)∨ . . .∨ (xn1 ∧ xn2)�nd an equivalent CNF formula. Try to get it as short as possible.
Exercise 1.11 Some Two
n 2 N. For _

1�i<j�n

(xi ∧ xj)�nd an equivalent CNF formula. Try to get it as short as possible.5Well, at one point we will bring it back into play for the sake of convenience.
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Exercise 1.12 Four Clauses SuÆceShow that every boolean formula over {x, y, z} has an equivalent CNFformula which is the conjunction of at most four clauses.
Exercise 1.13 Fewer ClausesShow that the formulas x ↔ (y Æ z), Æ 2 {∧,∨}, have equivalent CNFformulas with three clauses, one of which is the disjunction of 3 literals,and the others of 2. Do there exist equivalent CNF formulas with twoclauses?
Exercise 1.14 Few 3-ClausesShow: For every boolean formula f with operators ∧, ∨ and ¬ we cangenerate in time polynomial in the size of f a CNF formula f 0, so that
f 0 is satis�able i� f is satis�able.If m is the number of occurrences of binary operators in f and n isthe number of variables then f 0 has m+n variables and 3m+1 clauses,
m of which are disjunctions of at most 3 literals, and the remainingones of at most 2 literals.
Exercise 1.15 Disjunctive Normal FormA boolean formula is in disjunctive normal form (is a DNF formula),if it is the disjunction of conjunctions of literals, i.e. of the formWm

i=1

�Vki
j=1 ui,j

�, ui,j's literals.Show that every boolean formula has an equivalent DNF formula.
Exercise 1.16 What do you think is a harder problem? Deciding unsat-is�ability of a CNF formula or deciding whether a DNF formula is atautology?Or: Is it equally hard?
1.3 Terminology

Variables and Literals. A �nite set V of n boolean variables gives rise to
2n literals V

.[ V , where V := {x | x 2 V} is the set of negations of thevariables in V. Elements in V are called positive literals , elements in Vnegative literals . We extend negation to literals u 2 V [ V by
u :=

{
x if u = x 2 V, and
x if u = x 2 V.



12 CHAPTER 1. BASICS, EXAMPLES, AND SET-UPLiterals u and v are strictly distinct , if u 6= v and u 6= v. We mostly use
x, y, z for variables and u, v,w for literals (not exclusively, though).
Clauses. For V a set of boolean variables, a clause C over V is a subsetof pairwise strictly distinct literals in V [ V ; the empty clause is denotedby 2. C is a k-clause if |C| = k and it is a (� k)-clause if |C| � k. Theset of variables that occur in C, i.e. {x 2 V | x 2 C or x 2 C}, is denotedby vbl(C). Clauses C and C 0 are called strictly disjoint or independent ifvbl(C) \ vbl(C 0) = ;, and they are termed dependent , otherwise. A set ofpairwise strictly disjoint clauses is called an independent set of clauses .
CNF Formulas. For V a set of boolean variables, a CNF formula F over Vis a set of clauses over V. F is a k-CNF formula (a (�k)-CNF formula) ifall clauses in F are k-clauses ((�k)-clauses, respectively). We let vbl(F) :=S

C2F vbl(C).
Assignments. For V a set of boolean variables, an assignment α on V isa mapping α : V −→ {0, 1}, i.e. α 2 {0, 1}V . Assuming some canonicalordering {x1, x2, . . . , xn} on V we will sometimes represent (or refer to) αsimply as a vector in {0, 1}n with the obvious interpretation. α extends to
V [ V by α(x) := 1− α(x) for x 2 V.We will typically specify an assignment by specifying the images forliterals in a non contradicting way. For example, by

α := (x 7→ 1, y 7→ 0, z 7→ 1)or
x 7→ 1, y 7→ 1, z 7→ 1which denotes the same assignment.An assignment α on V satis�es a clause C over some U, if α(u) = 1 forat least one literal u 2 (V [V)\C. α satis�es a CNF formula if it satis�esall of its clauses. A formula F is satis�able if there exists an assignmentsatisfying F.(Caveat: Note that we do not require vbl(C) � V or vbl(F) � V. Forexample, the assignments (x 7→ 1, z 7→ 0) or (x 7→ 0, y 7→ 0) both satisfythe clause {x, y, z}. Note also that no assignment can satisfy the empty



1.3. TERMINOLOGY 13clause 2, and thus no formula that contains the empty clause is satis�able.However, the empty formula {} is satis�able! 6)An assignment α on V is total for a clause C (for a formula F) if vbl(C) �
V (vbl(F) � V, resp.).For C a clause and α an assignment on V, we let

C[α] :=

{
1 if α satis�es C, and
C \ (V [ V) otherwise.If F is a CNF formula, F[α] := {C[α] | C 2 F} \ {1}. (For example,
{x, y, z}[x 7→1,z7→0] = 1 and

{{x, y, z}, {x, z}}[x 7→0,y7→1] = {{z}} .)Given a CNF formula F or a clause C over V, the set of assignments on
V satisfying F (C, resp.) is denoted by satV(F) (satV(C), resp.). Moreover,for the set of assignments not satisfying we use satV(F) := {0, 1}V \ satV(F)and satV(C) := {0, 1}V \ satV(C), resp. Two CNF formulas F and G areequivalent , in symbols F � G, if satV(F) = satV(G) for all V � vbl(F) [vbl(G).7
Observation 1.2 For V a �nite set of boolean variables, let F be a CNFformula over V, let α be an assignment on V and let x 2 V. Then(i) α satis�es F i� F[α] = {},(ii) F is satis�able i� F[x 7→0] or F[x 7→1] is satis�able, and(iii) |satV(F)| = |satV\{x}(F[x 7→0])|+ |satV\{x}(F[x 7→1])|.In the forthcoming two sections we will brie
y familiarize ourselves withthe CNF terminology as introduced here by discussing simple proceduresfor counting the number of satisfying assignments of a CNF formula, andby recapitulating the method of resolution, which you may remember fromyour introductory logic course.6Convention: We will use 2 for an empty clause, {} for an empty formula, and ; for anempty set in general.7Here you might expect the de�nition of a CNF formula that is a tautology . . . thinkabout it.
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Exercise 1.17 Counting Clauses(1) Given a set V of n variables, how many clauses over V are there?(2) For k 2 N0, how many k-clauses over V are there?Hints: For (1), think of generating a clause by going through the list of nvariables, deciding for each one whether (i) it is omitted or (ii) included as apositive literal or (iii) included as a negative literal. For (2) �rst choose the subsetof variables involved in the k-clause, and then decide for each variable pickedwhether it appears as positive or negative literal.
Exercise 1.18 Counting Formulas(1) Given n 2 N0, how many functions {0, 1}n −→ {0, 1} are there? (2)Given k 2 N0 and a set V of n variables, how many k-CNF formulasover V are there? (3) Show that there is a function {0, 1}10 −→ {0, 1}that cannot be realized by a 3-CNF formula.Hint: Use (1) and (2) for (3).
Exercise 1.19 (1) Show that CNF formulas F and G are equivalent i�satV(F) = satV(G) for V := vbl(F) [ vbl(G). (2) Give two equivalentCNF formulas F and G with vbl(F) 6= vbl(G).
1.4 Counting Satisfying Assignments#SAT is the problem of computing the number of satisfying assignmentsof a given CNF formula. Clearly, it cannot be easier than deciding whethersuch a satisfying assignment exists. We will use this problem to get ac-quainted with programming terminology as employed in these notes.Here is a �rst attempt of a procedure cs(F, V) that takes a CNF formula
F over V and returns the number of assignments on V satisfying F. Notethat if x 2 V \ vbl(F), then we cannot simply leave out x in the secondargument. Doing so will halve the returned value, since in this case everysatisfying assignment on V \{x} can be extended in two ways to a satisfyingassignment on V. We assume that the work to be done in cs() apart fromthe recursive calls (but including the computation of F[x 7→0] and F[x 7→1]) isbounded by some monotone polynomial in |F| + |V | (observe, that |F| maybe exponential in |V |). This is a reasonable assumption8. A more speci�cstatement will have to refer to the representation of the pair (F, V)|details8In fact, this can be done in time linear in the size of F and V ; see Exercise 1.27.
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V boolean variables,
F CNF formula over V .Postcondition:returns |satV(F)|.

function cs(F, V)
if V = ; then

if F = {} then return 1;

else return 0;

else

x←some in V ;

return cs(F[x 7→0], V \ {x}) + cs(F[x 7→1], V \ {x});we like to sweep under the rug here. Given that, let us account 1 (step) foreach call of the procedure cs(). Whatever bound we prove for this numberof steps, we can multiply it by a polynomial in order to get a bound on theoverall running time of a call.Let t(n), n 2 N0, be the maximum number of steps to be performed if
|V | � n. Then

t(n) � { 1 if n = 0, and
1+ 2t(n− 1) otherwise.Hence, t(n) � 2n+1−1. We conclude that the running time of the procedurecs() for a formula of m clauses over n variables is bounded by
O(2n poly(m+ n)) .This is, of course, not too surprising. Simply going through all 2n assign-ments and incrementing a counter for each one that is satisfying would havegiven the same bound. After all, that's basically what our recursive pro-cedure does. Moreover, since the decision problem SAT is NP-complete,we should not expect anything better than exponential for the countingversion of it.Confronted with this fact, we can either try to �nd subclasses of CNFformulas, where the problem can be solved eÆciently, or we can stay withthe general problem and at least try to improve on the basis of the expo-nential function (or even the order of the exponent).A very easy instance of #SAT is a (� 1)-CNF formula F over a vari-able set V, see procedure c1s() which computes the number of satisfyingassignments in polynomial time|if you do it right, in linear time.Things get a little bit more interesting for (� 2)-CNF formulas, seec2s(). This procedure builds on the following fact. If {u, v} is a 2-clause
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V boolean variables,
F CNF formula over V .Precondition:
F is (�1)-CNFPostcondition:returns |satV(F)|.

function c1s(F, V)
if (2 2 F or 9x 2 V : {{x}, {x}} � F) then

return 0;

else

return 2|V |−|F|;

V boolean variables,
F CNF formula over V .Precondition:
F is (�2)-CNFPostcondition:returns |satV(F)|.

function c2s(F, V)
if F is (�1)-CNF then

return c1s(F, V);
else

{u, v}←some 2−clause in F;

α← (u 7→ 1, v 7→ 1);

β← (u 7→ 0, v 7→ 1);

γ← (u 7→ 1, v 7→ 0);

U← V \ vbl({u, v});
return c2s(F[α], U) + c2s(F[β], U) + c2s(F[γ], U);in a CNF formula F, then every satisfying assignment must assign 1 to atleast one of the two literals u and v. All three possibilities are recursivelypursued in c2s(), and the results are accumulated for the number to bereturned.Let t 0(n), n 2 N0, be the worst case bound for the number of calls toc2s() implied by a call with a (� 2)-CNF formula over n variables (we donot count the call to c1s()). Then

t 0(n) � { 1 if n 2 {0, 1}, and
1+ 3t 0(n− 2) otherwise.This gives t 0(n) � 1 + 31 + . . . + 3bn/2c = 1

2

�
3bn/2c+1 − 1

�. A bound of
O(3n/2 poly(n + m)) = O(1.733n poly(m)) for #SAT restricted to (� 2)-CNF formulas follows. This bound allows a simple and surprising improve-ment.Let us go back to a 2-clause {u, v}. In order to satisfy this clause, wemust either assign u 7→ 1, or if not, then we have to assign u 7→ 0 and
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v 7→ 1. This is just the same as before, put into somewhat di�erent terms,and in �b c2s() put into a slightly revised procedure, whose analysis leadsto a recursion
V boolean variables,
F CNF formula over V .Precondition:
F is (�2)-CNFPostcondition:returns |satV(F)|.

function �b c2s(F, V)
if F is (�1)-CNF then

return c1s(F, V);
else

{u, v}←some 2−clause in F;

α← (u 7→ 1); β← (u 7→ 0, v 7→ 1);

U← V \ vbl({u}); W ← V \ vbl({u, v});
return �b c2s(F[α], U) + �b c2s(F[β],W);

t 00(n) � { 1 if n 2 {0, 1}, and
1+ t 00(n− 1) + t 00(n− 2) otherwise.It gives us a bound of t 00(n) � 2fn+1 − 1 for fm, m 2 N0, the mth Fibonaccinumber de�ned by f0 = 0, f1 = 1 and fm+2 = fm+1+fm (see Appendix A.1).Thus we have an improved performance bound which we summarize as theresult of this section.

Theorem 1.3 ([W. Zhang, 1996]) The number of satisfying assignments ofa (�2)-CNF formula with m clauses over n variables can be computedin time
O(fn poly(n+m)) = O (1.619n)where fn is the nth Fibonacci number.Note 1.1 Counting satisfying assignments is #P-hard, even when restricted to

2-CNF formulas [Valiant, 1979]. [W. Zhang, 1996] supplies improvements on theobvious O(2n) bound; the material presented here is taken from that paper. Othercontributions to the subject can be found in [Lozinskii, 1992, Dahll�of et al., 2002,Williams, 2003], the latter ones with improvements on Theorem 1.3.Polynomial time solvable subclasses are treated in [Courcelle et al., 2001] and[Makowsky, Ravve, 2003].



18 CHAPTER 1. BASICS, EXAMPLES, AND SET-UP
Exercise 1.20 Apply the ideas from this section to counting satisfyingassignments of (�3)-CNF formulas.
Exercise 1.21 Representing Satisfying AssignmentsIf instead of counting we want to list (output) the set of all satisfyingassignments, then we can't possibly do better than O(2n) in the worstcase since this may be the size of the output, for an empty formulaover n variables, say. This becomes a more interesting problem, if weask for a succinct representation of the output set. For this sake, leta hyper-assignment be a function A : V −→ {0, 1, �}. It represents allassignments α on V with A(x) 2 {α(x), �}, i.e. α must agree with A if
A maps to a non-�, but has either choice in {0, 1}, if A maps to �.For example, the set of satisfying assignments of a (�1)-CNF for-mula can always be represented by a single hyper-assignment.The goal is now to succinctly represent the set of all satisfying as-signments of a (�2)-CNF formula F|\succinctly" means that you rep-resent satV(F) as the union of substantially less than 2n hyper-assign-ments.
Exercise 1.22 Minimally SatisfyingGiven a CNF formula F, a (not necessarily total!) assignment α iscalled minimally satisfying F if it satis�es F, and no proper restrictionof α is satisfying F. What can you say about the number of minimallysatisfying assignments of a 2-CNF formula?
Exercise 1.23 2-CNF as DNFShow that every (�2)-CNF formula over n variables has an equivalentDNF formula with O(1.619n) conjunctions. (For de�nition of DNF seeExercise 1.15.)
Exercise 1.24 Relate Exercises 1.21, 1.22 and 1.23 to each other, if pos-sible.
Exercise 1.25 Number of Vertex CoversGiven a graph G = (V, E), a subset N of its vertices is called a vertexcover if every edge contains at least one vertex in N, i.e. e\N 6= ; forall e 2 E.Design and analyze an algorithm for counting the number of vertexcovers of a graph. Your goal should, of course, be to get it as eÆcientas you can.



1.5. RESOLUTION 19Remark: I did not ask for \as eÆcient as possible"|I guess nobody knows,de�nitely I don't. Also, you should head for an algorithm for which you canprovide an analysis. Something that you somehow believe to be eÆcient is not somuch appreciated here.
Exercise 1.26 Don't hesitate to improve on Theorem 1.3!
Exercise 1.27 Show that a CNF formula F can be dynamically main-tained so that the work to be done in the procedures of this section canbe done in time O(|V | +

∑
C2F |C|).

1.5 ResolutionResolution is a correct and complete method for demonstrating that a CNFformula is unsatis�able.Let C and D be clauses so that there is a unique variable x that occursas literal x in one of the two clauses and as literal x in the other one; say
x 2 C and x 2 D. For C 0 := C \ {x} and D 0 := D \ {x}, we de�ne C 0 [D 0 asthe resolvent of C and D. For example,

{x1, x2, x3} is the resolvent of {x0, x1, x2} and {x0, x1, x3} .

Lemma 1.4 With the set-up as above
{C,D} � {C,D,C 0 [D 0} .Proof . We have to show that an assignment α satis�es {C,D} i� itsatis�es {C,D,C 0 [D 0}.Clearly, if α satis�es {C,D,C 0 [D 0}, then it satis�es every subset of it,in particular {C,D}.On the other hand, if α satis�es {C,D}, that is both C = C 0 [ {x} and

D = D 0 [ {x}, then it has to satisfy D 0 or C 0, since α(x) = 1 and α(x) = 1exclude each other. Hence, α satis�es C 0 [D 0 as well.We conclude that if R is the resolvent of two clauses in a CNF-formula
F, then F � F [ {R}. That is, if we keep successively adding resolvents to aformula, then the thus growing formula remains equivalent to the one westarted with. If, at some point, the empty clause appears as a resolvent, it



20 CHAPTER 1. BASICS, EXAMPLES, AND SET-UPbecomes evident that the formula is not satis�able. We apply the procedureto a previously discussed example ((1.5) from Section 1.1).
F = {{x, y}

︸ ︷︷ ︸
(1)

, {y, z}
︸ ︷︷ ︸
(2)

, {z, x}
︸ ︷︷ ︸
(3)

, {x, y}
︸ ︷︷ ︸
(4)

, {x, y}
︸ ︷︷ ︸

(5)

}

(1), (2) : {x, z} (6)
(1), (3) : {y, z} (7)
(1), (4) : {x} (8)
(1), (5) : {y} (9)
(2), (3) : {x, y} (10)
(2), (5) : {x, z} (11)
(3), (4) : {y, z} (12)

(5), (10) : {x} (13)
(8), (13) : 2 (14)This proves that F is not satis�able. In retrospective, we have been ineÆ-cient in generating the proof, since resolvents (8), (10), (13) and (14) wouldhave suÆced.For a more formal set-up (for the sake of the next proof), given a CNFformula F, we call a sequence of distinct clauses

(C0, C1, . . . , Cm)a resolution deduction of Cm from F if the following holds for all i, 0 �
i � m: Either Ci 2 F, or there are indices j, k, 0 � j < k < i, such that Ciis the resolvent of Cj and Ck.
Theorem 1.5 A CNF formula F is unsatis�able i� there is a resolutiondeduction of the empty clause 2 from F.Proof . We have discussed the implication \⇐" above. For \⇒" let F bean unsatis�able CNF formula that, contrary to the claim of the theorem,does not allow a resolution deduction of 2 from F; we choose such a formulawhich is minimal with respect to |vbl(F)|.vbl(F) cannot be empty, since then F = {} or F = {2}. In the �rst case
F is satis�able, in the second case F contains already the empty clause and
(2) is a resolution deduction of 2 from F. So we may assume that vbl(F)



1.5. RESOLUTION 21contains at least one variable x. Now consider the formulas F0 := F[x 7→0] and
F1 := F[x 7→1].Both F0 and F1 are unsatis�able (see Observation 1.2), |vbl(F0)| < |vbl(F)|,and |vbl(F1)| < |vbl(F)|. Therefore, there is a resolution deduction of 2 bothfrom F0 and from F1 (by the minimality assumption on our formula F).Consider such a resolution deduction (C0, C1, . . . , Cm) of 2 = Cm from
F0. We de�ne a resolution deduction (Ĉ0, Ĉ1, . . . , Ĉm) from F with

Ĉ` = C` or Ĉ` = C` [ {x} (1.7)for all `, 0 � ` � m, as follows. For i = 0, 1, . . . ,m proceed inductively:If Ci 2 F0, then there exists some clause C 2 F with Ci = C[x 7→0]. Let
Ĉi := C; note that indeed (1.7) holds for ` = i.If Ci 62 F0 and Ci is resolvent of Cj and Ck, j, k < i, then let Ĉi bethe resolvent of Ĉj and Ĉk. Note that if (1.7) holds for ` = j and for
` = k, then the clauses Ĉj and Ĉk do indeed have a resolvent, and, infact, (1.7) holds for ` = i as well.Now we have a resolution deduction of Ĉm = 2 or Ĉm = {x} from F. In the�rst of the two cases we have a contradiction. In the latter case we haveto perform the same procedure for F1, yielding a resolution deduction of

2 or (x). Either we have a contradiction right away, or we merge the twodeductions to one containing both {x} and {x}, which we can extend by 2.So we have established a contradiction in either case, and the theorem isshown.So much for the good news: there is an easy automatic procedure thatlets us conclude unsatis�ability, if we only wait suÆciently long. The onlyproblem is that our patience may be stretched extensively. It may takean exponential number of steps until we obtain the empty clause. Evenif somebody would be kind enough to tell us the shortest deduction of 2,it may be exponentially long, [Haken, 1985, Urquhart, 1987]. That is, ingeneral resolution cannot provide polynomial certi�cates for unsatis�abil-ity. Just to make things even worse, [Chv�atal, Szem�eredi, 1988] showedthat for any k � 3 a random formula of cn, c � 0.7 � 2k, k-clauses (u.a.r.from the set of all k-clauses over an n-element variable set) is unsatis�-able with high probability, but every resolution deduction of 2 has length
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(1 + ε)n, where ε > 0 is a parameter depending on c and k, (see also[Ben-Sasson, Widgerson, 2001]).Note 1.2 Let me quote from [Chv�atal, Szem�eredi, 1988] for the history of theresolution method: \This observation [i.e. the resolution method] is often cred-ited to [Robinson, 1965], even though it follows instantly from an analysis of aprocedure designed by [Davis, Putnam, 1960]; Robinson de�ned the notion of res-olution and proved a more general theorem concerning predicate calculus. In-cidentally, the Davis-Putnam procedure was also proposed some �fty years ear-lier by [L�owenheim, 1908, L�owenheim, 1910, L�owenheim, 1913]. An account ofL�owenheim's work can be found in [Hammer, Rudeanu, 1968]; we are grateful toYves Crama for this information. We are also grateful to Wolfgang Bibel for in-forming us that resolution was introduced before by [Blake, 1937]; see [Bibel, 1987,p. 205]."
Exercise 1.28 Horn FormulasA CNF formula in which every clause contains at most one positiveliteral is called a Horn formula. Unit resolution restricts to taking re-solvents of two clauses, one (or both) of which contains exactly oneliteral. Show that unit resolution is a correct and complete method forproving unsatis�ability of Horn formulas.
Exercise 1.29 (1) Show that if C and D are clauses with C � D then
{C} � {C,D}. (2) Let C be a clause and let x be a variable with x 62vbl(C). Then C is the resolvent of C [ {x} and C [ {x}. Show that
{C} � {C [ {x}, C [ {x}}.(3) Employ (1) and (2) to simplify the CNF formula

{{x1, x2, x3}, {x1, x2, x3}, {x1, x3, x4, x5}, {x1, x3}}i.e. transform it to an equivalent smaller formula.



Chapter 2

Extremal PropertiesThere are simple quantitative criteria that allow to immediately concludethat a CNF formula is satis�able. For example, when one tries to �nd asmall example of an unsatis�able 3-CNF formula, one soon realizes that ittakes a few clauses to achieve this|at least 8 as we will see.Another feature one quickly discovers in the construction of unsatis�ableCNF formulas is that the clauses have to be strongly interleaved (sharevariables); we will discover a clean quantitative assertion supporting thisexperience. This comes with the interesting phenomenon, that there is aneasy checkable suÆcient criterion for satis�ability, but up to now1 nobodyknows how such an assured satisfying assignment can be found eÆciently.The third part treats the fact that in any CNF formula it is alwayspossible to satisfy at least some fraction of the clauses|assuming thatthere is no empty clause present. And under mild extra conditions thisfraction can be pushed to the reciprocal of the golden ratio.
Exercise 2.1 Satisfaction ProbabilitiesFor an assignment α drawn uniformly at random from all assignmentson V = {x1, x2, . . . , x100} determine the following probabilities.(1) Pr(α satis�es {x1, x3, x7} ).(2) Pr(α satis�es {{x1, x5, x11}, {x2, x4}, {x6, x12, x13}} ).(3) Pr(α satis�es {{x1, x2, x3}, {x3, x4, x5}} ).1Well, you'll see. This was right a couple of years ago, but the world has changed.23



24 CHAPTER 2. EXTREMAL PROPERTIES(4) Pr(α satis�es {{x1, x2, x3}, {x3, x4, x5}} ).(5) Pr(α satis�es {{x1, x2, x3}, {x1, x3, x4, x5, x7}} ).
2.1 Number of Clauses

Theorem 2.1 k 2 N. Every k-CNF formula with less than 2k clauses issatis�able.Proof (probabilistic). Consider a k-CNF formula F with m clauses over
V. We show that if m < 2k, then F is satis�able.For α an assignment u.a.r. in {0, 1}V and for C a clause in F we havePr (α does not satisfy C) = 2−k .We employ the indicator variables2

XC := [α does not satisfy C] , for C 2 F.ThenE(number of unsatis�ed clauses) = E0@∑
C2F XC

1A =
∑

C2F E(XC) = m2−k .If m < 2k, then the expected number of unsatis�ed clauses is strictlyless than 1, and thus there has to exist an assignment where no clauseis unsatis�ed|in other words, a satisfying assignment.Proof (counting). Consider a k-CNF formula F with m clauses over V,
n := |V |. We show that if m < 2k, then F is satis�able.For a clause C 2 F, let sat(C) be the set of assignments on V that do notsatisfy C. Then |sat(C))| = 2n−k since the values of the k variables occurringin C are prescribed, while the values of the remaining n − k variables arearbitrary. Hence,

|
[
C2F sat(C)| �∑C2F |sat(C)| = m2n−k .2Recall the indicator function [P] for a predicate P (cf. Section 0.2).



2.1. NUMBER OF CLAUSES 25If m < 2k there exists an assignment in {0, 1}V \
S

C2F sat(C) which satis�esall clauses and thus the formula F.I have put these two proofs side to side in order to emphasize that theyare just two variants of essentially the same proof, the �rst one employingthe notation of probability theory, which comes handy if you got used toit. We can easily show that the result is tight by considering a k-CNFformula that consists of all 2k k-clauses over some set of k variables. Insuch a formula, each assignment satis�es all but one clause.In order to supply an eÆcient procedure for �nding a satisfying assign-ment as guaranteed in Theorem 2.1 we switch to a more general version ofit.
Theorem 2.2 Let F be a CNF formula with

∑

C2F 2−|C| < 1 .Then F is satis�able and a satisfying assignment can be computed intime polynomial in |F| and |V |.Proof of existence. Let V := vbl(F). For α an assignment u.a.r. from
{0, 1}V and C 2 F we set XC := [α does not satisfy C]. Then E(XC) = 2−|C|.Let YF be the random variable for the number of clauses not satis�ed by α.We have E(YF) = E0@∑

C2F XC

1A =
∑

C2F E(XC) =
∑

C2F 2−|C| .Since this is strictly less than 1, there has to exist an assignment thatsatis�es all clauses.Proof of eÆcient computation, derandomization via conditional prob-abilities. Choose some x1 2 V.E(YF) = E(YF |x1 7→ 0) � Pr (x1 7→ 0) + E(YF |x1 7→ 1) � Pr (x1 7→ 1)

=
1

2
(E(YF |x1 7→ 0) + E(YF |x1 7→ 1))Hence there is a choice of t1 2 {0, 1} such thatE(YF |x1 7→ t1) � E(YF) .



26 CHAPTER 2. EXTREMAL PROPERTIESSince3 E(YF |x1 7→ 0) =
∑

C2F E(XC[x1 7→0])can be computed in polynomial time, we can decide for t1 in polynomialtime. Now we progress in this manner for all variables in some arbitraryorder. In general, we have already chosen some partial assignment
αi = (x1 7→ t1, x2 7→ t2, . . . , xi 7→ ti) , i < n,with E(YF |αi) � E(YF). And sinceE(YF |αi) =

1

2
(E(YF |αi, xi+1 7→ 0) + E(YF |αi, xi+1 7→ 1)) ,we can eÆciently �nd a ti+1 2 {0, 1} that carries us to i + 1, i.e. allows usto extend αi by xi+1 7→ ti+1 to obtain αi+1 with E(YF |αi+1) � E(YF).In the end we have obtained a total assignment αn for F with E(YF |αn) �E(YF) < 1. Since E(YF |αn) = |{C 2 F | C[αn] = 2}| is a nonnegative integer,it has to be 0 and the assignment αn is satisfying.Proof of eÆcient computation, scoring function. Given an assignment

α on V 0 � vbl(F), we de�ne the score of a clause C bysc(C, α) := { 0 if C[α] = 1, and
2−|C[α]| otherwise.Note that for x 62 V 0sc(C, α) = sc(C, (α, x 7→ 0)) + sc(C, (α, x 7→ 1))

2
.If we extend now the mapping sc to CNF formulassc(F, α) :=∑

C2F sc(C, α)we observe that� If α is the empty assignment, then sc(F, α) =∑C2F 2−|C|.3C[x1 7→0] may be 1. We set X1 = 0 under all assignments.



2.1. NUMBER OF CLAUSES 27� If α is total for F then sc(F, α) is the number of clauses in F notsatis�ed by α.� For x 62 V 0,sc(F, α) = sc(F, (α, x 7→ 0)) + sc(F, (α, x 7→ 1))

2
.� For x 62 V 0, a value t 2 {0, 1} with sc(F, (α, x 7→ t)) � sc(F, α) can becomputed in polynomial time.It follows that we can successively assign values to the variables in vbl(F)without ever increasing the score. Since we start with a score less than 1,in the end, when the score is a nonnegative integer, this score has to be 0and the obtained assignment is satisfying.Clearly, the two proofs we saw are basically the same. While you mayhappen to prefer the second, you should still appreciate the �rst one as wellas it reveals a general principle which can be applied in many instances,and it explains where the score function in the second proof \comes from"(which we would have had to accept out of the blue, otherwise).Note 2.1 The method of derandomization via conditional probabilities can befound, at least implicitly, in [Erd}os, Selfridge, 1973], and it was developed as amethod for obtaining polynomial time deterministic algorithms by [Spencer, 1987]and [Rhagavan, 1988].

Exercise 2.2 Almost Satis�ableShow that the following properties are equivalent for an unsatis�ableCNF formula F.(1) ∑C2F 2−|C| = 1.(2) Every total assignment for F satis�es all but one clause in F.(3) For any pair C and D of clauses in F, their union C[D containsa complementary pair x, x of literals.
Exercise 2.3 Almost Satis�able Versus Balanced4Let F be an unsatis�able k-CNF formula with ∑C2F 2−|C| = 1.4due to Andreas Razen



28 CHAPTER 2. EXTREMAL PROPERTIES(1) Show that F has to be balanced in the sense that each variableoccurs equally often as positive and as negative literal in F.(2) Is the statement in (1) true for F an arbitrary unsatis�able CNFformula with ∑C2F 2−|C| = 1?
Exercise 2.4 Branching RulesLet G be an unsatis�able CNF formula over V with ∑C2G 2−|C| = 1.Show that for every CNF formula F over V we have

|satV(F)| =∑
C2G |satV\vbl(C)(F[C7→0])| =

∑

C2G\F

|satV\vbl(C)(F[C7→0])| ,where (C 7→ 0) is short for the unique assignment on vbl(C) that doesnot satisfy C.Remark: Consider {{x, y}, {x, y}, {x, y}, {x, y}} and {{x, y}, {x}, {x, y}} for G and ob-serve the relation to our procedures c2s() and �b c2s(), resp., in Section 1.4 (see[W. Zhang, 1996]).
Exercise 2.5 True or false? A k-CNF formula, k 2 N0, with 2k clauses isunsatis�able i� it consists of all k-clauses over a set of k variables.
Exercise 2.6 Property BA hypergraph is a pair (V, E), V a �nite set and E � 2V. It is called
k-uniform if all hyperedges e 2 E contain exactly k elements.Hypergraph (V, E) has property B if the elements of V can be 2-colored so that no hyperedge is monochromatic, i.e. in no hyperedgeall elements get the same color.Show that every k-uniform hypergraph, k 2 N, with less than 2k−1hyperedges has property B.
2.2 Number of Dependent ClausesHere we will considerably improve on the result from the previous section.Instead of considering k-CNF formulas with few clauses, we will allow arbi-trarily many clauses, but impose some local restriction on the dependencybetween the clauses.For F a CNF formula and C a clause, we de�ne the neighborhood of Cin F as the set of clauses distinct from C in F that depend on C, formally

ΓF(C) := {C 0 2 F | C 0 6= C and vbl(C) \ vbl(C 0) 6= ;} .
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Theorem 2.3 (“Lovász Local Lemma”) k 2 N. If |ΓF(C)| � 2k−2 for all clauses
C in a k-CNF formula F then F is satis�able.Proof . Let F be as in the presumption of the theorem and let V :=vbl(F). We use sat() and sat() short for satV() and satV(), respectively(see Section 1.3).Consider G � F and C 2 F \ G. If C is independent from all clauses in
G then

|sat(C) \ sat(G)|

|sat(G)|
=

1

2k
. (2.1)Under the assumptions of the theorem we claim that

|sat(C) \ sat(G)|

|sat(G)|
� 1

2k−1
(2.2)always. This claim is equivalent to

|sat(G [ {C})|

|sat(G)|
=

|sat(C) \ sat(G)|

|sat(G)|
� 1−

1

2k−1and so it follows (by starting with G = {} and successively adding theclauses from F) that
|sat(F)| = |

\
C2F sat(C)| � 2|V |

 
1−

1

2k−1

!|F|

> 0 ,therefore sat(F) 6= ; and the existence of a satisfying assignment is certi�ed.It remains to prove (2.2). We employ induction on the cardinality of
G. If ΓG(C) is empty then we can refer to (2.1) which implies (2.2) readily;this also settles the case of G empty.So let us assume that the claim holds for all sets of clauses smaller than
|G| and that ΓG(C) 6= ;. Set G 0 := G \ ΓG(C), the set of all clauses in Gthat are independent of C. Due to the induction hypothesis, which may beemployed due to |G 0| < |G|, we have

|sat(D) \ sat(G 0)|
|sat(G 0)| � 1

2k−1
for all D 2 ΓG(C). (2.3)
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PSfrag replacements
sat(G 0)

sat(C)
sat(C)

sat(G)
sat(D)'s, D 2 ΓG(C)

Figure 2.1: Illustrating the proof of Theorem 2.3We start with sat(G 0) of which sat(C) occupies a fraction of 1/2k. Thenwe remove the sat(D)'s, D 2 ΓG(C), which leaves us with sat(G), whichstill has at least half the size of sat(G 0). Hence, sat(C) covers at mosta fraction 2(1/2k) = 1/2k−1 of sat(G).Hence,
|sat(G)| =

������sat(G 0) \ [
D2ΓG(C)

(sat(D) \ sat(G 0))������� |sat(G 0)|− ∑

D2ΓG(C)

|sat(D) \ sat(G 0)|
(2.3)� |sat(G 0)|− |ΓG(C)| � |sat(G 0)|

2k−1

= |sat(G 0)| 1− |ΓG(C)|

2k−1

!� |sat(G 0)|
2since |ΓG(C)| � 2k−2. Now

|sat(C) \ sat(G)|

|sat(G)|
� |sat(C) \ sat(G 0)|

|sat(G 0)|/2 =
1

2k−1
,



2.3. PARTIAL SATISFACTION 31and (2.2) is established.The proof discloses no eÆcient procedure for �nding a satisfying as-signment under the premises of the theorem. It has been a remarkablebreakthrough, when it was shown by [Beck, 1991] that for neighborhoodsof size at most 2k/48 a polynomial procedure exists (for k large enough).Note 2.2 What we called here Lov�asz Local Lemma is actually just one of theincarnations of it. The lemma was �rst published in [Erd}os, Lov�asz, 1975], and isusually formulated in terms of probability theory (cf. [Spencer, 1987, Sect. 8], seeExercise 2.9).
Exercise 2.7 k 2 N. Show that every k-CNF formula where every vari-able occurs (as positive or negated literal) at most k times is satis�able.
Exercise 2.8 Many VariablesLet F be a CNF formula so that |G| � |vbl(G)| for all G � F. Show that
F is satis�able.
Exercise 2.9 p 2 R, 0 � p < 1. Let A be a set of events, so that for allevents A 2 A we have Pr(A) � p and A depends on at most d otherevents in A. Show: If 4dp � 1 then Pr�VA2AA

�
> 0, where A denotesthe complementary event of A.

Exercise 2.10 k 2 N. Let d 2 N be such that there exists a real number
δ, 1 < δ < 2k, with δ

�
1− δ

2k

�d � 1. Show that every k-CNF formula
F with |ΓF(C)| � d for all C 2 F is satis�able. (Via optimal choice of
d � 2k

e
and δ � e, this loosens the presumption in Theorem 2.3.)

2.3 Partial SatisfactionIf a CNF formula is not satis�able, it is sometimes desired to at leastsatisfy as many clauses as possible. Here we want to investigate whatfraction of the clauses can always be satis�ed, given certain preconditionson the formula. In fact, some clauses (constraints) may be considered moreimportant than others|we will model this by giving weights to clauses(proportional to our urge to see them satis�ed).
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Weighted Formulas. A weighted CNF formula is a pair (F, µ) where Fis a CNF formula and µ : F → R

+

0. We extend µ to subsets G of F by
µ(G) :=

∑
C2G µ(C). For α an assignment, we set

µ[α](G) :=
∑

C2Gµ(C) � [α satis�es C] .If α is a random assignment from some distribution thenE�µ[α](F)
�
=
∑

C2F µ(C) � Pr (α satis�es C) . (2.4)It immediately follows that if F is an (� k)-CNF formula then, for α uni-formly at random from {0, 1}vbl(F),E�µ[α](F)
� �  

1−
1

2k

!
µ(F),and, therefore, in such a formula we can always satisfy a 1 − 1

2k
portion ofthe whole weight.Instead of forcing a lower bound on the size of the clauses, we considernow formulas that are \locally satis�able" in the sense that small subsetsof the clauses are simultaneously satis�able.

k-Satisfiable Formulas. Given k 2 N0, a CNF formula F is called k-satis�ableif every subset G of F with |G| � k is satis�able.Every CNF formula F is 0-satis�able and it is 1-satis�able i� 2 62 F.Note that \1-satis�able" is equivalent to \(� 1)-CNF" and so at least halfof the weight of a 1-satis�able CNF formula can be satis�ed. This 1
2
-boundis tight, as can be seen from

F := {{x1}, {x1}, {x2}, {x2}, . . . , {xn}, {xn}}with all weights equal 1.
Weighted 2-Satisfiable Formulas and the Golden Ratio. We observe that a CNFformula F is 2-satis�able i� it contains neither the empty clause 2 nor apair {x}, {x} of complementary 1-clauses. That, as we will show next, allowsus to satisfy signi�cantly more than half of the weight of the formula.



2.3. PARTIAL SATISFACTION 33
Theorem 2.4 ([Lieberherr, Specker, 1981]) Every weighted 2-satis�able CNFformula (F, µ) has an assignment α with
µ[α](F) � Φ � µ(F) , Φ := −1+

p
5

2
� 0.618, the golden ratio5(conjugate).Proof. We assume that no {x}, x 2 vbl(F), occurs in F. If such a negative

1-clause {x} appears, we switch all occurrences of x to x and vice versa.Our goal is to choose a random assignment so that every clause in F issatis�ed with some large probability. If that probability is supposed to belarger than 1
2
, then we cannot choose an assignment uniformly at randombecause of the 1-clauses.We �x p 2 R, 0 � p � 1, (what value p should attain will evolve fromthe proof) and we de�ne a random assignment α on vbl(F) byPr (x 7→ 1) = p for all x 2 vbl(F) (mutually independent).Then, for C 2 F, we have:� If C contains a positive literal, then α satis�es C with probability atleast p.� If C contains no positive literal, then it must contain at least twonegative literals and α satis�es C with probability at least 1− p2.Therefore, for h := min{p, 1 − p2}, every clause in F is satis�ed withprobability at least h. Hence, we should set p in [0, 1] to maximize h.PSfrag replacements

h1 − p2
pThis is easily seen to happen when p = 1 − p2, p � 0, i.e. p = −1+

p
5

2
.Then h = −1+

p
5

2
= Φ. Now Pr (α satis�es C) � Φ for all C 2 F and thetheorem follows.We want to argue that the golden ratio bound is tight. For that purpose,given n 2 N, we choose some set V of n variables and some ν 2 R

+ (and5Usually, ϕ := 1+
p
5

2
� 1.618 is called the golden ratio, while Φ := 1

ϕ
= ϕ − 1 iscalled the golden ratio conjugate. The golden ratio is omnipresent, among others inarchitecture and art, and the letter \phi" is used to honor the Greek sculptor Phidias (ca.430 BC).



34 CHAPTER 2. EXTREMAL PROPERTIESagain, we decide on ν's fate as the time is ripe). Let
F = Fn := {{x} | x 2 V} [ {{x, y} | {x, y} 2  V

2

!
} ;the weight function µ = µn,ν assigns ν to every 1-clause and 1 to the

2-clauses. Note that the overall weight is nν+
�
n
2

�.
F is convenient for our analysis, since, for α 2 {0, 1}V, the weight µ[α](F)of clauses satis�ed by α is determined by the number, k, of variables in Vthat are set to 1. We have

µ[α](F) = s(k) := kν+

 
n

2

!
−

 
k

2

!
.(You may view the rest of the argument as a game: Given ν, player

A chooses k as to maximize the weight satis�ed. And given the optimalstrategy of A, player B chooses ν so that A's success, the ratio of the weightsatis�ed, is minimized. The best strategy of B yields the ν for the hardestformula.)The function s(k) as a function in R attains its maximum for k = ν+ 1
2(obtained by setting the �rst derivative of s(k) to 0). That is, no morethan weight

s(ν+ 1
2
) =

ν2

2
+

 
n

2

!
+O(ν)can be satis�ed and for every assignment the ratio of the weight satis�edis at most

s(ν+ 1
2
)

µ(F)
=

ν2

2
+ n2

2
+O(n+ ν)

nν+ n2

2
+O(n)

=
( ν
n
)2 + 1+O( 1

n
+ ν

n2 )

2 ν
n
+ 1+O( 1

n
)

.We �x some λ 2 R
+ and we set ν = λn. As n goes to in�nity, the ratioabove converges to λ2+1
2λ+1

. Going through the usual exercise of setting the �rstderivative to 0, we get that in the range λ � 0 this expression minimizes for
λ = −1+

p
5

2
= Φ. For that value of λ we get also6 λ2+1

2λ+1
= Φ. This means that6As if it needed another proof that there is no escape from the golden ratio.



2.3. PARTIAL SATISFACTION 35if ν = Φn then the ratio of the optimal weight satis�able in Fn approaches
Φ as n→∞; formally,7 lim

n→∞
max

α

µ
[α]
n,Φn(Fn)

µn,Φn(Fn)
= Φ .Therefore, no bound exceeding Φ can be guaranteed.

An Algorithmic Implication. Employing the technique of derandomizationvia conditional probabilities, we can turn the proof of Theorem 2.4 into apolynomial time algorithm that computes for every weighted 2-satis�ableCNF formula an assignment that satis�es Φ of the overall weight.Given (F, µ), let α� be an assignment that maximizes the satis�ed weight,i.e. µ[α�](F) = maxα µ[α](F). No algorithm is known that computes such anoptimal α� in polynomial time. We want to show that there is a polynomialalgorithm that computes an assignment α that satis�es
µ[α](F) � Φµ[α�](F) .Just to avoid any confusion: If F is 2-satis�able, then|given what weknow|this is obvious since we can produce an α with µ[α](F) � Φµ(F) andclearly µ(F) � µ[α�](F). So it remains to tackle the presence of the emptyclause and complementary pairs of 1-clauses.For that we decompose a weighted CNF formula (F, µ) into weightedformulas (F0, µ0), (F1, µ1), and (F2, µ2). The idea behind this decompositionis that F0 and F1 are trivial in the sense that every total assignment satis�esthe same weight of it, and F2 is 2-satis�able. For the speci�cation, we extend

µ to all clauses over vbl(F) simply by setting µ(C) = 0 for C 62 F:
F0 :=

{
{2} if 2 2 F, and
{} otherwise.In the �rst case, µ0(2) := µ(2).

F1 :=
[

x2V :min{µ({x}),µ({x})}>0

{{x}, {x}}and for {u} 2 F1, µ1({u}) := min{µ({u}, µ({u)}.
F2 := F \ ({2} [ {{u} | µ({u}) = min{µ({u}), µ({u})}})7If you are concerned that we actually proved only \� Φ", recall Theorem 2.4.



36 CHAPTER 2. EXTREMAL PROPERTIESand for C 2 F2,
µ2(C) :=

{
µ({u}) − µ({u}) if C is a 1-clause {u}, and
µ(C) otherwise.That is, we remove the empty clause, if there. For every complementarypair {x}, {x} in F, we keep only the one of the two with larger weight, andthe new weight is the excess of the old weight over the complementary

1-clause.Clearly, these weighted formulas can be computed in polynomial time.For every clause C, we have µ0(C)+µ1(C)+µ2(C) = µ(C) (again, we extendweight mappings to all clauses by setting it to 0 if not de�ned). It followsthat for every total assignment α
µ[α](F) = µ

[α]
0 (F0) + µ

[α]
1 (F1) + µ

[α]
2 (F2) =

1

2
µ1(F1) + µ

[α]
2 (F2)Now we can use that F2 is 2-satis�able, and we compute an assignment αon vbl(F) with µ

[α]
2 (F2) � Φµ2(F2). It holds that

µ[α](F) � 1

2
µ1(F1) +Φµ2(F2) � 1

2
µ1(F1) +Φµ

[α�]
2 (F2)� Φ

 
1

2
µ1(F1) + µ

[α�]
2 (F2)

!
= Φµ[α�](F) .We have established the following result.

Theorem 2.5 There is an algorithm that computes for every weightedCNF formula (F, µ) in polynomial time an assignment α with
µ[α](F) � Φµ[α�](F) .Note 2.3 The best ratio known for a polynomial approximation algorithm is

0.7968 due to [Avidor et al., 2005].
2-Satisfiable CNF Formulas—no Weights. What happens if we go back tounweighted CNF formulas (or we force all weights to be the same)? TheCNF formula

{{x}, {y}, {x, y}}shows that in the worst case we cannot guarantee to satisfy more than 2
3
ofthe clauses in an unweighted 2-satis�able CNF formula. It turns out thatthis is already the worst case.
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Theorem 2.6 ([Käppeli, 2005]) Every 2-satis�able CNF formula has an as-signment that satis�es at least 2

3
of its clauses.Proof . Given a CNF formula F over V, the proof will juggle withoccurrences of literals in the formula, so we prepare a formal basis for this.Every pair (u,C) with u 2 C 2 F is called an occurrence of u in F.Let us �x some assignment α on V. An occurrence (u,C) is called critical(relative to α) if either u is the only literal with α(u) = 1 in C (a positivecritical occurrence of u) or α does not satisfy C|in particular, α(u) = 0(a negative critical occurrence of u).Suppose we switch α for a single variable x. Then a clause C switchesfrom satis�ed to unsatis�ed or vice versa i� (x, C) or (x, C) is a criticaloccurrence.Let now α be an assignment with the property that (i) switching asingle variable cannot increase the number of clauses satis�ed, and (ii) ifthe number of clauses satis�ed stays the same for a switch, then the numberof satis�ed 1-clauses cannot increase. Clearly, such an assignment existsby starting with an arbitrary assignment and then successively switchingassignments for variables where the property is violated.For ease of presentation, let us assume that α is the all-1 assignment.Then the required property of α is equivalent to the following:(i') For every variable x, the number of positive critical occurrences of xis at least the number of negative critical occurrences of x.(ii') If, for a variable x, the number of positive critical occurrences of xequals the number of negative critical occurrences of x then {x} 62 F.We will partition the clauses of F in such a way that it becomes obviousthat α satis�es 2

3
of each part from which the claim of the theorem clearlyfollows.Property (i') above shows that there is an injective mapping κ fromnegative critical occurrences to positive critical occurrences. Moreover,along Property (ii'), we can guarantee that if {x} 2 F then there is a sparepositive critical occurrence (x, C(x)) of x that does not appear in the imageof κ.Let C = {x1, x2, . . . , xk} be an unsatis�ed clause with κ(xi, C) = (xi, Ci).Then we put C into one part of our partition with C1, C2, . . . , Ck; and weadd C(x1), in case k = 1. So this part contains one unsatis�ed clause and at



38 CHAPTER 2. EXTREMAL PROPERTIESleast two satis�ed clauses. Finally, we put into one extra part all clauses wehave not used along with unsatis�ed clauses. All these clauses are satis�edby α. So, indeed, we have found the partition that entails the statementwe wanted to prove.
Larger k. For k 2 N0, let rk be the supremum of all real numbers r sothat every weighted k-satis�able CNF formula has an assignment α with
µ[α](F) � r µ(F). It is a simple exercise8 to prove that every weighted k-satis�able CNF formula F has an assignment α with µ[α](F) � rkµ(F), i.e.the supremum is a maximum. Clearly, rk+1 � rk. r0 = 0 and r1 = 1

2was easy, and we proved also r2 = Φ. Let us move one step further to
3-satis�able formulas.
Theorem 2.7 Every weighted 3-satis�able CNF formula (F, µ) has an as-signment α with

µ[α](F) � 2

3
µ(F) ,i.e. r3 � 2

3
.Proof. By switching occurrences of x and x, if necessary, we can assumethat F contains no clause {x}, x 2 vbl(F). We de�ne a random assignment

α on vbl(F) following the rulefor x 2 vbl(F) x 7→ 1 with probability {
2
3

if {x} 2 F, and
1
2

otherwise.With this we get for C in F:� If C is a 1-clause, then it is satis�ed with probability 2
3
.� If C is a 2-clause {u, v}, then Pr (u 7→ 0) = Pr (v 7→ 0) = 2

3
is notpossible, since then C = {x, y} with {x} 2 F and {y} 2 F for variables

x and y|a contradiction to 3-satis�ability. Thus at least one ofPr (u 7→ 0) and Pr (v 7→ 0) is at most 1
2
, and, therefore, C is satis�edwith probability at least 1− 2

3
� 1
2
= 2

3
.8If you wonder, why this is an exercise at all, please think about it until you see it.For example, the supremum a� of all numbers a with a < 1 is obviously 1, so a� < 1 doesnot hold.



2.3. PARTIAL SATISFACTION 39� If C is a (� 3)-clause, then it is satis�ed with probability at least
1− ( 2

3
)3 = 19

27
� 2

3
.That is, the assignment satis�es every clause in F with probability at least

2
3
which establishes the theorem.The proof exploits the fact that a 3-satis�able CNF formula has no 2,has no complementary pair {x}, {x}, and it has no triple {u}, {v}, {u, v}. Notethat 3-satis�ability excludes {u}, {u, v}, {u, v} as well, which was not used inthe argument.Note 2.4 As we observed, rk+1 � rk for k 2 N0. [Huang, Lieberherr, 1985] showedthat rk � 3

4
for all k, and [Trevisan, 2004] proved limk→∞ rk = 3

4
.For concrete values of rk, we have seen r0, r1, r2, and a bound9 r3 � 2

3
.[Kr�al', 2004] proved

r4 =
3

5+
3

q
3
p
69−11
2

−
3

q
3
p
69+11
2

� 0.6992 .Interestingly, [Kr�al', 2004] also showed that a probabilistic argument along thelines of our proofs of Theorems 2.4 and 2.7 will not give the tight result for r4!Theorems 2.4 and 2.7 are originally from [Lieberherr, Specker, 1981] and from[Lieberherr, Specker, 1982], resp.; they use a di�erent method called symmetriza-tion, which is somewhat more involved, but still interesting. The simpler proba-bilistic approach we took here was proposed in [Yannakakis, 1994] (cf. [Jukna, 2001,Section 20.6]).Note 2.5 Similarly to rk, let us de�ne sk as the largest ratio of clauses that canalways be satis�ed in a k-satis�able CNF formula (unweighted). Clearly, sk � rk.
s1 =

1
2
is easy, but we have seen that s2 = 2

3
already deviates from r2. The proof of

rk � 3
4 in [Huang, Lieberherr, 1985] carries over to sk, so limk→∞ sk = 3

4 follows.In [K�appeli, 2006] the bounds 0.6809 � 32
47 � s3 � 0.7 were established

Exercise 2.11 Work out the derandomization of the proof of Theorem 2.4.9It is interesting to note that in [Kr�al', 2004] and [Trevisan, 2004] r3 = 2
3
is attributedto [Lieberherr, Specker, 1982], but they write on page 18: \We �nd a lower bound onthe fraction τ3 of the clauses which can always be satis�ed in a 3-satis�able formula byshowing that τ3 � 2

3
. Unfortunately, we have not been able to determine τ3 exactly."Probably r3 � 2

3
is easy, but I don't see the example that provides this upper bound.



40 CHAPTER 2. EXTREMAL PROPERTIES
Exercise 2.12 How Much Independence is Necessary?In the proof of Theorem 2.4 we de�ned a random assignment α bychoosing the values for the variables mutually independently. Is mu-tual independence necessary, or is perhaps pairwise independence suf-�cient?
Exercise 2.13 One of Few Always WorksLet V, |V | = n, a set of variables be given. Then there exists a set Aof at most 2n assignments on V such that for every 2-CNF formula Fover V there is an assignment α 2 A on V which satis�es at least 3

4
ofall clauses in F.Hint: Use Hadamard matrices.

Exercise 2.14 Prove that every weighted k-satis�able CNF formula F hasan assignment α with µ[α](F) � rkµ(F).
Exercise 2.15 All in 3|at Most 7 in 10Show that the CNF formula

F := {{a}, {b}, {c}, {d}, {a, x}, {b, x}, {c, x}, {d, x}, {a, b, x}, {c, d, x}}is 3-satis�able and no assignment satis�es more than 7 clauses in F.Remark: That establishes s3 � 0.7.



Chapter 2*

The Algorithmic Lovász Local LemmaChapter by Dominik Scheder, with additions by Robin Moser.In Chapter 2, we have stated and proved the Lov�asz Local Lemma forSAT. It has turned out that a k-CNF formula F in which every clause Chas a neighbourhood ΓF(C) of at most 2k−2 clauses which it shares commonvariables with is always satis�able. However, the proof of Theorem 2.3 iscompletely non-constructive and does not disclose any way in which suchan assignment could be discovered eÆciently. In the sequel, we will demon-strate that an eÆcient algorithmic procedure for solving such formulas canbe devised quite easily. In order to give the proof in a simplest possibleform, we will restrict the neighbourhoods of clauses to at most 2k−3 − 1 insize. Asymptotically, this is no di�erent. With somewhat more e�ort, itcan be demonstrated that such a restriction is not necessary.
Theorem 2*.1 k 2 N. If |ΓF(C)| � 2k−3 − 1 for all clauses C in a k-CNFformula F, then F is satis�able and a satisfying assignment can befound in expected polynomial time by a randomized algorithm.The objective of the present chapter is to prove this claim by describingand analyzing an appropriate algorithm.
Exercise 2*.1 Random sampling doesn't workProve: For every k, there exists a family of arbitrarily large formulas
F having 8C 2 F : |ΓF(C)| � 2k−3 − 1 which are satis�ed with exponen-tially small probability (in the size of each formula) when samplingassignments u.a.r. This justi�es why the theorem we are proving in41



42 CHAPTER 2*. THE ALGORITHMIC LOV�ASZ LOCAL LEMMAthis chapter is non-trivial.Hint: Select the formulas in a 'semi-random' manner.
2*.1 A very simple algorithmSuppose we do not know much about SAT and try to �nd a satisfyingassignment for a formula F we know admits one. What would we do? Anatural way of proceeding is the following: we try a random assignment andthen as long as there is some violated clause, we try assigning new valuesfor the variables in that clause. It turns out that this very basic approachis successful in the case of formulas with small clause neighbourhoods.Note that for the purpose of simplifying the proof of eÆciency in thischapter, we prescribe an exact rule as to which violated clause to selectfor correction if there are multiple such clauses available. With somewhatmore e�ort, however, it can be demonstrated that such rule is not needed.The recursive procedure locally correct(C) attempts to correct one vio-lated clause and then invokes itself recursively. We assume that there isa global variable α 2 {0, 1}V storing the assignment currently under con-sideration and that the formula F and the set of variables V are, as well,globally accessible. We use the notation Γ+

F (C) := ΓF(C)[ {C} to denote theinclusive neighbourhood of a clause C 2 F. Moreover, we assume that theclauses of F are somehow ordered in a �xed (but arbitrary) way and callthis ordering the lexicographic ordering. The function is supposed to becalled for some clause C 2 F which is currently violated under α.
function locally correct(C)replace in α the values for vbl(C) with new samples u.a.r.
while 9D 2 Γ+F (C) : D violated under α do

D← the lexicographically �rst violated clause in Γ+F (C);

locally correct(D);On a global scale, we start from a random point and invoke the localcorrection procedure as long as there is something to correct. The complete



2*.1. A VERY SIMPLE ALGORITHM 43solver is then summarized as solve lll(F, V) below.At �rst sight, it might look surprising that such a strategy should work.In particular, there appears to be the possibility for the recursive procedureto run inde�nitely, but we will show that this won't happen. Our claim isthat the algorithm solve lll(F, V) has a polynomial expected running timeon formulas with a clause neighbourhood of size at most 2k−3.
function solve lll(F, V)
α← u.a.r. from {0, 1}V ;

while 9C 2 F : C violated under α do

C← the lexicographically �rst violated clause in F;

locally correct(C);

return α;

To see this, let us look at the recursive local correction procedure. Wewant to establish that when this procedure returns on the topmost invoca-tion level, then it has made a genuine improvement to the assignment, interms of the number of violated clauses.
Lemma 2*.2 Let α 2 {0, 1}V be any assignment and C 2 F a clause vio-lated under α. Suppose we call locally correct(C) with α as the assign-ment to start from. If this procedure ever returns, then the assignment
α 0 it has constructed satis�es all clauses which were a�ected by anychanges made, i.e.8D 2 F : (9x 2 vbl(D) : α(x) 6= α 0(x)) → α 0 satis�es Dand in particular, α 0 satis�es C.Proof. Let V 0 := { x 2 V | α(x) 6= α 0(x) } and let D 2 F be any clause thatcontains at least one variable from V 0. Consider the variable x 2 vbl(D)which is the last one to be resampled among all variables occurring in D.This resampling happens inside some recursive call of locally correct(E)for some clause E 2 F with x 2 vbl(E). When that recursive call returns,



44 CHAPTER 2*. THE ALGORITHMIC LOV�ASZ LOCAL LEMMA
D, being a member of Γ+

F (E), must be satis�ed. Ever after, none of thevariables occurring in D change there value anymore.From the lemma we can conclude that if a call to locally correct() everreturns, then the set of clauses violated under α 0 is a strict subset of theset of clauses violated under α, since the clause we initially called theprocedure for was violated and is now satis�ed, and no new violated clausescan appear. Therefore, the outer loop in solve lll() cannot be repeated anymore than |F|, that is, a linear number of times. It remains to prove thatthe total number of recursive calls to locally correct() cannot become toolarge.
Exercise 2*.2 Fewer top-level invocationsFor simplicity, we only stated the weakest fact necessary, i.e. that atmost |F| top-level invocations are being made. Prove that in reality,the number of such invocations is even bounded by n/k, where n is thenumber of variables.
Exercise 2*.3 Even fewer top-level invocationsFollowing up on the last exercise, prove that on average, no more than
n
8k

top-level invocations are made.
Exercise 2*.4 The procedure stopsBefore reading on, try to prove (or at least �nd a plausible argument)that the probability for the algorithm to run inde�nitely is zero.
2*.2 A bit of information theoryThe proof of a strong bound on the number of recursive invocations bases onone of the simplest principles in information theory, namely that uniformlyrandom data is not e�ectively compressible. In order to formalize thisintuition, we have to say what it means to e�ectively compress. Supposewe �x two integers t, t 0 2 N such that t 0 < t. Now we consider a compressionfunction C : {0, 1}t → ({0, 1}t

0[ {’no’}) that takes as input a string of length
t and outputs either a string of shorter length t 0 or the failure message
’no’. Its counterpart is a decompression function D : {0, 1}t

0
→ {0, 1}t thattakes a compressed bitstring of length t 0 and decodes the longer string oflength t. What we require for soundness is that whenever C(s) 6= ’no’ for



2*.3. BOUNDING THE RECURSION 45some s 2 {0, 1}t, then D(C(s)) = s. For practical compression, we would ofcourse not allow the mapping to 'refuse' compressing and we would requiremany more things, e.g. that C and D be eÆciently computable. Here, suchaspects do not matter. The following lemma states the simple observationthat there is no perfect compression.
Lemma 2*.3 Let t, t 0 2 N with t 0 < t and let C : {0, 1}t → ({0, 1}t

0 [ {’no’})and D : {0, 1}t
0
→ {0, 1}t be arbitrary mappings such that8s 2 {0, 1}t : C(s) 6= 'no' ⇒ D(C(s)) = s.If S 2 {0, 1}t is distributed uniformly at random among all bitstrings oflength t, then Pr(C(S) = ’no’) � 1− 2t

0−t.Proof . The proof is by simple counting. There cannot be any twodistinct strings s, s 0 2 {0, 1}t for which C(s) = C(s 0) 6= 'no' because thatwould imply D(C(s)) = D(C(s 0)) and thus D(C(s)) 6= s or D(C(s 0)) 6= s 0.But since there are 2t strings of length t and only 2t
0 strings of length t 0, atmost 2t 0 of the input strings can be mapped to an output other than 'no'.Therefore, if S is chosen u.a.r. from {0, 1}t, the probability that C(S) 6= ’no’is at most 2t 0−t, as claimed.In the last section, we will apply this lemma to bound the expectedrunning time of our algorithm. The idea will be that we decorate thealgorithm with a few extra statements that encode the random bits it usesin a compact fashion. Then we prove that either the algorithm solves ourformula quickly, or else it e�ectively compresses the random bits it hasreceived.

2*.3 Bounding the recursionSuppose we want to record, as our algorithm runs, a compact log of whichclauses are being corrected at what time. We could write down the indexof each clause of which we reassign the variables. However, doing this ina trivial way wastes a certain amount of information: if there are m = |F|clauses in total, then we need dlog(m)e bits to represent a clause. But ifa clause C is corrected �rst and then recursively a clause D 2 Γ+
F (C), then



46 CHAPTER 2*. THE ALGORITHMIC LOV�ASZ LOCAL LEMMAidentifyingD should need substantially fewer bits since Γ+
F (C) contains onlya small number of clauses.The following extended version of the algorithmmakes use of this fact toproduce a log in the form of a string s 2 {0, 1}� documenting its actions. Asfor notation, if F 0 � F is a set of clauses and C 2 F 0 some clause in that set,we denote by bincode(C, F 0) the binary encoding of the index of C in F 0,that is the number of clauses in F 0 that occur before C in the lexicographicordering, padded with zeroes in such a way that the length of each codeis dlog(|F 0|)e. Moreover, we use the operator Æ to denote the catenation ofbinary strings and we assume that the function append to log(..) is somearbitrary means of output.Whenever a recursive call is made for correction of a clauseD 2 Γ+

F (C) inthe neighbourhood of a previously corrected clause C, we write the index of
D in Γ+

F (C) to the log. We prepend this index by a single '1'-bit indicatingthat a deeper recursion level is being created. Let us call this a messageof type I. Whenever locally correct() �nds that all clauses in the currentlyinspected neighbourhood are satis�ed and thus returns control to a higherrecursion level, we append a single '0'-bit to the log to represent this fact.We call this a message of type II.On a global scale, whenever the outermost loop starts a new recursivecorrection process, we write the index of the clause C corrected on thetopmost recursion level to the log. As there is no previous informationavailable as to which clause this could be, we have to use a full encoding of
C in F. We call this amessage of type III. As the recursion depth before thetop-level call can be reconstructed by counting previous messages of typesI and II, no extra bit is needed to indicate the type of message appended.Note that the top-level call, too, will automatically output a 00 0-bit in theend to indicate termination.Let us precisely quantify the number of bits that are needed to storethe log being output. A message of type I needs dlog(2k−3)e = k − 3 bitsfor encoding the clause to be corrected next and one additional bit beingprepended. A message of type II needs exactly one bit. A message oftype III needs dlogme bits. In order to facilitate the calculation, let usnote that messages of type II always occur paired up with messages oftype I or III, which are uniquely associated with a speci�c invocation ofthe local correction procedure. Therefore each top-level invocation incurs atotal of dlogme+1 bits of output, each recursive invocation then produces



2*.3. BOUNDING THE RECURSION 47an additional (k− 3) + 2 = k− 1 bits of output to the log.
function locally correct(C)replace in α the values for vbl(C) with new samples u.a.r.
while 9D 2 Γ+F (C) : D violated under α do

D← the lexicographically �rst violated clause in Γ+F (C);

append to log( 01 0 Æ bincode(D, Γ+F (C)));

locally correct(D);

append to log( 00 0);
function solve lll(F, V)
α← u.a.r. from {0, 1}V ;

while 9C 2 F : C violated under α do

C← the lexicographically �rst violated clause in F;

append to log(bincode(C, F));

locally correct(C);

return α;Suppose the algorithm makes a total of t invocations of the correctionprocedure, including the top-level calls (of which a maximum of m can bedone according to Lemma 2*.2). Then the size of the log we produce issmaller than m(dlogme+1)+(k−1)t. Note that we are very generous hereand the top-level calls are being overcounted.It is very easy to see that from the log output, it is possible to un-ambiguously reconstruct the entire history of clause corrections. Now, thekey point of the proof follows. By just looking at the log produced, wecan therefore also reconstruct histories of random values for each variableoccuring in corrected clauses. Let C be the �rst corrected clause. Theclause was corrected because it was violated in the beginning, therefore weknow the initial values that all variables in vbl(C) were assigned before anycorrections. Suppose D is the next corrected clause, i.e. D was violated



48 CHAPTER 2*. THE ALGORITHMIC LOV�ASZ LOCAL LEMMAafter the correction of C. D might have some variables in common with Cand some variables not encountered yet. For those not yet encountered, wecan reconstruct their initial values, for the other ones we can now recon-struct the replacement values they received when correcting C. Continuingin this way, each entry of the clause correction log allows us to reconstructthe respective next values of the k variables in the clause. After readingthe whole log, we will have reconstructed for each variable x 2 V, all thevalues it has received during the procedure, except for its �nal value as ourreconstruction always lags behind by one.We now claim that for any t 2 N, the probability that the algorithm doesnot terminate before making t invocations of the local correction procedureis at most 2m(dlogme+1)−t. From this it immediately follows that the expectednumber of such invocations the algorithm makes is O(m logm).Fix some t 2 N. We incorporate our algorithm into a compressionscheme consisting of functionsC : {0, 1}n+tk → ({0, 1}n+(mdlogme+1)+t(k−1) [ {’no’})and D : {0, 1}n+m(dlogme+1)+t(k−1) → {0, 1}n+tk.The compression C of a string s 2 {0, 1}n+tk is de�ned as follows: runthe algorithm solve lll(F, V), using s to replace the randomness, i.e. the�rst n bits of s are used as the initial assignment and the remaining bitsare used, in chunks of k bits each, for replacing values within the localcorrection procedure. We let the algorithm go on for up to t calls tolocally correct(C). If it has not �nished its job by then, we interrupt itand make C output the log produced so far, which we know has size atmost m(dlogme+1)+ t(k−1), followed by n bits representing the currentvalue of α when the algorithm was interrupted. If necessary, we can padthe string with zeroes for it to have the required length. If, however, thealgorithm is successful in �nding a satisfying assignment before reaching tinvocations of the correction procedure, then we let C output 0no 0. Thisway, either the solver is successful or the compression is.The decompression D does the reverse. As we have described above,each of the t calls to locally correct(C) we have recorded in our log allowsfor the reconstruction of k bits at determined positions from s. As furtherdescribed, the only bits we have not reconstructed this way are the �nal



2*.3. BOUNDING THE RECURSION 49values of each variable in α. But since C(s) has the n bits describing αappended to its end, we know these values too. Finally, we have recon-structed all n + tk bits from s correctly and thus whenever C(s) 6= ’no’,we have D(C(s)) = s.Since this is a compression scheme satisfying the conditions in 2*.3, theprobability that C(s) = ’no’ if s is chosen uniformly at random has to beat least 1−2m(dlogme+1)−t. But those are exactly the cases when a satisfyingassignment is output, concluding the proof of Theorem 2*.1. 2Note 2*.1 The �rst algorithmic versions of the Lov�asz Local Lemma were foundin breakthrough papers by Beck in [Bec91] and Alon in [Alo91]. Further progresswas made in various publications over time ([MR98], [CS00], [Mos06], [Sri08],[Mos08]). The proof described in this chapter has �rst been given in a slightlydi�erent form in [Mos09]. After publication, it became apparent that arguments ofthis sort were previously known under the name of the 'incompressibility method'and had even been applied in amazingly similar fashions to Local Lemma typeproblems (cf., e.g., [Sch09]) however without the realisation of their importantalgorithmic consequences. Finally, in [MT09], generalizations of the method areprovided that allow making almost all known applications of the Local Lemmabeyond satis�ability constructive and that get rid of the remaining constant gapleft open here. Very recently, it has been demonstrated that the method can bederandomized (see [CGH09]).
Exercise 2*.5 An more concise logProve that the factor of logm can be gotten rid of, i.e. that the expectedrunning time is in fact O(m), by encoding the clauses for which top-level calls are made in a more compact fashion.
Exercise 2*.6 An even more concise logThink of ways in which the log can be further compressed! Where isthe description still somewhat wasteful? Consider expressing logs byobjects other than binary strings. If you �nd the right formalism, it ispossible to prove that the algorithm also works for formulas with 2k/einclusive neighbors per clause and that in fact the recursive structureof the algorithm is not necessary: a single loop suÆces. You can alsoread the solution in [MT09].
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Chapter 2**

Minimal Unsatisfiable FormulasChapter by Dominik Scheder.A CNF formula is minimal unsatis�able if it is unsatis�able, but re-moving any clause makes it satis�able. Clearly, every unsatis�able formulahas a minimal unsatis�able subformula. For example, the formula
{{x1}, {�x1, x2}, {�x1, �x2}, {x2, x3, x4, x5}}is unsatis�able, but not minimal unsatis�able, because we can remove thelast clause and obtain

{{x1}, {�x1, x2}, {�x1, �x2}} ,which is still unsatis�able. This formula, however, is minimal unsatis�-able. In this chapter we will investigate minimal unsatis�able formulas.We introduce some notation. For a CNF formula F and a literal u, we willwrite occF(u) := |{C 2 F | u 2 C}| ,and for a variable x, degF(x) := occF(x)+occF(�x), i.e. the number of clausescontaining x, irrespective of its sign.
2**.1 Matchings and Formulas

Definition 2**.1 (Clause-Variable Incidence Graph) Let F be a CNF formula.The clause-variable incidence graph is a bipartite graph on the vertex set
F[ var(F), where we connect a clause C and a variable x if x 2 var(C).53



54 CHAPTER 2**. MINIMAL UNSATISFIABLE FORMULAS
{{x}, {x̄, y}, {x̄, ȳ, z}, {z̄}}

x y zFigure 2**.1: The bipartite clause-variable incidence graph between a CNFformula F and var(F).
{{x1}, {x̄1, x̄2, x3}, {x̄3, x̄4}, {x̄1, x4}}

x1 x2 x3 x4Figure 2**.2: A formula with a saturating matching. Matching edges aredrawn bold.A matching in a graph is a set M of edges such that each vertex is incidentto at most one of them. If a vertex is incident to one of them it is matched,otherwise it is unmatched. We also say "a matching in F" as a short-handfor "a matching in the clause-variable incidence graph of F". If G is asubformula of F and a matching M matches every clause in G, we say itsaturates G. If it matches every clause in F, we simply say it is saturating.The following observation makes the connection with satis�ability.
Observation 2**.2 If a CNF formula F has a saturating matching, it issatis�able. See Figure 2**.2.Proof . Let F = {C1, . . . , Cm}. Since there is a matching saturating allclauses of F, there arem distinct variables x1, . . . , xm such that xi 2 var(Ci).We de�ne a (possibly partial) assignment α by either (i) setting xi to 1, if
xi 2 Ci, or (ii) setting xi to 0, if �xi 2 C, for all 1 � i � m. This assignmentsatis�es F.The condition in Observation 2**.2 is, of course, only suÆcient, not neces-sary. Take for example the formula

{{x, y}, {�x, y}, {�x, z}, {�x, �y, �z}} ,which does not admit a saturating matching, but still is satis�able.



2**.1. MATCHINGS AND FORMULAS 55There is an elegant characterization for when a formula has a matchingthat matches all clauses. Although this characterization holds for generalbipartite graphs, we state it in terms of CNF formulas.
Theorem 2**.3 (Hall’s Theorem in SAT terms) A CNF formula F has a sat-urating matching if and only if for all subformulas G � F, it holdsthat

| var(G)| � |G| . (2**.1)It is easy to see that condition (2**.1) is necessary for the existence of sucha matching. That it is also suÆcient requires a proof, which we do notgive here. Also note that the naive approach to test whether condition(2**.1) holds, namely iterating over all subformulas, would take 2|F| steps.Fortunately, there are eÆcient algorithms for �nding maximum matchingsin graphs, and thus determining whether a formula F has a matching sat-urating F, and also �nding such a matching. Therefore, if F ful�lls theprecondition of Observation 2**.2, we can eÆciently �nd a satisfying as-signment.This discussion motivates some de�nitions. For a CNF formula F, wecall δ(F) := |F| − | var(F)| the de�ciency of F, and δ�(F) := maxG�F δ(G)the maximum de�ciency of F. Observation 2**.2 can now be re-stated asfollows: Every CNF formula F with δ�(F) � 0 is satis�able. What does δ(F)tell us about satis�ability? At �rst sight, pretty little. Take for examplethe formula
{{x1}, {�x1, x2}, {�x1, �x2}, {x2, x3, x4, x5}} . (2**.2)Its de�ciency is 4−5 = −1, but still it is unsatis�able. Sure, it contains thesubformula { {x1}, {�x1, x2}, {�x1, �x2} }, which is unsatis�able (and has de�ciency

1). Does every unsatis�able formula F contain an unsatis�able subformula
G � F with δ(G) > 0? The answer turns out to be yes.
Lemma 2**.4 If F is a minimal unsatis�able CNF formula, then forevery proper subformula G ( F, it holds that δ(G) � δ(F) − 1.
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F

var(F )

G
H

var(H) \ var(G)var(G)Figure 2**.3: Illustration of the proof of Lemma 2**.4Proof . Suppose this does not hold, i.e. F is minimal unsatis�able,and there exists a formula G ( F with δ(G) � δ(F). Choose G to beinclusion-wise maximal with this property. Consider any H � F \ G. SeeFigure 2**.3 for an illustration. If H ( F \G, then by maximality of G weconclude δ(G [H) � δ(F) − 1. If H = F \ G, then δ(G [H) = δ(F). Hencein any case δ(G [H) � δ(F). We can now calculate:
δ(F) � δ(G [H) = |G [H| − | var(G [H)| =

= |G| + |H| − | var(G)| − | var(H) \ var(G)|

= δ(G) + |H| − | var(H) \ var(G)| .Since δ(G) � δ(F), we conclude that | var(H) \ var(G)| � |H| for all H �
F \G. By Hall's Theorem, this means we can �nd a matching in F that (i)matches all clauses of F\G and (ii) only matches variables that do not occurin G. We can thus de�ne a partial assignment α : var(F) \ var(G)→ {0, 1}that satis�es F \G. Since F is minimal unsatis�able, G is satis�able, hencelet β : var(G) → {0, 1} satisfy G. Since α and β are de�ned over disjointsets of variables, we can combine them to obtain a satisfying assignmentfor F. This is a contradiction.We conclude that for any minimal unsatis�able formula F, it holds that
δ(F) = δ�(F) � 1. Are there minimal unsatis�able formulas with de�ciency
1? Actually, we have already seen one: {{x1}, {�x1, x2}, {�x1, �x2}}. There is aneven simpler one: {2}. We introduce some notation: We denote by MUthe class of all minimal unsatis�able formulas, and de�ne MU(k) := {F 2MU | δ(F) = k}. By the above results, we see that MU(0), MU(−1), MU(−2)



2**.2. STRONGLY MINIMAL UNSATISFIABLE FORMULAS 57and so on are all empty. It turns out that formulas in MU(1) have veryinteresting properties, besides having the smallest possible de�ciency.
2**.2 Strongly Minimal Unsatisfiable FormulasRemoving clauses from a formula makes the formula "more satis�able" inthe following sense: If it was satis�able before, it is still satis�able after-wards. Conversely, adding clauses makes it "less satis�able". Now supposewe pick some clause in the formula, and add some new literal to it. Surely,the resulting formula is more satis�able: If the old one was satis�able, thenew one is as well. Similarly, removing literals makes a formula only lesssatis�able. Let us make this very vague discussion more precise.
Definition 2**.5 Let F be a CNF formula. A CNF formula F 0 is calledan extension of F if there is a surjective function Φ : F→ F 0 such that8 C 2 F : C � Φ(C) .If F 0 6= F, we say F 0 is a proper extension of F, otherwise it is a trivialextension.

Example. Consider the two formulas
F = {{x}, {�x, y, z}, {�x, �y, �z}}
F 0 = {{x, y}, {�x, y, z}, {�x, �y, �z}}Here, F 0 is an extension of F, and, as it happens, both are satis�able. Wejustify the above statement that an extension is always "more satis�able"than the old formula by the following observation.

Observation 2**.6 Let F 0 be an extension of F. Any assignment α satis-fying F also satis�es F 0.The function Φ in De�nition 2**.5 need not be injective. In fact, byadding literals to clauses, two clauses can become the same. Consider forexample
F = {{x}, {y}, {�x, �y}}
F 0 = {{x, y, z}, {�x, �y}} .
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F 0 is an extension of F, but by adding the literals y and z to the clause {x}and the literals x and z to {y}, these two clauses become the same in F 0. Ingeneral, for a CNF formula F and an extension F 0 of it, it holds that

|F| � |F 0|var(F) � var(F 0) ,and both inequalities can be strict, as the above example shows. However,under certain circumstances we will have equality.
Lemma 2**.7 Suppose F is minimal unsatis�able and F 0 is an extensionof F. If F 0 is unsatis�able, then

|F| = |F 0| (2**.3)var(F) = var(F 0) . (2**.4)Proof . Let F be minimal unsatis�able, and F 0 be an extension of F. Toshow (2**.3), we assume that |F 0| < |F| and show that F 0 is satis�able. Let
Φ : F → F 0 be as in De�nition 2**.5. For every clause C 0 2 F 0, pick oneclause C 2 F with C 0 = Φ(C). Collect those clauses in a CNF formula G.It holds that G � F and |G| = |F 0|. Since |F 0| < |F| this means that G ( F.But F is minimal unsatis�able, so G is satis�able. Observe that F 0 is alsoan extension of G, via the same function Φ, and by Observation 2**.6,
F 0 is satis�able. To show (2**.4), assume that var(F) ( var(F 0) and let
x 2 var(F 0) \ var(F). We will show that F 0 is satis�able. There is a clause
C 0 2 F 0 with x 2 var(C 0). We choose a truth value b 2 {0, 1} as follows:If x 2 C 0, we let b = 1, and if �x 2 C 0, let b = 0. In any case, setting xto b satis�es C 0. We observe that F 0[x 7→b] is an extension of some propersubformula G ( F. Hence G is satis�able, and by Observation 2**.6, F 0 is.
Definition 2**.8 A CNF formula is called strongly minimal unsatis�ableif it is unsatis�able, but every proper extension of it is satis�able.The term "strongly minimal unsatis�able" suggests that a stronglyminimal unsatis�able CNF formula is automatically minimal unsatis�able.This is indeed the case, and we will prove it in a minute. We denote



2**.2. STRONGLY MINIMAL UNSATISFIABLE FORMULAS 59by SMU the class of all strongly minimal unsatis�able formulas. Again,SMU(k) denotes those SMU-formulas with de�ciency k.
Example. F1 = {{�x}, {x, �y}, {x, y, z}, {x, y, �z}}.We claim that F1 is minimal unsatis�able (in fact, it is in SMU(1)). Wecould do this by a detailed case analysis, but there is a much more elegantway. We evaluate

∑

C2F1 2−|C| =
1

2
+

1

4
+

1

8
+

1

8
= 1 .If F 01 is a proper extension of F1, it is immediate that ∑C 02F 0

1
2|C

0| < 1, andby Theorem 2.2, F 01 is satis�able. Be warned though that the above sumdoes not in general evaluate to 1 for SMU formulas. For example,
F2 = {{�x1, x2}, {�x2, x3}, {�x3, x4}, {�x4, x1}, {x1, x2, x3, x4}, {�x1, �x2, �x3, �x4}}is strongly minimal unsatis�able (on a rainy saturday afternoon, you shouldcheck this), but ∑C2F2 2−|C| = 9

8
.

Observation 2**.9 Every strongly minimal unsatis�able formula is alsominimal unsatis�able. In other words, the term strongly minimal isjusti�ed.Proof . Let F be strongly minimal unsatis�able. We will show that forany C 2 F, the formula F \ {C} is satis�able. Let x be a new variable, i.e.,
x 62 var(F), and de�ne F 0 := F\{C}[ {C[ {x}}. Since F 0 is a proper extensionof F, it is by assumption satis�able. Furthermore, F\{C} is satis�able, sinceit is a subformula of F 0Every minimal unsatis�able CNF formula F has a strongly minimalunsatis�able extension F 0. To see this, we de�ne a sequence F1, F2, . . . ofextensions of F as follows: Start with F1 = F. If Fi is SMU, it is a stronglyminimal unsatis�able extension of F. Otherwise, there is a proper extensionof Fi that is unsatis�able. Let Fi+1 be that formula. By Lemma 2**.7,var(Fi) = var(F) for all i. Since there are only �nitely many formulas overvar(F), the process terminates eventually. We summarize this argument:



60 CHAPTER 2**. MINIMAL UNSATISFIABLE FORMULAS
Observation 2**.10 Every minimal unsatis�able CNF formula F has a(not necessarily unique) strong minimal unsatis�able extension F 0.Furthermore, |F| = |F 0| and var(F) = var(F 0) for any such extension.If F is an unsatis�able formula, and x 2 var(F), then clearly F[x 7→0] and F[x 7→1]are both unsatis�able. Now suppose F is minimal unsatis�able. Are F[x 7→0]and F[x 7→1] also minimal unsatis�able? Unfortunately, this is not the case:For example, the formula

{{x}, {�x, �y}, {y}}is minimal unsatis�able. When we set x to 0, we obtain {2, {y}}, whichis clearly not minimal unsatis�able. For consolation, we do however havefollowing lemma.
Lemma 2**.11 Let F be a strongly minimal unsatis�able CNF formula,
x 2 var(F), and b 2 {0, 1}. Then F[x 7→b] is minimal unsatis�able.Proof . Assume b = 0, the other case is similar. Clearly that F[x 7→0] isunsatis�able. We will show that for any C 2 F[x 7→0], F[x 7→0] \{C} is satis�able.There is a clauseD 2 F such that C = D[x 7→0], so eitherD = C orD = C[{x}.In the �rst case, consider F 0 := F\{D}[ {D[ {�x}}. This is a proper extensionof F, hence it is satis�able, so at least one of F 0[x 7→0] or F 0[x 7→1] is satis�able.Note that F 0[x 7→1] = F[x 7→1], which is unsatis�able. Hence F 0[x 7→0] is satis�able(in other words, if adding literal u to a clause makes F satis�able, then everysatisfying assignment must also satisfy u). But F 0[x 7→0] = F[x 7→0] \ {C}, so thelatter is satis�able. In the other case, D = C [ {x}. Consider F 00 := F \ {D}.Since F is, by Observation 2**.9, minimal unsatis�able, F 00 is satis�able,and again at least one of F 00[x 7→0] and F 00[x 7→1] is satis�able. The latter equals
F[x 7→1], which is unsatis�able, thus F 00[x 7→0] is satis�able. But this equals
F[x 7→0] \ {C}.We will now prove a surprising fact that, as it turns out, will completelydescribe the structure of MU(1) formulas.
Theorem 2**.12 Let F be an MU(1) formula. Then either F = {2}, orthere exists a variable x such that occF(x) = occF(�x) = 1.Proof . We will �rst prove the theorem for the case that F is SMU(1).Choose a variable x 2 var(F) that minimizes dF(x). We claim thatvar�F[x 7→0]

�
= var(F) \ {x} . (2**.5)



2**.2. STRONGLY MINIMAL UNSATISFIABLE FORMULAS 61In fact, suppose this is not the case, and let y 2 var(F) \ {x} \ var�F[x 7→0]
�.How can it happen that y appears in F but not in F[x 7→0]? The only possi-bility is that every clause containing y or �y also contains �x, and is satis�edand disappears when setting x to 0. This implies

dF(y) � occF(�x) < dF(x) ,contradicting the choice of x. The latter inequality comes from the factthat in a minimal unsatis�able formula contains no pure literals, i.e. if �xoccurs, then x occurs as well. We conclude that (2**.5) holds. Now theproof is just a calculation (we will explain all inequalities afterwards):
1 � δ(F[x 7→0]) (2**.6)

= |F[x 7→0]|− | var�F[x 7→0]
�
|

= |F|− occF(�x) − | var(F)| + 1 (2**.7)
= 2− occF(�x)

⇒ occF(�x) = 1Inequality (2**.6) comes from the fact that F[x 7→0] is minimal unsatis�able(Lemma 2**.11) and that minimal unsatis�able formulas have de�ciency atleast one (Lemma 2**.4). Equality (2**.7) comes from (2**.5) combinedwith the observation that the only clauses that disappear when setting xto 0 are those containing �x, and that, in a minimal unsatis�able formula,no two clauses "collapse", i.e., become identical, when setting a variable.We conclude that occF(�x) = 1. A similar argument shows that occF(x) = 1.Hence we have showed the theorem for strongly minimal unsatis�able for-mulas.If F is minimal unsatis�able, but not strongly minimal unsatis�able,let F 0 be a strongly minimal unsatis�able extension of F. By the aboveargument, there exists a variable x 2 var(F 0) with occF 0(x) = occF 0(�x) = 1.By Observation 2**.10, var(F 0) = var(F), thus x 2 var(F). Since occF(u) �
occF 0(u) for any literal u, and x is not pure in F, it follows that occF(x) =occF(�x) = 1.



62 CHAPTER 2**. MINIMAL UNSATISFIABLE FORMULAS
2**.3 More On ResolutionWe have already seen resolution as a complete and correct method for deter-mining unsatis�ability of formulas. Let F be a CNF formula and C,D 2 Fbe two clauses. If there is a unique literal u with u 2 C and �u 2 D, thenthe resolvent of C and D is de�ned to be res(C,D) := (C \ {u})[ (D \ {�u}),and var(u) is called the resolved variable. It is easy to check that F �
F [ {res(C,D)}, in the sense that any total assignment α : var(F) 7→ {0, 1}satis�es F if and only if it satis�es F[ {res(C,D)}. A resolution refutationof a formula F is de�ned to be a sequence C1, . . . , Cm with Cm = 2 suchthat for every 1 � j � m, either Cj 2 F, or there are indices i, i 0 < j suchthat Cj = res(Ci, Ci 0). Such a refutation can naturally be represented as atree.
Definition 2**.13 Let F be a CNF formula. A resolution tree of F is acomplete binary tree T in which each node a is labeled with a clause
Ca such that� if a is a leaf of T , then Ca 2 F,� if a has children b and c, then Ca is the resolvent of Cb and Cc.If the root of T is labeled with clause C, we say T ends in C.Further, each inner node a of T is naturally associated with a variable:If b and c are the children of a, and Ca = (Cb \ {u})[ (Cc \ {�u}), we say thevariable var(u) is resolved at node a. We write xa to denote that variable.
Observation 2**.14 A CNF formula F is unsatis�able if and only if it hasa resolution tree ending in 2.
2**.3.1 Davis-Putnam ResolutionWe introduce variant of resolution, called Davis-Putnam resolution. Let
F be a CNF formula, and let x 2 var(F). Write r := occF(x) and s := occF(�x)and let C1, . . . , Cr be the clauses of F containing the positive literal x, andlet D1, . . . , Ds be the clauses of F containing �x. For 1 � i � r and 1 � j � s,we de�ne

Bij := Ci \ {x} [Dj \ {�x} ,



2**.3. MORE ON RESOLUTION 63the resolvent of Ci and Dj. Note that it is possible that Bij contains com-plementary literals, for example if y 2 Ci and �y 2 Dj for some y 6= x. Inthis case we say Bij is trivial. We obtain a formula DPx(F) by removing all
Ci and Dj and adding all non-trivial resolvents Bij. Formally,DPx(F) := F \ {C1, . . . , Cr, D1, . . . , Ds}[ { Bij | 1 � i � r, 1 � j � s, Bij non-trivial} (2**.8)We say we obtain DPx(F) from F by applying Davis-Putnam resolution withrespect to x. Contrary to resolution as we are used to, we do not only addthe resolvents, but remove the original clauses. This is justi�ed by thefollowing fact:
Lemma 2**.15 (Correctness of Davis-Putnam resolution) F �SAT DPx(F).Proof . One direction is easy. Suppose α satis�es F. As we already know,
α satis�es all possible resolvents, hence satis�es DPx(F). For the otherdirection, suppose α satis�es DPx(F). Since x 62 DPx(F), we assume α doesnot assign any value to x. We claim that at least one of the following holds:(i) α satis�es all clauses Ci \ {x}, 1 � i � r, or (ii) α satis�es all clauses
Dj \ {�x}, 1 � j � s. Indeed, if this were not the case, then there wouldbe i and j such that α does not satisfy Bij. This Bij is non-trivial, since
α satis�es every trivial resolvent. Hence Bij 2 DPx(F), contradicting theassumption that α satis�es DPx(F). So if (i) holds, then the combination
α[x 7→ 0] satis�es F. If (ii) holds, then α[x 7→ 1] satis�es F.
Exercise 2**.1 Use Lemma 2**.15 to give an alternative proof of thecompleteness of resolution (of resolution, not DP-resolution).
Exercise 2**.2 Convince yourself that Lemma 2**.15 holds as well forthe extreme cases where occF(x) = 0 and/or occF(�x) = 0.
Exercise 2**.3 Give an example of a CNF formula F with x 2 var(F)such that F and DPx(F) are not equivalent, i.e. satV(F) 6= satV(DPx(F))for V = var(F).There is an even more special kind of resolution: Suppose occF(x) = 1or occF(�x). In this case, |DPx(F)| < |F|. We say DPx(F) is obtained from Fby singular resolution.
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Lemma 2**.16 Suppose F is a CNF formula, u a literal with occF(u) = 1.Let x = var(u) and F 0 := DPx(F). Then F 2 MU if and only F 0 2 MUand |F 0| = |F| − 1. Further, if F 2 MU, then δ(F) = δ(F 0).Proof . Let s := occF(�u) and write F = {C,D1, . . . , Ds}[R, u 2 C, �u 2 Djfor 1 � j � s, and R is the \rest", i.e. the clauses neither containing u nor�u. We set

Bj := C \ {u} [Dj \ {�u} ,such that
F 0 := {Bj | 1 � j � s, Bj not trivial} [ R .For the \only if" direction, suppose F 2 MU. We already know fromLemma 2**.15 that F 0 is unsatis�able. We will show that |F 0| = |F| − 1holds. We claim that (i) all Bj are nontrivial, (ii) all Bj are distinct, and(iii) Bj 62 R, for all 1 � j � s. If (i) is violated, then some Bj is trivial.If (ii) is violated, then there are j 6= j 0 with Bj = Bj 0. If (ii) is violated,then there is some j with Bj 2 R. In any case, there is some Bj such that

F �SAT DPx(F) = DPx(F \ {Bj}) �SAT F \ {Bj}, which is a contradiction,since a CNF formula in MU cannot be SAT-equivalent to a subformula.It remains to show that every proper subformula of F 0 is satis�able. Let
E 0 2 F 0 be a clause. We show that F 0 \ {E 0} is satis�able. If E 0 = Bj forsome j, de�ne E := Dj. If E 0 2 R, de�ne E := E 0. In any case E 2 F, and
F 0 \ {E 0} � DPx(F \ {E}) �SAT F \ {E}. The latter formula is satis�able, since
F is minimal unsatis�able. The inclusion � is actually an equality, whichfollows from points (i), (ii) and (iii) above. The equivalence �SAT followsfrom Lemma 2**.15.For the \if" direction, suppose F 0 2 MU, and |F 0| = |F| − 1. The latterimplies that all Bj are nontrivial, distinct, and not in R. We will show that
F 2 MU. Let E 2 F be a clause. If E 2 R, then F \ {E} �SAT DPx(F \ {E}) =DPx(F) \ {E}. The last equality holds since E 6= Dj, for any j. The lat-ter formula is a proper subset of F 0, hence satis�able. If E = Dj, then
F \ {Dj} �SAT DPx(F \ {Dj}) = DPx(F) \ {Bj}, where in the last equality weuse the fact that all Bj are non-trivial, distinct, and not in R. The latterformula is a proper subset of DPx(F), thus satis�able, hence F\{Bj} is satis�-able, too. Finally, F\{C} is easily seen to be satis�able: In this formula, �u isa pure literal. We satisfy it, and arrive at the formula R, which is satis�able.
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{x, y} {x̄, z}

{z} {z̄}

{y, z} {ȳ, z} {z̄, ū}{z̄, u}

Figure 2**.4: A strict resolution tree of the formula
{{x, y}, {�x, z}, {�y, z}, {�z, u}, {�z, �u}}.Finally, we show that F 2 MU implies δ(F) = δ(F 0). We already knowthat |F 0| = |F| − 1. Since every Bj is non-trivial, no variable \gets lost", i.e.var(F 0) = var(F) \ {x}. Therefore δ(F) = δ(F 0).
Exercise 2**.4 Show that the assumption occF(u) = 1 in Lemma 2**.16is necessary: Give an example of a CNF formula F 2 MU with occF(x) =occF(�x) = 2, such that DPx(F) 62 MU.To go one step further, an even more restricted version of Davis-Putnamresolution could require that occF(x) = occF(�x) = 1. Of course, Lemma 2**.16covers this, as well. In this case, we say F 0 = DPx(F) has been obtainedfrom F by applying (1, 1)-resolution and F→1DP F 0.We de�ne a type of "especially beautiful" resolution trees that areclosely related to (1, 1)-resolution. Recall that in a resolution tree T , everyinner node a corresponds to the variable xa that is resolved at that node.
Definition 2**.17 Let T be a resolution tree ending in clause C. We say
T is strict if no variable is resolved at more than one node of T , andno variable of C is resolved in T (See Figure 2**.4).Clearly, if T ends in the empty clause, then the second condition in De�ni-tion 2**.17 is void.
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Exercise 2**.5 Show that in a strict resolution tree, no two nodes can belabeled with the same clause.
2**.3.2 The Structure of MU(1)-FormulasWe will show a connection between strict resolution trees, (1, 1)-resolutionand MU(1)-formulas: These three notions are (almost) equivalent.
Theorem 2**.18 The following are equivalent for any CNF formula F.(i) F is minimal unsatis�able, and there is a sequence

F = F1 →1DP F2 →1DP . . .→1DP Fm = {2} .(ii) There is a strict resolution tree T ending in 2 such that F isexactly the set of clauses appearing as labels at the leaves of T .(iii) F 2MU(1).Proof . We �rst show (iii) ⇒ (i), which is the most surprising fact. Weproceed by induction on | var(F)|. If this is 0, then F = {2}, and we aredone. By Theorem 2**.12, there is a variable x with occF(x) = occF(�x) = 1,and we let F 0 := DPx(F). By Lemma 2**.16, F 0 2 MU, and δ(F 0) = δ(F),therefore F 0 2 MU(1). By induction, there is a sequence F 0 = F2 →1DP
. . .→1DP Fm = {2}, and the claim follows.To show (i) ⇒ (ii), we use induction on m, the length of the sequence.If m = 1, then F = {2} and an isolated root vertex labeled with 2 willserve as T . Otherwise, induction yields a strict resolution tree T2 for F2.Let C 2 F2 be the clause obtained by singular resolution from D1, D2 2 F1,and let x be the resolved variable. Exactly one leaf of T2 is labeled by C.We append two children to it and label them with D1 and D2, respectively.This new tree is a strict resolution tree for T1, since x 62 var(F2) and thusdoes not appear in T2.To show (ii) ⇒ (iii), we use induction on the size of T . If T consistsof the root only, we are done. Otherwise, pick a node in T both whosechildren are leaves. Let those children be labeled with C and D. Their



2**.4. SHORT RESOLUTION PROOFS 67parent is labeled with res(C,D). Let x be the resolved variable. Since Tis strict, x cannot appear at any other nodes, and occF(x) = occF(�x) = 1.Therefore F →1DP DPx(F) =: F 0. By removing these two leaves from T , weobtain a strict resolution tree T 0 for F 0. By induction, F 0 2 MU(1), andclearly |F 0| = |F|− 1. By Lemma 2**.16, F 2MU(1), too.This gives us an eÆcient algorithm for deciding whether a given CNFformula F is in MU(1): Apply (1, 1)-resolution as long as possible. If thede�ciency does not stay 1 throughout this process, F is not MU(1). Other-wise, F is MU(1) if and only if the process terminates in {2}.
2**.4 Short Resolution ProofsA resolution refutation of a CNF formula F is a proof that F is unsatis�able.Since we believe (but do not know) that NP 6= coNP, we cannot expectevery unsatis�able CNF formula to have a small resolution refutation. Infact, although we cannot yet prove that NP 6= coNP, one can prove thatcertain formulas require exponentially large resolution refutations. In thissection we will show that MU(k)-formulas have short resolution refutations.More precisely, we want to prove the following theorem:
Theorem 2**.19 Every CNF formula F 2 MU(k) has a resolution refuta-tion of size O(|F|22k−1). More generally, every unsatis�able CNF for-mula F has a resolution refutation of size O

�
|F|22δ

�(F)−1
�.Please recall the de�nition δ�(F) = maxG�F δ(F). The second statementfollows immediately from the �rst: If F is unsatis�able, there is some min-imal unsatis�able G � F. Clearly δ(G) � δ�(F), and by the �rst statement,

G has a resolution refutation of size O �
n22δ(G)−1

�. This is also a refutationfor F. Using the methods we have developed so far, the proof of the theo-rem is not diÆcult.Proof of Theorem 2**.19. Let us denote by res-size(F) the smallest msuch that there is a resolution refutation C1, . . . , Cm such that Cm = 2 of
F. We will show that if F 2 MU(k), then res-size(F) � 2k−1|F|2. We useinduction on |F| and k. If k = 1, then F 2 MU(1) and has a strict resolu-tion tree. This translates into a resolution proof of size 2|F|− 1. So assume
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F 2 MU(k) for some k � 2. We distinguish two cases:Case 1. If F contains a literal u with occF(u) = 1, let s := occF(�u). Let
C be the unique clause containing u, and D1, . . . , Ds the clauses containing�u. We can apply singular resolution and obtain F 0. By Lemma 2**.16,
F 0 2 MU(k). It is smaller than F, hence by induction there exists a res-olution refutation C 0

1, . . . , C
0
m = 2 for F 0, with m � 2k−1|F 0|2. The se-quence C,D1, . . . , Ds, C

0
1, . . . , C

0
m is a resolution refutation of F of length

m+ s+ 1 � 2k−1|F 0|2 + |F| � 2k−1|F|2.Case 2. This is the more interesting case. Suppose there is no literal
u with occF(u) = 1. We let F 0 be a strongly minimal extension of F. Aswe know, |F 0| = |F| and var(F) = var(F 0), hence F 0 2 SMU(k). Further-more, there does not exist any literal u with occF 0(u) = 1. We claim thatres-size(F) � res-size(F 0). An exercise below asks you to verify this. Thetheorem will follow in a straightforward manner from the following lemma:
Lemma 2**.20 Let F 2 SMU(k) for k � 2, and suppose occF(u) 6= 2 forany literal u. Then for a variable x 2 var(F) minimizing degF(x) andfor any b 2 {0, 1}, it holds that F[x 7→b] is minimal unsatis�able and
δ(F[x 7→b]) < k.Applying this lemma to F 0, the strongly minimal unsatis�able extensionof F, we see that F0 := F 0[x 7→0] and F1 := F 0[x 7→1] are both minimal unsatis�able,and δ(F0), δ(F1) < k. By induction, we obtain two resolution refutationsof F0 and F1 of length at most 2k−2(|F| − 2)2 each. The term |F| − 2 comesfrom the fact that |F0|, |F1| � |F| − 2. These refutations translate into reso-lution derivations of the clauses {x} and {�x}, respectively (as in the proof ofcompleteness of resolution). We combine those two derivations, add a lastresolution step to obtain 2. This is a refutation of size at most 2k−1|F|2.. Itremains to prove the above lemma.Proof of Lemma 2**.20. We already know from Lemma 2**.11 that
F[x 7→b] is minimal unsatis�able. It remains to show that its de�ciency isstrictly smaller than that of F. We proceed in a similar fashion as in theproof of Theorem 2**.12. Assume without loss of generality that b = 0.First note that var�F[x 7→0]

�
= var(F)\{x}: If there were a variable y 6= x with

y 2 var(F) \ var�F[x 7→0]
�, then degF(y) � occF(�x) < degF(x), contradicting
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δ(F[x 7→0]) = |F[x 7→0]| − | var�F[x 7→0]

�
| =

= |F| − occF(�x) − | var(F)|+ 1 =

= δ(F) − occF(�x) + 1 .Since occF(�x) � 2 by assumption, the claim follows.This also �nishes the proof of Theorem 2**.19.
Exercise 2**.6 Let F be minimal unsatis�able, and let F 0 be a stronglyminimal unsatis�able extension of F. Show that res-size(F) � res-size(F 0).
Exercise 2**.7 Prove the following fact implicitly used in the last para-graph of the proof of Theorem 2**.19: Let F be a CNF formula,
x 2 var(F). If F[x 7→0] has a resolution derivation of length m of theclause C, then F has a resolution derivation of of C [ {x} of length atmost m.
2**.5 Universal Patterns For UnsatisfiabilityConsider the formula F1 = {{x, y}, {�x, z}, {�y, z}, {�x, �w}}, which is satis�able.You might agree that the formula F2 = {{a, b}, {�a, c}, {�b, c}, {�a, �d}} is, insome way, the same as F1. Sure, we simply renamed x by a, y by b and soon. Clearly, when doing so, we should be consistent, meaning renaming �xby �a. Also, the formula

F3 = {{�x, b}, {x, c}, {�b, c}, {x, �d}}is not really di�erent. We renamed a by �x and consequently �a by x. No-body will be surprised that all those formulas have the same number ofclauses, variables, and even the same number of satisfying assignments.What happens if we rename b by x in F3, but keep all other names? Letus see:
F4 = {{�x, x}, {x, c}, {�x, c}, {x, �d}} .You may protest that this is not even a proper CNF formula, since {�x, x}is not even a real clause! But being pragmatic, we will soon see that webene�t from admitting clauses like {�x, x} to the party. So let us agree that in
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F4 is di�erent from F3. It has, for example, one variable less than F3. Nowwe replace c and d by x as well:

F5 = {{�x, x}, {x, x}, {�x, x}, {x, �x}} = {{�x, x}, {x}} .This is indeed a very simple formula. In particular, it is satis�able. In factit turns out that a formula F is satis�able if and only if its variables can berenamed (in the above sense) to obtain the formula {{�x, x}, x}. Let us makethis precise.Let V and V 0 be sets of variables. By �V and �V 0 we denote the set ofnegated variables. A renaming is a map Φ : V → V 0 [ �V 0. It naturallyextends to �V via Φ(�x) := Φ(x). It extends to clauses over the variables
V via Φ(C) = {Φ(u) | u 2 C} and to whole CNF formulas via Φ(F) =

{Φ(C) | C 2 F}. Let us start to justify why these de�nitions do not comeout of the blue.
Lemma 2**.21 Let F be a CNF formula and Φ : var(F)→ V 0[ �V 0 be somerenaming. If Φ(F) is satis�able, then F is as well.Proof . Write G := Φ(F) and let α : var(G)→ {0, 1} satisfy G. Then theassignment α ÆΦ satis�es F. In other words, we de�ne β : var(F) → {0, 1}via

β(x) := α(Φ(x)) .

β satis�es every clause C 2 F: α satis�es some literal in Φ(C). This literalis of the form Φ(u) for some u 2 C. Thus β(u) = α(Φ(u)) = 1, and βsatis�es C.
Corollary 2**.22 A CNF formula F is satis�able if and only if there is arenaming Φ such that Φ(F) � {{�x, x}, {x}}.Proof . The \if" direction follows from Lemma 2**.21. For the \only if"direction, assume that F is satis�able and let α be a satisfying assignment.De�ne Φ : var(F)→ {x, �x} by

Φ(y) :=

{
x if α(x) = 1 ,�x else.In every clause of F, at least one literal evaluates to 1 under α. Hence Φ(C)is either {x} or {�x, x}.
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Theorem 2**.23 A CNF formula F is unsatis�able if and only if thereexists an MU(1)-formula G and a renaming Φ such that Φ(G) � F.Furthermore, the minimum number of clauses in such a formula Gequals the minimum number of leaves of a resolution tree of F endingin 2.Proof . For the \if" direction, suppose G 2 MU(1), and Φ(G) � F forsome renamingΦ. By Lemma 2**.21, Φ(G) is unsatis�able, and so is F. Wenow show that F has a resolution tree with |G| leaves. By Theorem 2**.18,there is a strict resolution tree TG for G, having |G| leaves. We can extend Φto operate on resolution trees as well: For a resolution tree T , we let Φ(T)be the same tree, but we replace every clause label C by Φ(C). Clearly, if Tis a resolution tree of some formula F ending in C, then Φ(T) is a resolutiontree of Φ(F) ending in Φ(C).1 In our case, Φ(G) � F, and therefore Φ(TG)is a resolution tree for F ending in the empty clause, having |G| many leaves.For the \only if" direction, let F be unsatis�able, and let T be a reso-lution tree of F with a minimum number of leaves. We will construct anMU(1)-formula G having as many clauses as T has leaves. We prove a moregeneral statement:
Lemma 2**.24 Let T be a resolution tree ending in clause C. Then thereexists a strict resolution tree T 0 ending in clause C, and a renaming Φsuch that Φ(T 0) = T and Φ(x) = x for any x 2 var(C).Proof . We proceed by induction on the size of T . If T consists of theroot only, labeled with clause C, it is already strict, and we are done, byletting Φ be the identity on var(C). Otherwise, suppose the root is labeledwith clause C, and its two children with D1[ {x} and D2 [ {�x}, respectively,such that C = D1 [D2. Let T1, T2 be the two resolution trees rooted at thechildren of the root. By induction, there are strict resolution trees T 0

1 and
T 0
2 ending in D1 [ {x} and D2 [ {�x}, respectively. By renaming variables, wecan make sure that the only variables occuring in both T 0

1 and T 0
2 are thevariables D1 [ {x} and D2 [ {�x}. Also by induction, there are renamings Φ1,

Φ2 with Φ1(T
0
1) = T1 and Φ2(T

0
2) = T2. Since they are the identity function1Some clauses appearing as labels in T might become trivial under Φ(C), i.e. possibly

u, �u 2 Φ(C). It is not diÆcult to get rid of these trivial clauses in T without making thetree larger.



72 CHAPTER 2**. MINIMAL UNSATISFIABLE FORMULASon the variables var(D1)[ var(D2)[ {x}, there is a \big" renaming Φ doingthe job for both. We construct T 0 by glueing T 0
1 and T 0

2 to a new root, whichwe label with C. This is the desired strict tree.Apply the lemma to the minimum size resolution tree T of F ending in
2. We obtain a strict resolution tree T 0 with the same number of leaves.Collect all clauses appearing as labels of leaves of T 0 in a formula G. Byconstruction, T 0 is a strict resolution tree for G, ending in 2. By Theo-rem 2**.18, this means that G 2 MU(1).
Exercise 2**.8 Show the limits of Lemma 2**.11: Give an example ofan SMU formula F such that F[x 7→0] is MU, but not SMU.
Exercise 2**.9 Prove the following \splitting theorem":
Theorem 2**.25 If F 2 MU(1), then either F = {2}, or there exists avariable x 2 var(F) and a partition F = F0 ] F1 such that� var(F0) \ var(F1) = {x},� F

[x 7→0]
0 2 MU(1) and F

[x 7→1]
1 2 MU(1).

Exercise 2**.10 Prove the following theorem for SMU(1)-formulas:
Theorem 2**.26 Let F 2 SMU(1). Then either F = {2}, or there exists avariable x 2 var(F) such that x 2 var(C) for every C 2 F, and F[x 7→0] and
F[x 7→1] are both again in SMU(1), and

∑

C2F 2−|C| = 1 .Further, for any two distinct clauses C,D 2 F, it holds that C and Dhave a 1-con
ict, i.e. |C \D| = 1, where D = {�u | u 2 D}.
Exercise 2**.11 We call a CNF formula monotone if all clauses containeither only positive or only negative literals. A monotone (k,`)-CNFformula consists of positive k-clauses and negative `-clauses.
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1. Give an example of a monotone (2,2)-CNF formula in MU(1).
2. Show that any monotone (k,`)-CNF formula in MU(1) has atleast �k+`−1

k

�
+
�
k+`−1

`

� clauses. Hint: use Theorem 2**.25
3. Show that this is tight. Give a construction of monotone (k,−ell)-CNF formulas in MU(1) with exactly �k+`−1

k

�
+
�
k+`−1

`

� clauses.Note 2**.1 Aharoni and Linial [1] were the �rst to investigate MU formulas us-ing matching arguments. However, they attribute the fact that δ(F) � 1 for all
F 2 MU to an unpublished result of Michael Tarsi. Also, strongly minimal un-satis�able formulas as well as Theorem 2**.26 are from [1]. Theorem 2**.25 andTheorem 2**.12 were �rst proven by Davydov, Davydova and Kleine B�uning [3].However, their proof does not use strongly minimal formulas, and is rather com-plicated. Hoory and Szeider [5] state that a proof of Theorem 2**.25 \is implicitlypresent in" [1], and by this they probably mean that Theorem 2**.12 followsrather painlessly once proven for SMU(1)-formulas. Theorem 2**.19 was origi-nally proved by Kleine B�uning [2]. The connection between \renamings", resolu-tion trees and MU(1)-formulas we described in Section 2**.5 was �rst investigatedby Szeider [7].There is much more to be said about MU(k)-formulas. As we have seen, decid-ing membership in MU(k) is in NP, since we can give short resolution proofs. Itturns out that they can actually be found eÆciently (Kullmann [6] and Fleischner,Kullmann and Szeider [4]), for any constant k. The �rst paper works by some-how "guessing" the structure of the resolution proof, while the latter one gives ageneral algorithm for deciding satis�ability in time �nk�poly(n), where n = |var(F)|and k = δ�(F). However, even for moderate values of δ�(F), say δ�(F) = 10, thisis of order n10 or larger. One would like to have an algorithm with running time
f(k)poly(n), where the degree of the polynomial in n does not depend on k. Suchan algorithm has indeed been given by Szeider [8], and this one again works moreby using resolution.
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Chapter 3

Algorithms for 2-SATA major part of the course will investigate the k-SAT problem1 for k 2 N,which reads as follows.
k-SATInput: A (�k)-CNF formula F.Output: `Yes', if F is satis�able. And `No', otherwise.Note that we do not explicitly require a satisfying assignment in case of`Yes', but that's the way it goes with decision problems. Along the resultfrom Section 2.2 we are quite aware that this may indeed make a di�er-ence2|but see Exercise 3.1.In this section we focus on 2-SAT. For a starter we observe that if two

(�2)-clauses have a resolvent, then this resolvent is still a (�2)-clause. Soif we keep adding resolvents to a (�2)-CNF formula F over n variables, theresulting formulas are still (�2)-CNF formulas over n variables. It followsthat at most 1+ 2n+ 4
�
n
2

�
= 2n2 + 1 clauses can ever occur in the process(see Exercise 1.17), and thus the process terminates adding at most O(n2)resolvents. If we encounter the empty clause, then F is not satis�able; if not,1You may argue, that this should actually be called (� k)-SAT problem. I do agree.On the other hand, the notion of k-SAT has been pretty much established|although noteven that consistently|in the way I present it now.2A prominent example of that type is the question whether a number is composite.This can be decided in polynomial time, while nobody knows how the factors of a largecomposite number can be found eÆciently|and we, as a more and more crypto-dependentsociety, hope that it stays this way. 77



78 CHAPTER 3. ALGORITHMS FOR 2-SATit is. Hence, resolution is a polynomial method for (� 2)-CNF formulasand the polynomial time solvability of 2-SAT is established.It seems like we are done with 2-SAT. Nevertheless we will spend thewhole chapter on the topic. First we will present another simple algorithmfor 2-SAT, which will o�er a chance to discuss unit clause reduction. Thenwe introduce a randomized algorithm for 2-SAT that is interesting fromseveral points of view, since it comes as a very natural procedure, andsince it is a good (and smooth) introduction to randomized algorithms for
k-SAT, k > 2, to be treated later in this course. Finally, we will presenta method that is not only polynomial, but actually linear in the numberof clauses. It will force us (quite opposed to the randomized algorithm)to really understand the structure of (�2)-CNF formulas. Finally, we willtouch a few examples where we can exploit the polynomiality of 2-SAT.
Exercise 3.1 Decision vs. ConstructionShow that if we can decide satis�ability of CNF formulas in polynomialtime, then we can actually �nd a satisfying assignment of satis�ableCNF formulas in polynomial time.
Exercise 3.2 Provide a concrete asymptotic bound in terms of n for animplementation of the resolution method for 2-SAT. Can you �nd animplementation that is faster than O(n3)?Remark: By an `implementation' I do not mean an actual program that runson a computer, rather I mean a more speci�c description of the algorithm withdata structures that allow a detailed analysis of the asymptotic running time. Itis part of the exercise to develop a good representation of a CNF formula. Afterhaving said this, let me emphasize that there is nothing wrong with writing actualprograms and running experiments with them. In fact, I encourage you to do so.
Exercise 3.3 Satis�able with many ClausesWhat is the maximum number of clauses in a satis�able (� 2)-CNFformula over n variables?
3.1 Unit Clause ReductionThis section builds on the following observation. If a CNF formula F con-tains some 1-clause {u} then in order to satisfy F (if at all possible) wehave no choice other than assigning 1 to u. So we may as well do so, that



3.1. UNIT CLAUSE REDUCTION 79is, we consider satis�ability of the smaller CNF formula F[u 7→1]. In fact,even the number of satisfying assignments is preserved in this way (seeObservation 1.2).
Observation 3.1 Let F be a CNF formula over V containing a 1-clause
{u}. Then |satV(F)| = |satV\vbl({u}) �F[u 7→1]

�
|. In particular, F is satis�ablei� F[u 7→1] is satis�able.Clearly, we can iterate this step, called unit clause rule until no 1-clauseremains, as done in procedure uc(). If we ever encounter the empty clausein the process, we may conclude unsatis�ability of the formula we startedwith. Otherwise, other measures have to be taken.

V variables, FCNF formula over V.Postcondition:returns U � V and
G = F[α], for some
α 2 {0, 1}V\U, without
1-clauses s.t.
|satV(F)| = |satU(G)|.

function uc(F, V)
G← F; U← V ;

while 9 1-clause in G do

{u}←some 1−clause in G;

G← G[u 7→1];

U← U \ vbl({u});
return (G,U);What we have described so far is true for all CNF formulas, so let us nowspecialize to a (�2)-CNF formula F. If we apply uc() to F, then we get back

G which either contains 2|which lets us conclude unsatis�ability|, or Ghas 2-clauses only. The following lemma suggests how to further proceedwith a 2-CNF formula.
Lemma 3.2 Let F be a 2-CNF formula over V and let x 2 V. Let G bethe formula returned by uc(F[x 7→1], V \ {x}).(i) In case 2 62 G: F is satis�able i� G is satis�able.(ii) In case 2 2 G: F is satis�able i� F[x 7→0] is satis�able.Proof . For (ii), we recall that by the nature (and postcondition) ofprocedure uc(), CNF formulaG is satis�able i� F[x 7→1] is satis�able. Hence, if
2 2 G, F[x 7→1] is not satis�able, and along Observation 1.2(ii), F is satis�ablei� F[x 7→0] is satis�able.33Note that (ii) does not rely on F being a 2-CNF formula.



80 CHAPTER 3. ALGORITHMS FOR 2-SATFor (i), let us �rst observe that uc() implicitly builds up an assignment
α on (V \{x})\U so that G = F[x 7→1][α]. The key observation is that if 2 62 G,then G has to be a 2-CNF formula, and G � F.Therefore, if F is satis�able, then G is satis�able and \⇒" is shown.Note that α satis�es F[x 7→1] \G. So to show \⇐", let β be an assignmenton vbl(G) � U (this is disjoint from V \ U) that satis�es G. Then x 7→ 1,
α and β can be combined to an assignment that satis�es F.As important as understanding the proof, it is to understand why it failsfor a general CNF formula: in general, we cannot conclude G � F in caseof 2 62 G, and thus it may indeed happen that G 63 2 is not satis�able,while F is.
V variables,
F CNF formula over V .Precondition:
F is (�2)-CNF.Postcondition:returns `Yes', if F issatis�able, and `No',otherwise.

function uc 2s(F, V)
(F, V)← uc(F, V);
if 2 2 F then return `No';
elseif F = {} then return `Yes';
else

x←some in V ;

(G,U)← uc(F[x 7→1], V \ {x});

if 2 62 G then return uc 2s(G,U);

else return uc 2s(F[x 7→0], V \ {x});We are ready to describe uc 2s(), which exploits the claims of Lemma 3.2for an eÆcient satis�ability test for (�2)-CNF formulas. Note that the workdone in the procedure can be performed in polynomial time, and there isjust one recursive call to uc 2s(), where the second argument (the variableset) decreases by one element at least. Hence, the procedure is polynomialfor (�2)-CNF formulas.The algorithm of this section can be found in [Lewis, Papadimitriou, 1998,Section 6.3].
Exercise 3.4 Apply uc() to (the set version of) CNF formula

(x1 ∨ x2)∧ (x2 ∨ x3)∧ . . .∧ (xn−1 ∨ xn)∧ (xn ∨ x1)∧ (x1) ,with variable set {x1, x2, . . . , xn}.
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Exercise 3.5 Given a CNF formula F over V, procedure uc(F, V) returnsin polynomial time a pair (G,U), such that G is a CNF formula over
U without 1-clauses, |U| � |V |, and |satU(G)| = |satV(F)|. Provide analternative polynomial time procedure, that in addition to the aboveproperties guarantees that no two 2-clauses have the same variableset.Hint: If there are four 2-clauses with the same variable set, the formula is notsatis�able, and we can safely return ({2}, ;). If there are three 2-clauses withthe same variable set, then the values of the involved variables are determinedin a satisfying assignment, and we can simplify. But what can we say about thevariables involved, if two 2-clauses have the same variable set?
Exercise 3.6 Provide an example for the claim made after the proof ofLemma 3.2. That is, you have to �nd a satis�able CNF formula F oversome variable set V and a variable x 2 V, so that for the formula Greturned by uc(F[x 7→1], V \ {x}) we have 2 62 G and G is not satis�able.
Exercise 3.7 Given what you have seen in this section, any ideas for(further) improvements on counting the number of satisfying assign-ments of a (�2)-CNF formula?
3.2 A Randomized AlgorithmSuppose we are confronted with a CNF formula which we are promised4 tobe satis�able. In order to �nd such an assignment, [Papadimitriou, 1991]suggested the following simple and natural approach.\Start with any truth assignment. While there areunsatis�ed clauses, pick any one, and 
ip a randomliteral in it."A more formal description of the method is given via procedure rf().Note here the �ne distinction between the \←some"- and the \←u.a.r."-assignment. While in the �rst one we allow even an adversary to make thechoice (as bad as it may be for the success of the procedure), the latterallows for probabilistic reasoning as done below. Also, the postconditionhas to be understood with care: it is not clear that the procedure ever �nds4Even without trust to an authority, we may know of the existence of a satisfyingassignment without having one in our hands, see Theorem 2.3 and Exercise 2.7.
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V variables, F CNFformula over V .Precondition:
F is satis�able.Postcondition:returns assignment αon V satisfying F, if itterminates.

function rf(F, V)
α←some in {0, 1}V ;

while α does not satisfy F do

C←some unsatis�ed in F;

u←u.a.r. in C;
ip assignment for u in α;

return α;a satisfying assignment, and it will be the goal of this section to show thatfor a satis�able (�2)-CNF formula this is indeed the case with probability
1, and the expected time that elapses till then is bounded by a polynomial.For the analysis of rf(F, V) for a satis�able (� 2)-CNF formula we �xsome satisfying assignment α� 2 {0, 1}V and observe theHamming distance
dH(α, α

�) := |{x 2 V | α(x) 6= α�(x)}| between α and α�.� dH(α, α
�) � n := |V |, always.� At any step before termination, dH(α, α

�) increases or decreases by 1,with the probability of decrease at least 1
2
. This holds, since α has todisagree with α� in at least one literal v in the chosen clause C|afterall, α does not satisfy C while α� does. Because C is a (� 2)-clause,we choose v with probability at least 1

2
and in that case the Hammingdistance decreases.� The algorithm stops when dH(α, α

�) = 0 the latest (but possiblybefore that, since there may be satisfying assignments other than
α�).So the Hamming distance moves in {0..n} with step size 1, always has atendency towards 0 of probability at least 1

2
and the process has stoppedwhen it is 0 the latest. For an analysis of this process we recapitulatesymmetric random walks.

3.2.1 Symmetric Random WalksA symmetric random walk on Z \moves" in state space Z with the rulethat in each step, the current number (state) will be increased or decreasedwith equal probability 1
2
, independently from the history of the motion.



3.2. A RANDOMIZED ALGORITHM 83More formally, if we let Wt 2 Z denote the state of the process at time
t 2 N0, then (Wt)t2N0 is a homogeneous Markov chain (see Appendix A.3)with W0 2 Z andPr (Wt = i+ 1 |Wt−1 = i) = Pr (Wt = i− 1 |Wt−1 = i) =

1

2for all t 2 N, i 2 Z.PSfrag replacements
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Lemma 3.3 (Wt)t2N0 as above, a, b, s 2 Z, a � s � b.E(min{t | Wt 2 {a, b}} |W0 = s), the expected number of steps up to the�rst encounter of a or b provided W0 = s, is (s − a)(b− s).Proof (sketch). For a, b �xed, let us denote the expectation underconsideration by es, s 2 Z. It observes

es =

{
0 if s 2 {a, b}, and
1+ 1

2
(es−1 + es+1) otherwise. (3.1)And es = (s− a)(b− s) does ful�ll these identities.For a full proof we would have to argue that for a � s � b the equations(3.1) have a unique solution, and that es is indeed �nite.5For n 2 N0, a symmetric random walk re
ecting at n is a homogeneousMarkov chain (Rt)t2N0 with state space Z�n := {i 2 Z | i � n} and transitionprobabilitiesPr (Rt = i+ 1 |Rt−1 = i) = Pr (Rt = i− 1 |Rt−1 = i) =

1

2for all i < n, t 2 N, and Pr (Rt = n − 1 |Rt−1 = n) = 1 for all t 2 N.5If you dismiss such scrutiny as mathematical pedantry, have a look at what happensfor s = a − 1. (3.1) holds for all s, and also es = (s − a)(b − s) satis�es it for all s 2 Z.Therefore ea−1 = −(b − a+ 1), or what?
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ecting at n.
Lemma 3.4 n, (Rt)t2N0 as above, s 2 N0, s � n.E(min{t | Rt = 0} |R0 = s), the expected number of steps up to the �rstencounter of 0 provided R0 = s, is s(2n − s).Proof. Note that if (Wt)t2N0 is a symmetric random walk on Z, then
(n − |Wt|)t2N0 is a symmetric random walk re
ecting at n. It starts at
n− |W0| which equals s for W0 = n− s, and it reaches 0 i� Wt 2 {−n,+n}.Due to Lemma 3.3 it follows that the expected number of steps until thishappens is ((n− s) − (−n))(n− (n− s)) = s(2n− s).Intuition suggests that rf() terminates at least as fast as (Rt)t2N0 reaches
0. But how can we produce a strict argument comparing two randomprocesses?
3.2.2 Coupling

Theorem 3.5 If F is a satis�able (� 2)-CNF formula over V, n := |V |,then rf() �nds a satisfying assignment in an expected number of atmost n2 iterations of its while-loop.Proof. We employ a sequence (Si)i2N of mutually independent randomvariables with Pr (Si = −1) = Pr (Si = +1) = 1
2
for all i 2 N.On the one hand, let R̂0 2 Z�n and for t 2 N

R̂t :=

{
n − 1 if R̂t−1 = n, and
R̂t−1 + St otherwise.Then (R̂t)t2N0 is a symmetric random walk re
ecting at n.On the other hand, we let the random variables St from the abovesequence steer the random choice of the literal u from Ct, where Ct isthe clause chosen for C in the tth iteration of the while-loop of procedure



3.2. A RANDOMIZED ALGORITHM 85rf(). We �rst �x some assignment α� satisfying F and some ordering of theliterals in V [ V.If Ct is a 1-clause, u is determined. If Ct is a 2-clause and St = −1,we let u be the smaller of the literals in Ct for which α� and the currentassignment α disagree (there may be one or two). If St = +1, we let u bethe other literal in Ct. Note that indeed u is chosen u.a.r. from Ct, since
St is u.a.r. from {−1,+1}.Let T be (the random variable for) the number of iterations of rf(). Let
D0 denote the Hamming distance between the �xed satisfying assignment
α� and the initial choice of α, and for 1 � t � T let Dt denote the Hammingdistance between α� and α after the tth iteration of the while-loop. We have
D0 2 {0..n} and

Dt =

{
Dt−1 − 1 if 8v 2 Ct : α(v) 6= α�(v), and
Dt−1 + St otherwise.It follows by induction that if6 R̂0 = D0, then R̂t � Dt for all 0 � t �

T and thus T � min{t 2 N0 | R̂t = 0}. (It is essential for this proof toobserve that if R̂0 = D0, then R̂t − Dt is always even, and thus R̂t = nand Dt = n − 1 cannot occur.) With the help of Lemma 3.4 we concludeE(T) � maxns=0 s(2n − s) = n2.The method used in this proof is called coupling. We have generated asequence ((R̂t, Dt))t2N0 of 2-dimensional random variables, both componentsbased on the same random experiment (Si)i2N. The projection to the �rstcomponent is the well understood symmetric walk re
ecting at n, and thesecond component represents the process we want to analyze. And wehave used the carefully implemented correlation between the two for theanalysis.Note 3.1 Can we use the process described in this section to decide satis�abilityof an (� 2)-CNF formula? The answer is yes, if we are willing to accept someerror probability.We let F be (� 2)-CNF formula. We drop the precondition in rf() that F issatis�able. Let T be the random variable for the number of iterations of the while-loop in rf()|it is∞, if F is not satis�able. If F is satis�able, we know that E(T) �
n2, and thus, by Markov's Inequality Pr�T � 3n2

� � 1
3
(see Appendix A.4). In6We really need equality here, R̂0 � D0 is not suÆcient to make the conclusion. Con-sider R̂0 = n and D0 = n− 1.



86 CHAPTER 3. ALGORITHMS FOR 2-SATother words, the probability that we go through more than 3n2 iterations whilethe formula is satis�able is at most 1
3
. Or, if we claim unsatis�ability after notsucceeding within 3n2 steps, then we fail to be right with probability at most 1

3 .
1
3 may not be suÆciently assuring, so we allow more iterations: λn2 iterationslet the error probability goes down to 1

λ
. However, we may start anew for rrounds, in each round waiting for 3n2 iterations. The probability of never �ndinga satisfying assignment, even though there is one, is at most (13 )

r, while havinggone through 3rn2 iterations of the while-loop altogether. So for the expense of
λn2 iterations we get an error probability of at most �1

3

�bλ/3c. For λ = 9 this gives
1
27 compared to 1

9 . And for λ = 40, this is already less than 1
1 0000 0000 .We have described here a general principle (see also [Alt et al., 1996] or Exer-cise 3.13). Clearly the concrete problem at hand allows for several alternatives.An algorithm as we have developed it here is called Monte Carlo algorithm .It is a randomized algorithm whose output may be erroneous with some errorprobability. In our case the error is one-sided : Answer \satis�able" is guaranteedto be correct, while \unsatis�able" has a small error probability. We will seeanother example in Section 3.4.2 shortly.Note 3.2 An issue that may be troubling you in the proof of Theorem 3.5 isthat we refer to a satisfying assignment α� even though such an assignment is notavailable to rf()|after all, it is the goal of the algorithm to �nd some satisfyingassignment. However, α� is used only by us as external observers of the process,and all we need is that a satisfying assignment exists. It is the great advantage ofrandomized algorithms that they can do things like \moving towards an unknownobject." It also becomes clear that derandomization of the procedure along theideas from Section 2.1 is impossible.Perhaps even more puzzling is how we use α� for steering the random choicesof literals in clauses. Here it is important to realize that for an outside observerthe choice is indeed random in the required sense, as long as the sequence (Si)i2Nis a sequence of independently and uniformly chosen bits.Note 3.3 What if we start with an assignment α u.a.r. in {0, 1}V? Then, for a�xed satisfying assignment α�,Pr (dH(α

�, α) = s) =
�n
s

�
2−n for all s 2 {0..n}.



3.2. A RANDOMIZED ALGORITHM 87Hence, the expected time until a satisfying assignment is reached is bounded by∑n
s=0 s(2n − s)

�n
s

�
2−n. We derive

n∑

s=0

s(2n − s)

 
n

s

!
=

n∑

s=1

s(2n − s)n!

s!(n − s)!

=

n∑

s=1

(n + n− s)n!

(s − 1)!(n − s)!

=

n∑

s=1

n2(n − 1)!

(s − 1)!(n − s)!
+

n−1∑

s=1

n(n − 1)(n − 2)!

(s − 1)!(n − s − 1)!

= n2
n∑

s=1

 
n− 1

s − 1

!
+ n(n − 1)

n−1∑

s=1

 
n− 2

s − 1

!
= n2 2n−1 + n(n − 1) 2n−2

=
3n2 − n

4
2n ,and a bound of 3n2−n

4
is established|admittedly, a modest improvement by roughlya factor 3

4 .For an estimate there is an easier way as follows. Observe that we want toanalyze E(S(2n − S)) where S 2 {0..n} is a random variable with Pr (S = s) =�n
s

�
2−n. NowE(S(2n − S)) = 2nE(S) − E�S2� � 2nE(S) − E(S)2 = 2n

n

2
−

�
n

2

�2

=
3

4
n2Here we have used E(S) = n

2
which follows from its distribution, andE�S2

� � E(S)2, which follows from Jensen's Inequality.
Exercise 3.8 Complete the proof of Lemma 3.3.
Exercise 3.9 Show that for a symmetric random walk on Z, return to thestarting state is guaranteed with probability 1, but it takes an in�nitenumber of steps on the average to do so, i.e.Pr(9t 2 N : Wt = 0 |W0 = 0) = 1 andE(min{t 2 N | Wt = 0} |W0 = 0) = ∞ .
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Exercise 3.10 For t 2 N0, determine E�(Wt)

2 |W0 = 0
� for a symmetricrandom walk (Wt)t2N0 on Z.Hint: For a sequence (Si)i2N of mutually independent random variables withPr (Si = −1) = Pr (Si = +1) = 1

2 for all i 2 N, show that (
∑t

i=1 Si)t2N0 is a sym-metric random walk on Z.
Exercise 3.11 Analyze the expected number of 
ips procedure rf() takesfor

{{x1, x2}, {x2, x3}, . . . , {xn−1, xn}, {xn, x1}}until a satisfying assignment is reached, (i) when started with an as-signment with ` 1's, 0 � ` � n, and (ii) when started with an assign-ment u.a.r. in {0, 1}n.
Exercise 3.12 Prove that the bound in Theorem 3.5 is tight for all n 2 N.That is, you are required to describe for every n 2 N a satis�able (�2)-CNF formula Fn over a set Vn of n variables, an initial assignment
αn and a strategy for choosing the clauses in the while-loop, so thatthe expected number of iterations of the while-loop implied by a callrf(Fn, Vn) is exactly n2.
Exercise 3.13 Optimal PatienceIn Note 5.1, you may have wondered why we decided to restart after
3n2 rounds, rather than 2n2 or 10n2 rounds. Good point, so what wouldyou suggest instead?Here is the set-up. We have a randomized algorithm that �nds adesired object|provided it exists|in T steps, T a random variable. Weknow an upper bound b on the expectation of T and we have to decideupon some δ, such that restarting a new incarnation of the algorithmafter δb unsuccessful steps, provides us with a small error probabilityfor the claim of non-existence of the object, in case we never �nd onewithin r rounds. The cost is rδb, and the goal is to get the smallesterror probability for the given cost.
Exercise 3.14 Dwelling at nFor n 2 N0, a symmetric random walk dwelling on n is a homogeneousMarkov chain (Dt)t2N0 with state space {i 2 Z | i � n} and for all t 2 NPr(Dt = i+ 1 |Dt−1 = i) = Pr(Dt = i− 1 |Dt−1 = i) =

1

2
if i < n, andPr(Dt = n− 1 |Dt−1 = n) = Pr(Dt = n |Dt−1 = n) =

1

2
.



3.3. A LINEAR TIME ALGORITHM 89For s 2 N0, s � n, determine E(min{t | Dt = 0} |D0 = s), the expectednumber of steps up to the �rst encounter of 0 provided D0 = s.Hint: Consider �n−
���Wt +

1
2

���+ 1
2

�
t2N0, (Wt)t2N0 a symmetric random walk on Z;but, of course, there are other (more direct) ways.

3.3 A Linear Time AlgorithmIn this section let F be an (�2)-CNF formula, 2 62 F, over variables V.Recall that
(u∨ v) � u→ v � v→ u ,and we also have

(u) � u→ u .This \implication" information of the clauses in F will be collected in adirected graph (digraph) D = DF with� vertex set V(D) := V [ V, and� edge set E(D) := {(u, v) | {u, v} 2 F}.Note that each clause {u, v} with u 6= v gives rise to two edges, while a unitclause {u} leads to one edge (u, u). D has 2|V | vertices and at most 2|F|directed edges.With slight (but as we have seen, consistent) abuse of notation, we write
u→ v if (u, v) 2 E(D), and we write u ; v if there is a directed path

u = w0 → w1 → . . .→ w` = v, ` 2 N0,from u to v in D.
Observation 3.6 u, v 2 V [ V.

(i) u ; v implies that every satisfying assignment setting u to 1 hasto set v to 1 as well.
(ii) If u ; v ; u, then every satisfying assignment sets u and v tothe same value.
(iii) If u ; u, then every satisfying assignment sets u to 0.
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(iv) u ; v i� v ; u.

Lemma 3.7 F is not satis�able i� there is a variable x 2 V such that
x ; x ; x.Proof. Since x ; x forces x to be set to 0 in a satisfying assignment,and x ; x forces x to be 0, clearly x ; x ; x excludes the existenceof a satisfying assignment. We are left to produce a satisfying assignmentotherwise.Consider the equivalence relation

u ∼ v :⇔ u ; v ; uon V [V . The equivalence classes [u], u 2 V [V, of ∼ are the strongly con-nected components of the digraph D, i.e. the maximal (w.r.t. set inclusion)subsets of mutually reachable vertices.Recall that our presumption means that no equivalence class containsboth x and x for an x 2 V. Hence, [u] := {v | v 2 [u]} is disjoint from [u].Note that [u] = [u].De�ne a partial order on the equivalence classes by
[u] � [v] :⇔ u ; v .If [u] is a minimal element with respect to that partial order, then [u] ismaximal, since
u ; v ⇒ v ; u
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Figure 3.3: The directed graph D for the satis�able 2-CNF formula
{{x1, x2}, {x2, x3}, {x3, x4}, {x4, x1}, {x5, x3}, {x5, x1}} with its strongly con-nected components. Note, e.g., [x2] � [x5] and [x1] � [x5].
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Figure 3.4: The directed graph D for the unsatis�able 2-CNF formula
{{x, y}, {x, y}, {z, y}, {z, y}}. The whole graph forms one strongly con-nected component.and so [v] = [u] (because of minimality) and therefore [u] = [v]. We set now

u 0 7→ 0 and u 0 7→ 1 for all u 0 2 [u]. Then, clearly every clause containing u 0,where u 0 2 [u], is satis�ed. A clause {u 0} cannot exist, since then u 0 ; u 0contradicts the minimality of [u]. For a clause {v, u 0}, v 6= u 0, we have
v→ u 0, hence v 2 [u] (because of minimality of [u]) and thus v is set to 1and also {v, u 0} is satis�ed. We can therefore remove all clauses containing
u 0 or u 0 for u 0 2 [u]. The remaining clauses are satis�ed by an inductiveargument.It follows that for deciding the satis�ability of F we have to construct adigraph with 2n vertices and at most 2m edges, n := |V |, m := |F|, thencompute the strongly connected components, and decide whether one ofthem contains both x and x for a variable x. All of this can be done in time
O(n + m) by standard graph algorithms, see e.g. [Cormen et al., 1990,Section 23.5]. Finally, if there is a satisfying assignment, the procedureindicated in the proof above can produce a satisfying assignment in time
O(n+m) as well.
Theorem 3.8 ([Aspvall et al., 1979]) The satis�ability of a (� 2)-CNF for-mula over n variables with m clauses can be decided in time O(n+m).Within the same time bound a satisfying assignment can be found,provided it exists.Note 3.4 In fact, [Aspvall et al., 1979] show that the satis�ability of quanti�ed
(�2)-CNF formulas can be decided in linear time.Note 3.5 Here is an alternative Proof of Lemma 3.7 via resolution. Considerthe resolvent {u, v} of {x, u} and {x, v}. This clause introduces the edges u→ v and
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v→ u to the graph D. But since v→ x→ u and u→ x→ v were present in theoriginal graph, the new edges do not alter the relation ;. In fact, if F 0 is the CNFformula obtained after adding resolvents as long as possible, in the resulting graph
DF 0 , we have u → v i� u ; v and u 6= v (verify!). This clearly proves now theclaim, since F is unsatis�able i� F 0 � {{x}, {x}} for some x 2 V , which is equivalentto x→ x→ x in the digraph of F 0, which|in turn|is equivalent to x ; x ; x inthe graph of F.While somewhat more concise, this proof has the drawback, that it does nottell us how to obtain a satisfying assignment eÆciently.
Exercise 3.15 Dependency Bounds for 2-CNFImprove on Theorem 2.3 for k = 2. That is, �nd the largest b 2 N suchthat the following is true: Every 2-CNF formula where every clausedepends on at most b other clauses is satis�able.
3.4 Examples

3.4.1 Solving 3-SAT in less than 2n StepsConsider an (� 3)-CNF formula F over n variables. A subset G of clausesin F is called independent , if any two clauses in G are strictly disjoint.Consider now a maximal set G of independent 3-clauses in F, i.e. anyother 3-clause in F shares a variable with at least one of the clauses in G.
Observation 3.9 If G is a maximal set of independent 3-clauses in F, then� |G| � n

3
,� for any assignment α 2 {0, 1}vbl(G), F[α] is a (� 2)-CNF formula,and� the number of assignments in {0, 1}vbl(G) satisfying G is 7|G| � 7n/3.In order to decide satis�ability of F, we simply go through all assignments

α 2 {0, 1}vbl(G) satisfying G, and check satis�ability of (� 2)-CNF formula
F[α].
Theorem 3.10 Satis�ability of a (� 3)-CNF formula can be decided intime O(

3
p
7
n poly(n)) = O(1.913n).



3.4. EXAMPLES 93This bound will be signi�cantly improved upon. In fact, your solution toExercise 1.20 may have already suggested a better bound even for countingthe number of satisfying assignments in a (�3)-CNF formula. Nevertheless,we will come back to the basic idea used here.
Exercise 3.16 4-SAT, First BoundDerive a bound of O(cnpoly(n)), for some c < 2, for deciding satis�a-bility of a (�4)-CNF formula over n variables.
3.4.2 Coloring GraphsFor k 2 N, a proper k-coloring of a graph G = (V, E) is a mapping χ :

V −→ {1..k} such that χ(u) 6= χ(v) for all edges {u, v} 2 E. The problem ofdeciding whether a graph has a proper k-coloring is NP-complete for k � 3.Here we concentrate onProper 3-ColoringInput: A graph G.Output: `Yes', if G has a proper 3-coloring. And `No', oth-erwise.If n is the number of vertices of G, a trivial algorithm checks all 3n colorings
χ : V → {1, 2, 3} and tests each one, whether it is proper. This givesa complexity of7 O(3npoly(n)). We will describe a simple Monte Carloalgorithm that improves on that bound.It is easily seen that deciding the existence of a proper 2-coloring of agraph G can be done in linear time. We consider the following generaliza-tion: Let γ be a mapping that assigns to every vertex v in V a set γ(v) oftwo colors. We want to �nd a proper coloring that assigns to every vertex vone of the two colors in γ(v) { we call such a coloring a proper list coloringof G consistent with γ. This problem is equivalent to the satis�ability ofthe following 2-CNF formula over the variables {xv,i | v 2 V, i 2 γ(v)}^

v,i,j: v2V, {i,j}=γ(v)

(xv,i ∨ xv,j)∧
^

v,w,i: {v,w}2E, i2γ(v)\γ(w)

(xv,i ∨ xw,i)and thus can be solved in time O(|V | + |E|).7This can be immediately improved to O(2npoly(n)) by a backtracking algorithm.



94 CHAPTER 3. ALGORITHMS FOR 2-SATWe employ this procedure for 3-coloring. Suppose G does indeed have aproper 3-coloring χ, and we choose for each vertex v a γ(v) u.a.r. in �{1,2,3}
2

�.Then, for all v, Pr (χ(v) 2 γ(v)) = 2
3
and, hence,Pr (8v 2 V : χ(v) 2 γ(v)) =

 
2

3

!n

.Consequently, given that there exists a proper 3-coloring of G,Pr(9 a proper coloring consistent with γ) �  
2

3

!n

,and, if we repeatedly try random mappings γ, then the expected numberof attempts until we �nd a proper 3-coloring in this way is at most �3
2

�n.Note that, provided a proper 3-coloring exists, we fail to �nd one despiteof r attempts with probability at most 
1−

 
2

3

!n!r

< e−(2/3)n r = e−λ for r = λ
�
3
2

�n.
Theorem 3.11 (1) There is a randomized algorithm that �nds a proper
3-coloring of an n-vertex graph in expected time O(

�
3
2

�n poly(n)), pro-vided such a coloring exists.(2) For every positive real number λ (possibly dependent on n),there is a randomized algorithm that delivers a proper 3-coloring of an
n-vertex graph or claims that no such coloring exists in time

O(λ

 
3

2

!n poly(n)) .In the latter case, the probability that a proper 3-coloring exists is atmost e−λ.This algorithm is of the same type as the one from Note 5.1|a Monte Carloalgorithm: The result claimed by the algorithm may fail to be correct withsome (small) error probability. In our case the error is one-sided|an errorcan occur only if the existence of a proper 3-coloring is denied.The ideas for this section can be found in [Beigel, Eppstein, 1995]. The-orem 3.11 is not the end of the story for 3-coloring. Improvements follow.
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Exercise 3.17 Deterministic 3-coloringDesign a deterministic algorithm that decides the existence of a proper
3-coloring of an n-vertex graph in time O(cnpoly(n)) for some c < 2.
Exercise 3.18 Save VariablesIn the above description we have shown that the problem of proper listcoloring of an n-vertex graph consistent with 2-element lists can besolved via a 2-CNF formula over 2n variables. Can you �nd a 2-CNFformula over n (instead of 2n) variables to serve the purpose (perhapseven with the extra bene�t that the number of satisfying assignmentsfor this formula is exactly the number of consistent colorings for thegraph)?
Exercise 3.19 Covering all 3-ColoringsLet V be a �nite set, |V | = n 2 N. Now consider a set Γ of mappings
V →

�
{1,2,3}

2

�. We call Γ exhaustive, if for every mapping χ : V → {1, 2, 3}there is a mapping γ 2 Γ such that χ(v) 2 γ(v) for all v 2 V (we saythat every χ 2 {1, 2, 3}V is covered by some γ 2 Γ).Show that there is an exhaustive set of mappings of size at mostl
(ln 3) � n � � 3

2

�nm.Hint: Take Γ as a random set obtained by drawing d(ln 3)�n�(32 )ne times an elementu.a.r. from �{1,2,3}
2

�V (with replacement). And consider the expected number ofmappings in {1, 2, 3}V not covered by such a Γ .
Exercise 3.20 No Monochromatic TrianglesSuppose we are given a graph G = (V, E) with a proper 3-coloring χ 2
{1, 2, 3}V, which we don't know, though. This implies that there is a
2-coloring of the vertices so that no triangle is monochromatic (i.e. ifthree vertices are pairwise adjacent, then they are not all assigned thesame color); for example, take v 7→ χ(v) if χ(v) 2 {1, 2}, and v 7→ 1,otherwise.Design a randomized algorithm that �nds such a 2-coloring with-out monochromatic triangles in expected polynomial time, provided aproper 3-coloring exists (but is not known to the algorithm).Hint: Do the obvious: Start with an arbitrary 2-coloring in {1, 2}V ; v 7→ 1, say.As long as there is a monochromatic triangle, switch the color of a random vertexu.a.r. among the three in the triangle. And analyze with the help of the proper
3-coloring, which we were promised to exist.
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Chapter 4SAT and the Class NPto \A good proof is easy to verify|andit is easy to falsify, in case it is wrong."This1 is one of the themes of this chapter, although in the end we aim atdemonstrating that SATInput: A boolean formula f in propositional logic.Output: `Yes', if f is satis�able. And `No', otherwise.is a2 most diÆcult problem in a whole family of problems (the class NP),in the sense that all problems in this family allow polynomial time solutions1The statement may sound a bit strange, so let me illustrate this by an everydayexample. By the end of each month we get account statements, telling us the end ofmonth balance. In order to substantiate this number a bit, we also get the list of accountmovements. So this is a `proof' we can check.What happens though if all movements are plausible but the �nal balance is wrong?You call your customer consultant and complain. You'll hear: \You typed the wrongnumbers into your calculator!" or similar. One way out is to ask for a better proof, whereafter each movement the resulting balance is displayed. Then a mistake can be pointedout locally.As it goes, I realized that the account statements I get in Switzerland do implementthis better type of proof, while this used not to be the case in Germany or Austria. So\Swiss banks supply better proofs", in case it needed any proof that they are better!2Talking about `a ' most diÆcult problem sounds perhaps a bit awkward, but that'sbecause everyday language (at least for those languages I know) is not prepared for anextremum to occur more than once. 97



98 CHAPTER 4. SAT AND THE CLASS NPif and only if SAT does.3 The key concept is that of a (polynomial time)reduction, which comes with a number of interesting insights on the side.A problem with outputs `Yes' or `No' is called a decision problem.Given any problem, a possible input to the problem is called an instanceof the problem. In a decision problem, the instances mapped to `Yes' arecalled Yes-instances.
4.1 Verifying and FalsifyingWe start with the following recently encountered combinatorial problem,and investigate how its time complexity relates to that of SAT.Proper ColoringInput: k 2 N0 and a graph G = (V, E).Output: `Yes', if G has a proper k-coloring, i.e. a mapping

χ 2 {1..k}
V such that χ(u) 6= χ(v) for all {u, v} 2 E. And `No',otherwise.

Lemma 4.1 There is a polynomial time algorithm that, given an instance
(k,G) of Proper Coloring, produces a formula PropCol(k,G) such that
G has a proper k-coloring i� PropCol(k,G) is satis�able.Proof. Let ` 2 N0. Given a sequence x = (xi)

`
i=1 = (x1, x2, . . . , x`) of `boolean variables, we consider

OneIsOne`(x) :=

 _̀
i=1

xi

!
∧

^
1�i<j�`

¬(xi ∧ xj) . (4.1)An assignment satis�es this formula i� it is total and it assigns 1 to exactlyone variable in {xi}
`
i=1. For a graph G = (V, E) and k 2 N0, k � |V |, let

PropCol(k,G) :=
v̂2V OneIsOnek((xv,i)ki=1) ∧

^
{u,v}2E, i2{1..k}¬(xu,i ∧ xv,i) .This formula over k � |V | variables has size polynomial in |V | and it can beconstructed in polynomial time.3This will serve as a perfect excuse for the poor (exponential) time bounds we willderive for the problem.



4.1. VERIFYING AND FALSIFYING 99If χ is a proper k-coloring of G, then the assignment xv,i 7→ [χ(v) = i]yields a satisfying assignment for the formula. And if α is a satisfyingassignment, then for every v 2 V there is a unique i 2 {1..k}with α(xv,i) = 1;this is guaranteed by the OneIsOne-subexpressions. Assign this color ito v, and the resulting coloring is proper, as assured by the remainingsubexpressions.If k > |V |, we de�ne PropCol(k,G) := true.Here are �rst immediate conclusions from the lemma and its proof.4If SAT can be solved in polynomial timethen Proper Coloring can be solved in polynomial time.Moreover, if k � |V |, the number of assignments on {xv,i | v 2 V, i 2
{1..k}} satisfying PropCol(k,G) equals5 the number of proper k-colorings of
G. Consequently,If the number of satisfying assignments of a boolean formula can becounted in polynomial timethen the number of proper k-colorings of a graph can be counted inpolynomial time.Similar to the situation for SAT, we can easily prove that a graph hasa proper k-coloring by supplying such a coloring. To be more precise: If agraph G has a proper k-coloring, then there is a certi�cate (namely a proper
k-coloring) with the help of which we can verify proper k-colorability inpolynomial time (we ignore the issue of �nding the certi�cate). The proofof Lemma 4.1 suggests a clean binary format for such a certi�cate, namelya satisfying assignment α for PropCol(k,G), i.e., assuming a vertex set
V := {1..n}, the string �(α(xj,i))ki=1

�n
j=1

. Veri�cation is easy: the formula isa conjunction of subexpressions, and we simply check whether all of themare satis�ed.But now let us assume that we are confronted with a wrong certi�cate,how do we falsify it: we point at a subset of the bits which are in contra-diction with one of the subexpressions. This may be either 2 or k bits. If4PropCol(2,G) can be written as an equivalent (� 2)-CNF formula, and thus proper
2-colorability can be decided in polynomial time due to the results in Chapter 3. This canbe derived much easier in a more direct fashion, though.5You may observe that we could have replaced `OneIsOnek((xv,i)ki=1)' in PropCol(k,G)by the shorter expression `Wk

i=1 xv,i' while still yielding the assertion of the lemma. How-ever, we could no longer make this claim about the number of satisfying assignments.



100 CHAPTER 4. SAT AND THE CLASS NPwe prefer to remain with a constant number of bits, we can go back to The-orem 1.1, which lets us transfer f := PropCol(k,G) to a (�3)-CNF formula
f 0 such that f 0 is satis�able i� f is satis�able. In fact, in our case it suÆcesto replace the OneIsOnek((xv,i)

k
i=1)-subexpressions by

OneIsOne 0k((xv,i)ki=1) := (cv,0 ↔ 0)

∧
k̂

i=1

(cv,i ↔ (xv,i ∨ cv,i−1))

∧ (cv,k ↔ 1)

∧
^

1�i<j�k

¬(xv,i ∧ xv,j)with auxiliary variables {cv,i}ki=0. (If you think about it, this follows exactlythe idea we advocated in Footnote 1 for bank account statements). For thecerti�cate we still have to agree upon some order of the variables involved,e.g.
(cj,0, xj,1, cj,1, xj,2, cj,2, . . . , xj,k, cj,k)

n

j=1
.The length of the certi�cate is (2k+ 1)n, i.e. polynomial in the size of theunderlying graph, and it can be falsi�ed by exhibiting at most 3 bits. Notethat this fact immediately implies that the certi�cate can be checked inpolynomial time, since there are at most `+�`

2

�
+
�
`
3

� subpatterns to check,with ` the length of the certi�cate.Proper Coloring has a polynomial size certi�cate format that canbe falsi�ed by exhibiting at most 3 bits.After having discussed all the wonderful implications of our ability to ex-press Proper Coloring in terms of SAT, there is still hope that ProperColoring could be much easier to solve than SAT. Not so, as the followinglemma shows.
Lemma 4.2 There is a polynomial time algorithm that, given a 3-CNFformula F, produces a graph 3ColGraph(F) such that F is satis�able i�
3ColGraph(F) has a proper 3-coloring.Proof. Let V := vbl(F). For 3ColGraph(F) we choose a graph G = (VG, EG)with vertex set VG := {t, c}[V[V [SC2F{aC,1, aC,2, aC,3, bC,1, bC,2, bC,3}. Forthe edge set we refer to Figure 4.1. All edges indicated there are in EG andno edges other than indicated exist. Note that |VG| = 2 + 2|V | + 6|F| and
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bC,1

bC,2

bC,3

aC,1

aC,2

aC,3

base gadget
variable gadget,for each x 2 V

clause gadget, for each
C = {u1, u2, u3} 2 F

Figure 4.1: The edges in 3ColGraph(F) for 3-CNF formula F.
|EG| = 1 + 3|V | + 12|F|. The size of G is polynomial in |V | + |F|, and it canbe generated from F in polynomial time.First we show that a proper 3-coloring χ of G implies a satisfying as-signment for F. We decide to use colors {0, 1, 2}, and w.l.o.g. we assumethat χ(t) = 1 and χ(c) = 2 (because of the base gadget, see Figure 4.1,
t and c must receive distinct colors, and by permuting the colors we mayassume that these are 1 and 2, resp.). Then χ(u) 2 {0, 1} and χ(u) 6= χ(u)for all literals u because of the variable gadgets. So that's a good start:The restriction αχ of χ to V [ V is an assignment, and it remains to verifythat every clause C 2 F is satis�ed. To this end consider the clause gadgetof C = {u1, u2, u3}. One of the vertices aC,i, i 2 {1, 2, 3}, must be colored by
2. But then bC,i has to be colored 0, since it is adjacent to aC,i and t. Andthen ui must be colored 1, since it is adjacent to bC,i and c. Therefore, αχsatis�es C.Secondly and �nally, we show that a satisfying assignment α for F canbe translated to a proper 3-coloring of G. In this coloring let t 7→ 1, c 7→ 2,and u 7→ α(u) for all literals u. In this way we have no con
icts with edgesin the base or the variable gadgets. We extend further to the clause gadgetof C = {u1, u2, u3} as follows. Some ui must be assigned 1 by α, w.l.o.g.,let it be u1. Then bC,1 7→ 0, bC,2 7→ 2, bC,3 7→ 2, aC,1 7→ 2, aC,2 7→ 0,and aC,3 7→ 1 constitutes an extension to a proper 3-coloring of the clausegadget, no matter which colors from {0, 1} are assigned to u2 and u3.



102 CHAPTER 4. SAT AND THE CLASS NPSuppose now we want to decide satis�ability of a boolean formula f (aninstance of SAT). We can �rst employ Theorem 1.1 to generate a 3-CNFformula F 0 (an instance of 3-SAT that is satis�able i� f is). Then we cancheck satis�ability of F 0 by checking whether 3ColGraph(F 0) has a proper 3-coloring. In other words, if proper 3-colorability is decidable in polynomialtime, then SAT is as well. Note, that via a chain of three steps, we haveactually shown that polynomial 3-colorability implies a polynomial solutionfor Proper Coloring in general. We summarize:Among the problems SAT, 3-SAT,Proper Coloring, and Proper 3-Coloring,either all have a polynomial time solution or none.
Exercise 4.1 Hamiltonian PathConsider the problem6 Hamiltonian PathInput: A graph G = (V, E).Output: `Yes', if G has a Hamiltonian path, i.e. there isan ordering v1, v2, . . . , vn, n := |V |, of the vertices in V, suchthat {vi, vi+1} 2 E for all i 2 {1..n− 1}. And `No', otherwise.Show that there is a polynomial time algorithm that, given a graph G,produces a boolean formula HamPath(G) such that G has a Hamiltonianpath i� HamPath(G) is satis�able.Check whether your solution guarantees that the number of satisfy-ing assignments of HamPath(G) gives the number of Hamiltonian pathsin G. (For n � 2, v1, v2, . . . , vn and vn, vn−1, . . . , v1 are counted as twodistinct paths.)
Exercise 4.2 Short Path Orientations of EdgesThe format of a certi�cate is by no means determined by a problem,although the problem statement sometimes suggests a particular one.For the problem Proper Coloring �rst show that a graph G has aproper k-coloring, i� there is an orientation of the edges so that thelongest directed path contains at most k vertices. Use this characteri-zation to reprove Lemma 4.1 for the case that k is a �xed constant.6William Roger Hamilton, 19th century.
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Exercise 4.3 Suppose, the number of proper k-colorings of a graph G =

(V, E) can be counted in polynomial time, provided k � |V |. Based onthis, discuss the issue of counting the number of proper k-coloringsin case k > |V |. Can it be done in polynomial time (under the initialsupposition)?
4.2 The Class NP and RelativesFor a further discussion of the concepts we observed in the previous sectionwe switch to the following framework.
The Class P . An alphabet Σ is a �nite set of symbols. Σ� denotes the set ofall �nite strings of symbols in Σ (including the empty string ε). Elements
w in Σ� are sometimes called words, and the length of a word w 2 Σ� isdenoted by |w|. For words u and w, the concatenation of u followed by wis denoted by uw. A language is a (possibly in�nite) subset of Σ� for somealphabet Σ.Let A be an algorithm that maps every w 2 Σ� to `Yes' or `No'. In theformer case we say A accepts w, in the latter A rejects w.Every decision problem can be represented by a language (actually inseveral ways): We agree on some encoding of the inputs over some alphabet
Σ, and we associate with every problem the language of encodings of allYes-instances.For example a graph G = ({1..n}, E) can be encoded by the {0, 1}-stringbin(G) := (([{i, j} 2 E])

n
i=1)

n

j=1
of length n2. An integer k 2 N0 can be encodedby its shortest binary representation bin(k) (which is of length dlog2(k+1)e;

0 is encoded by the empty string ε).Now the problem Hamiltonian Path can be represented by the lan-guage
{bin(G) | G has a Hamiltonian path} � {0, 1}�Proper Coloring by

{bin(k)$bin(G) | G has a proper k-coloring} � {0, 1, $}� .Via an appropriate binary encoding of �nite alphabets, it suÆces toconsider languages over a binary alphabet {0, 1}, so we will assume all lan-guages to con�ne to this for the rest of this section.



104 CHAPTER 4. SAT AND THE CLASS NPThe class P (of polynomially recognizable languages) is the set of allP languages L over {0, 1} such that there is a polynomial time algorithm ALwith
L = {w | AL accepts w} .`Polynomial time' means that there is a polynomial pA such that A termi-nates on any input w in at most pA(|w|) steps.

Polynomial Verifiers (Good Proofs). A veri�er for a language L is an algo-rithm V such that
L = {w | 9c 2 {0, 1}� : V accepts hw, ci} .If V accepts hw, ci, then c is called a certi�cate (or proof) for membershipof w in L. A falsi�er for a language L is an algorithm F such that

{0, 1}� \ L = {w | 8c 2 {0, 1}� : F rejects hw, ci} .Some moments of re
ection reveal7 that every veri�er for L is also afalsi�er for L, and vice versa, but let us accept this notational redundancyfor the time being. A veri�er (or falsi�er) is called a polynomial veri�er(falsi�er, resp.), if it runs in time polynomial in |w| on input hw, ci (thusit can inspect at most a polynomial number of positions in c).NP is8 the class of all languages with a polynomial veri�er. Clearly,NP P � NP. It is easy to see that also9 SAT and Proper Coloring arein NP, while we do not know of a polynomial time algorithm for theseproblems.107At least under the assumption that we consider algorithms that terminate on allinputs.8NP stands for `nondeterministic polynomial time', from an equivalent de�nition vianondeterministic Turing machines.9Note that we identify the decision problems with their respective languages. However,the encoding is not unique. Still, for our purposes, this is not an issue as long as we usean encoding whose length is polynomial in the most succinct encoding. For example, fornumbers a binary encoding will do, or for SAT any encoding whose size is polynomial inthe number of variables and operator occurrences ful�lls the requirement. If an encodingdeviating from this requirement is presumed|like unary encodings of numbers|this callsfor explicit mention.10It is by no means clear that the complement of a language in NP is also in NP|take,e.g., the language of unsatis�able formulas. Hence, besides NP also the class co-NP :=

{{0, 1}� \ L | L 2 NP } is considered.
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Polynomial Constant Falsifiers (Even Better Proofs). Let k 2 N0. A k-falsi�erfor L is an algorithm F such that

Σ� \ L = {w | 8c 2 {0, 1}� 9S � N : |S| � k and F rejects hw, cS, Si} ,where cS is the substring of c of symbols at positions in S\{1..|c|} (positionsexceeding the length of c are simply ignored). Note that we could haveequivalently written
L = {w | 9c 2 {0, 1}� 8S � N with |S| � k : F accepts hw, cS, Si} .If F accepts hw, cS, Si for all S with |S| � k, then we call c an F-certi�catefor membership of w in L. That is, F can reject a certi�cate by exhibitingat most k bits (knowing also their positions in the certi�cate). F is apolynomial k-falsi�er if there are polynomials pF and p̂F such that, oninput hw, a, Si, it terminates in at most pF(|w|) steps, and it always acceptsif S 6� {1..p̂F(|w|)} (hence the falsi�er ignores positions in a certi�cate thatexceed p̂F(|w|)).For k 2 N0, FPk is the class of languages with a polynomial k-falsi�er. FPkWe observe that P � FPk−1 � FPk � NPfor all k 2 N. `FPk � NP' follows, since a polynomial k-falsi�er F can betransformed to a polynomial veri�er V by letting

V accepts hw, ci i�
F rejects hw, cs, Si for no S � {1..p̂F(|w|)} with |S| � k .Since there are only O(p̂F(|w|)k) sets S to consider, V can do its computa-tions in polynomial time based on F being polynomial.Some considerations for small k are instructive. A 0-falsi�er will neverbe given a chance to have a look at the string c, so it is of no help, andthe falsi�er has to do its computations based on w only. Therefore, if it ispolynomial, it can recognize L in polynomial time|we have FP0 = P.Now consider a 1-falsi�er F and some input w. There is an F-certi�catei� there is an m � p̂F(|w|) such that F accepts hw, ε, {i}i for all i > m and

F accepts hw, 0, {i}i or hw, 1, {i}i for all i � m. FP1 = P follows.
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Theorem 4.3(1) FPk = P for all k � 2.(2) FPk = FP3 for all k � 3.(3) FP3 = P i� SAT2 P.Proof. Let L 2 FPk, and let F be a polynomial k-falsi�er for L. We willshow that, given a word w and m � p̂F(|w|), we can produce in polynomialtime|assuming the help of F|a (�k)-CNF formula Gm(w) which is sat-is�able i� there is an F-certi�cate of length m. Then an F-certi�cate existsi�

Formula(w) :=

p̂F(|w|)_
m=0

Gm(w)is satis�able. That is, w 2 L i� Formula(w) is satis�able.Let us �rst assume the validity of this claim and see how the assertionsof the theorem are implied.Assertion (1) follows readily: If k � 2 we can decide satis�ability of
Formula(w) in polynomial time by checking whether one of the (�2)-CNFformulas Gm(w), 0 � m � p̂F(|w|), is satis�able.For (2), let us assume k � 4. We derive a polynomial 3-falsi�er F 0from F: First F 0 constructs Formula(w) as above, and then it constructsin polynomial time a (� 3)-CNF formula G 0 over some variable set U :=

{xi}
`
i=1 such that G 0 is satis�able i� Formula(w) is satis�able. Now the

F 0-certi�cates for w are the strings (α(xi))`i=1 for assignments α satisfying
G 0. Since G 0 is a (�3)-CNF formula, such a certi�cate can be falsi�ed byexhibiting at most 3 bits.A proof of (3) is now also straightforward. On the one hand we candecide w 2 L by checking satis�ability of Formula(w), so the direction `⇐'is established. On the other hand, for `⇒' we invoke once more Theorem 1.1and the fact that 3-SAT is in FP3.We are left with the actual construction of Gm(w). We employ a variableset {xi}mi=1. For all a � b � k, all {ij}bj=1 � N with

1 � i1 < i2 < . . . < ia � m < ia+1 < ia+2 < . . . < ib � p̂F(|w|)and all γ : {ij}
a
j=1 → {0, 1} we test whether F rejectshw, γ(i1)γ(i2) . . . γ(ia), {ij}

b
j=1i.



4.2. THE CLASS NP AND RELATIVES 107If so, we add the clause {uij}
a
j=1 to Gm(w), where

uij :=

{
xij if γ(ij) = 0, and
xij otherwise.Now it is easy to see that c = (ci)

m
i=1 2 {0, 1}m is an F-certi�cate i� xi 7→ ci isa satisfying assignments for Gm(w). Finally, Gm(w) is a (�k)-CNF formulaover m � p̂F(|w|) variables, and thus its size is polynomial in |w| (since kis a constant), and it can be constructed in polynomial time.

Polynomial Reductions. A language L1 is polynomial time reducible to lan-guage L2, in symbols L1 �P L2, if there is a polynomial time computable �Pfunction f : {0, 1}� → {0, 1}� such that w 2 L1 i� f(w) 2 L2.We have seen a number of such polynomial reductions. Lemma 4.1describes a polynomial reduction from Proper Coloring to SAT (viathe polynomial function PropCol), and Lemma 4.2 gave a reduction from
3-SAT to Proper Coloring (via 3ColGraph).Theorem 4.3 provided polynomial time reductions from all languages inFPk to SAT (via Formula). We drew conclusions which we now reformulatein this abstract setting.
Lemma 4.4(1) If L1 �P L2 and L2 �P L3 then L1 �P L3(2) If L1 �P L2 and L2 2 P, then L1 2 P.(3) Let L be a class of languages with a language L 2 L such thatall languages in L are polynomial time reducible to L (we call such alanguage L-complete). Then L � P i� L 2 P. L-completeIn fact, the proof of Theorem 4.3 employed a reduction from any problemin FPk to SAT and then to 3-SAT. Since this will be the main insightused in the next section, it deserves a lemma.
Lemma 4.5 SAT and 3-SAT are FP3-complete (and thus complete in inS

k2N0 FPk, cf. Theorem 4.3(2)).It may appear that FP3 is very much tuned towards 3-SAT and con�ned toa few combinatorial problems, where a solution (certi�cate) can be falsi�edin a constant number of places whileNP allows more elaborate calculations.But . . .
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Exercise 4.4 Con
ict Free Responsibilities in CNFObserve that a CNF formula is satis�able, if we can declare one literalin each clause `responsible', so that for no variable x both x and xare made responsible. Exploiting this, deduce an alternative certi�cateformat (other than a satisfying assignment) for 3-SAT.
Exercise 4.5 Three Symbol Certi�cates
k, l 2 N0. Let FP (`)

k be de�ned in the same way as FPk with the ex-ception that a certi�cate c for a word w is a string over an `-symbolalphabet.Show that (i) FP (3)
k = P for k = 0, 1 and (ii) 3-SAT 2 FP (3)

2 .Remark: This shows that the de�nition of FPk is sensitive to the size of certi�cate-alphabets.
Exercise 4.6 Many Symbol Certi�catesShow that Sk,`2N0 FP (`)

k = FP3.Hint: For ` > 2, show FP (`)
k � FPkdlog2 `e.

Exercise 4.7 FP3-CharacterizationShow that L �P SAT i� L 2 FP3.
Exercise 4.8 FP (3)

2 -CharacterizationShow that L �P SAT i� L 2 FP (3)
2 (that is, given Exercise 4.7, FP3 =FP (3)

2 ).
Exercise 4.9 Let FP2|1 be de�ned the same as FP3 except that the positionsets S are further restricted to {i, i+ 1, j} for i, j 2 N. Show that 3-SAT2 FP2|1.
Exercise 4.10 Vertex CoverShow that the problem Vertex CoverInput: k 2 N0 and a graph G = (V, E).Output: `Yes', if G has a vertex cover of size at most k, i.e.there is a subset U of V with |U| � k such that e \U 6= ; forall e 2 E.is in FP3.
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4.3 SAT is NP-completeWe want to prove that SAT is NP-complete, i.e. that L �P SAT for all
L 2 NP. We will do so by proving NP � S

k2N0
FPk which suÆces due toLemma 4.5. This means that we have to be able to rewrite certi�cates thatcan be veri�ed in polynomial time as certi�cates that can be falsi�ed bya polynomial k-falsi�er, for some k 2 N0. The crucial idea is to write outthe whole `protocol' of the (polynomial) computation of the veri�er as thenew certi�cate. Due to the `�nite nature' of algorithms, the protocol willbe falsi�able by exhibiting a constant number of entries in the protocol.So far we are lacking a model of algorithms in order to make formal state-ments about all polynomial veri�ers. The model we choose is that of aTuring11 machine. It is generally accepted that anything that is computableby an algorithm (in any reasonable model of computation) is computableby a Turing machine (the Church-Turing thesis). Moreover, anything thatis computable by an algorithm in polynomial time is computable by a Tur-ing machine in polynomial time|a working thesis that has so far provento be true, although it rests on shaky grounds in view of quantum com-puting, for example. This, however, should not lead to the impression thatNP-completeness of SAT is a matter of taste, or such like, rather the re-sult ought to be read with appropriate care: Based on the model of Turingmachines for algorithms, this fact is a theorem, and it will stay a validtheorem even if the thesis should ever be refuted.12The following two-page introduction to Turing machines is in principleself-contained, but it may be a bit concise for a �rst encounter. We willsee that the preparation of the set-up is the major part of our project, the�nal conclusion will turn out to be a relatively simple observation.11Alan Turing, 1912-195412Let us go on even further with the mumbling: The fact that the whole theory ofalgorithms and NP-completeness rests on a thesis should not be accounted for as a weakpoint of the theory. Rather, the theory has clearly identi�ed the link to `reality' (whateverthat may be), and has thus supplied all means to falsify it. Any exact science that wantsto say something about the real world needs such theses (was this another thesis?), andthe collapse of a thesis is usually not a disaster for science, rather more often than notthese are the most exciting moments in science.
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4.3.1 Turing MachinesA Turing machine is a 7-tuple M = (Q,Σ, Γ, δ, qstart, qYes, qNo), where Q,
Σ and Γ are all �nite sets and Q is the set of states, Σ is the input alphabet,
Γ � Σ is the tape alphabet containing the special blank symbol t 62 Σ,

δ : (Q \ {qYes, qNo})� Γ −→ Q� (Γ \ {t})� {−1,+1}is the transition function, qstart 2 Q is the start state, qYes 2 Q theaccepting state, and qNo 2 Q the rejecting state.The Turing machine operates on a bi-in�nite tape that|at any pointof time|contains some current word w 2 (Γ \ {t})� and t's otherwise. Ithas a (read/write) head that resides at some cell of the tape within therange of w or at the blank cell to the left or to the right of w. It is insome current state in Q. Let q be this state and let a be the symbol atthe position of the head. If q 2 {qYes, qNo} the machine halts. Otherwise,the next step is prescribed by δ(q, a) = (q 0, b, σ): Symbol a is replaced by
b, the head moves one position to the right if σ = +1, moves one positionto the left if σ = −1, and it changes its state to q 0. The Turing machineaccepts a word w 2 Σ�, if|when started in state qstart with w on the tapeand the head positioned at the �rst symbol of w|the machine eventuallyhalts in state qYes. Similarly, it rejects w if it halts in state qNo. Note thatthere is a third possibility of never terminating.
Configurations. For a formal description, we assume the tape to be indexedby Z. A con�guration of M is a tuple (q, �w, `, h), q 2 Q, �w := twt for
w 2 (Γ \{t})�, ` 2 Z, and h 2 {`..(`+ | �w| − 1)} (with the interpretation thatthe word w occupies the cells ` + 1 to ` + |w| on the tape, all other cellshold t, and M is in state q with the head positioned at cell h).If q 2 {qYes, qNo}, con�guration (q, �w, `, h) is called a halting con�gu-ration of M. Otherwise, let us write �w as uav with u, v 2 Γ �, a 2 Γ and
|u| = h − ` (i.e. a is the symbol at the position of the head). Given thisand13 (q 0, b, σ) := δ(q, a), we de�ne

(q, �w, `, h) `M






(q 0,tbv, `− 1, h+ σ) if h = `,
(q 0, ubt, `, h+ σ) if h = `+ | �w|− 1, and
(q 0, ubv, `, h+ σ) otherwise.13Note that according to our de�nition, b 6= t.



4.3. SAT IS NP-COMPLETE 111We say that the left-hand con�guration directly yields the right-hand con-�guration.14 `�M is the transitive and re
exive closure of relation `M on theset of con�gurations, and if C `�M C 0, we say that con�guration C yieldscon�guration C 0.
Accept, Reject, Recognize, Decide. The Turing machineM accepts (rejects)a word w if (qstart,twt,−1, 0), the starting con�guration with input w,yields a halting con�guration in state qYes (in state qNo, resp.). The setof all words in Σ� accepted by M is the language L(M) recognized by M.The Turing machine decides L � Σ� if L = L(M) and the machine halts onall inputs in Σ�.If M accepts w, there is a sequence of con�gurations (Ci)

t
i=0, with C0 =

(qstart,twt,−1, 0), qYes being the state of Ct, and C0 `M C1 `M . . . `M Ct.
t is called the number of steps (the time, if you like) it takes for M toaccept w, and (Ci)

t
i=0 is called the protocol of the acceptance of w.Assuming our initial thesis about polynomial algorithms versus polyno-mial Turing machines, the class NP is the set of all languages L � {0, 1}�such that there is a Turing machine M and a polynomial pM with

L = {w | 9c 2 {0, 1}� : M accepts w$c in at most pM(|w|) steps}. (4.2)($ serves here as an auxiliary symbol that lets us write the pair hw, ci as astring.) We will now write the protocol of acceptance of w$c in a formatthat can be falsi�ed by a polynomial k-falsi�er, for some k depending on
M.
4.3.2 Representing Computations for k-FalsifiersFor con�guration C = (q, �w, `, h) and m � max{−h, h,−`, `+ | �w| − 1}, the
m-representation of C is the string

�
m+h q �

m−h tm+` �wtm−`−|�w|+1of length 4m + 2 over Q [ Γ [ {�,�}. (As usual, we write ai for thesequence of a's of length i.) Obviously, the m-representation fully encodesa con�guration, and it is best visualized by writing the second half of the14Hopefully, the reader �nds this formulistic �rework in accordance with the previouslysupplied intuitive description.



112 CHAPTER 4. SAT AND THE CLASS NPstring aligned below the �rst half, see Figure 4.2. Then the state q endsup exactly above the symbol in �w as prescribed by the position of thehead de�ned by the con�guration C. Note also that given m, we can easily
� � q � � � �t 1 0 1 0 t t
� q 0

� � � � �t 1 1 1 0 t t
q � � � � � �t 1 1 1 0 t tFigure 4.2: The 3-representation of (q,t1010t,−3,−1) followed by the

3-representations of the next two (yielded) con�gurations, assuming
δ(q, 0) = (q 0, 1,−1) and δ(q 0, 1) = (q, 1,−1).falsify a string as not being the m-representation of some con�guration byexhibiting at most 3 positions of it. In fact, we can do so by ascertainingthat� a symbol in position i is not in Q [ {�,�} for some i 2 {1..2m+ 1},� position 1 contains �, or position 2m+ 1 contains �,� there is �� or �� or q� or �q or qq 0 for q, q 0 2 Q in consecutivepositions in the range {1..2m+ 1},� a symbol in position i is not in Γ for some i 2 {2m+ 2..4m+ 2},� a symbol other than t is in positions 2m+ 2 or 4m+ 2, or� there is a (not necessarily contiguous) subsequence a . . . t . . . b for

a, b 2 Γ \ {t} in the range {2m+ 2..4m+ 2}.Now let M and pM be as employed as a veri�er for some language Lin NP , see (4.2). Given a word w 2 L, there is a certi�cate c so that
|w$c| � pM(|w|) and w$c is accepted in at most pM(|w|) steps. For eachsuch c we let ~c be the concatenation of them-representations in the protocolof acceptance of w$c, for m := 1 + pM(|w|). If t is the number of steps ittakes for M to accept w$c, ~c is a string of length t(4m + 2). We have to



4.3. SAT IS NP-COMPLETE 113show that we can falsify a string which does not come from such a protocolby exhibiting at most k positions; in fact, 3 will suÆce.First we have already discussed how to falsify, if a string is not an m-representation of a con�guration, and we can apply this to substrings inpositions 1 + i(4m + 2) to (i + 1)(4m + 2, i 2 {0..t}. It is also easy tofalsify by exhibiting one position, that the �rst con�guration is a startingcon�guration for w$c, for some c 2 {0, 1}�. We also detect if the state ofthe last con�guration is not qYes.It remains to ensure that each con�guration apart from the last onedirectly yields the next con�guration. For that it suÆces to consider thesymbols in positions i(4m+2)+j and i(4m+2)+(2m+1)+j for i 2 {0..t− 1}and j 2 {1..2m+ 1}. Two such symbols entail one or two symbols later inthe string as indicated in Figure 4.3. Again this refers to the situation
�

a�
a

�

a�
a

� q� a

q 0 �� b

q �
a �� q 0
b �Figure 4.3: The top two symbols force the other symbols, uncondi-tioned in the �rst two patterns, in case of δ(q, a) = (q 0, b,−1) in thethird pattern, and in case of δ(q, a) = (q 0, b,+1) in the fourth pattern.Exhibiting three positions suÆces to show violations of these rules.where we write the string ~c in rows of length 2m + 1 aligned above eachother. Violations to these rules can be checked by a 3-falsi�er, and anystring that satis�es the rules comes from a protocol of a computation asabove.We are done, except that the derived certi�cate for the 3-falsi�er usesan alphabet other than {0, 1} which we assumed in our de�nition of theFPk's. However, we can employ a binary encoding which then leads to a

k-falsi�er for some k > 3 depending on the sizes of the alphabets of theTuring machine M (see Exercise 4.6).
Theorem 4.6 NP = FP3 and SAT is NP-complete.Note 4.1 The fact that SAT is in P i� NP = P was �rst proved by [Cook, 1971]and independently by [Levin, 1973]. The full impact of the result was realized



114 CHAPTER 4. SAT AND THE CLASS NPafter [Karp, 1972] supplied a whole list of NP-complete problems, mainly fromcombinatorial optimization. A compendium of NP-complete problems can befound in [Garey, Johnson, 1979], which|amazingly enough|is still pretty muchup-to-date.Strictly speaking, Cook did not prove NP-completeness in the sense we de�nedit here via polynomial reductions|these were introduced by Karp in his seminalpaper. This point deserves a short discussion. Note that we use L1 �P L2 toconclude that if L2 2 P then L1 2 P. But for that, we did not have to restrictourselves to the strict protocol `w 2 L1 ⇔ f(w) 2 L2'; note that this protocol doesnot allow to ask two questions about membership in L2, or to decide on w 2 L1based on f(w) /2 L2. Consequently, in general, we do not have {0, 1}� \ L �P L,although de�nitely {0, 1}� \L 2 P i� L 2 P. A more powerful reduction is that of aTuring reduction. Here we say that L1 is polynomial time Turing reducible to L2,if there is a polynomial time bounded Turing machine that decides membershipin L1, but which is also allowed to ask membership in L2 at unit cost; we say, themachine uses a membership oracle for L2.



Chapter 5

The Cube Mehr Licht!Johann Wolfgang von Goethe1, famous last wordsMore structure!Mathematics, �rst wordsCubes in 3-space generalize to any dimension. On the real line these areintervals and in the plane these are squares. 4-Dimensional cubes are per-haps the most frequently \seen" 4-dimensional objects, see Figure 5.1.

Figure 5.1: Hand-crafted 4-cube.

Although terminology (and original moti-vation) for cubes comes from geometry,they are frequently used as a tool in dis-crete mathematics for the sake of addingstructure|so will we. The treatment ofcubes in this section relates to satis�abil-ity in that we reconsider facts from previouschapters in the cube setting|hopefully withextra insight|, and we prepare the groundfor chapters to come.Often the graph of an n-dimensionalhypercube, here n-cube for short, is de�nedas the graph with vertex set {0, 1}n, and withan edge between each pair of sequences that di�er in exactly one position(i.e. have Hamming distance 1).1Johann Wolfgang von Goethe, 1749{1832115



116 CHAPTER 5. THE CUBEGiven its de�ning parameter n, this graph has 2n vertices each of whichhas degree n. Thus the number of edges is n2n/2 = n2n−1. The diameter(i.e. the largest distance between any two vertices) is n. This is easily seen,since the distance between two vertices u and v in {0, 1}n is the Hammingdistance between the two {0, 1}-sequences|thus at most n; and this boundis attained by the pair 0n and 1n. Such pairs at distance n, there are2 2n−1of them, are called antipodal vertices.The fact that the n-cube is a graph with few edges while it has smalldiameter is one of its highly appreciated properties in applications (e.g.for networks). Set N = 2n; then all vertices have degree log2 N and thediameter is log2 N.Another advantageous feature of the n-cube is its connectivity: Clearly,removing the n edges incident to a vertex makes the graph disconnected;but removal of any n − 1 edges leaves the graph connected (the graph is
n-edge connected). Already the proof of this simple fact calls for extrainsight, the facial structure of cubes.
5.1 FacesWe employ a small adaption of our cube de�nition. For a set A, we let the
A-cube be the graph with the vertex set {0, 1}A (all mappings A −→ {0, 1})and with an edge between α and β i� α(v) 6= β(v) for exactly one v 2 A;we label the edge with this unique v. The dimension of the A-cube is |A|.We observe that two cubes are isomorphic (ignoring the edge labels)i� they agree in dimension. This \new" de�nition is in perfect agreementwith the one above3. And in this setting the link to assignments becomeseven more apparent. We keep using n-cube short for the {1..n}-cube, thegeneric representative of all cubes of dimension n.To every mapping ϕ : A −→ {0, 1, �} we associate the set of vertices

Vϕ := {α 2 {0, 1}A | α|B = ϕ|B} with B := ϕ−1({0, 1}).(So these are all mappings that agree with ϕ on the elements that aremapped to 0 or 1 by ϕ.) The subgraph of the A-cube induced by Vϕ is2If you think about it, 05 = 00000, 15 = 11111, and 25 = 32, . . . sometimes it is betternot to think about it.3After all {0, 1}n is just a shorthand for {0, 1}{1..n}. We will identify the two withoutfurther explicit mention.



5.1. FACES 117called the ϕ-induced face of the A-cube. This face is isomorphic to a cube:The mapping
Vϕ 3 α 7→ α|A\B 2 {0, 1}A\Bconstitutes an isomorphism to the (A \ B)-cube, as can be easily veri�ed.Hence, the dimension of the ϕ-induced face is |ϕ−1(�)|, \the number of �'sin ϕ."The 0-dimensional faces of the A-cube are its vertices, the 1-dimensionalfaces are the edges4, and the (n− 1)-dimensional faces, n := |A|, are calledthe facets. Note that theA-cube is a face of itself, the unique n-dimensionalface (induced by the constant map to �).

Figure 5.2: Building the 4-cube, in two of many ways (howmany?).

For every a 2 A, the removal of all
a-labeled edges creates two connectedcomponents of the A-cube. These arethe facets induced by ϕ 0 and ϕ 00, resp.,with ϕ 0(a) = 0, ϕ 00(a) = 1, and
ϕ 0(b) = ϕ 00(b) = � for b 2 A\{a}. Thissuggests also an instruction for build-ing an n-dimensional cube inductively:A 0-dimensional cube is a single ver-tex. An n-dimensional cube can be ob-tained from two isomorphic copies of an
(n − 1)-dimensional cube with \corre-sponding" vertices connected, see Fig-ure 5.2.
Connectivity. We are ready to settle theconnectivity of the n-cube.
Lemma 5.1 n 2 N. Removal of at most n − 1 edges from the n-cubeleaves the graph connected.Proof. The statement is trivial for n = 1.Now let n � 2. If at most n − 1 edges are removed, there must bean i 2 {1..n} such that all edges labeled i are still present. These edgespartition the n-cube into two facets ϕ 0 and ϕ 00, isomorphic copies of the4Strictly speaking, according to our de�nition a 0-dimensional face is a graph ({v}, ;)(and not a vertex v) and a 1-dimensional face is a graph ({u, v}, {{u, v}}) (and not an edge
{u, v}).



118 CHAPTER 5. THE CUBE
(n − 1)-cube. If all removed edges lie in just one copy , ϕ 0 say, the othercopy ϕ 00 is still connected and thus the whole graph is still connected sinceevery vertex in ϕ 0 is connected to a vertex in ϕ 00 via an i-labeled edge.Otherwise, in each of the two facets at most n−2 edges are removed whichleaves them connected by the induction hypothesis|and they are mutuallyconnected by the i-labeled edges.
Faces in Cubes and Clauses in CNF Formulas. Let F be a CNF formula over
V. If C = {u1, u2, . . . , uk} is a clause of F, then all assignments with ui 7→ 0,for all i 2 {1..k}, will not satisfy formula F, no matter what they do to theremaining variables. The set of all such total assignments on V (which wedenoted by satV(C)) forms the vertex set of an (n− k)-dimensional face ofthe V-cube. It is induced by

V 3 x 7→


0 if x 2 C,
1 if x 2 C, and� otherwise.With this relation in mind, k-SAT can be equivalently formulated as

k-Codim Cube NoncoverInput: n 2 N, and a set F of faces (given as sequences in
{0, 1, �}n) of the n-cube, each of dimension at least n − k.Output: `Yes', if there is a vertex of the n-cube that lies innone of the faces in F. And `No', otherwise (i.e. if the facesin F cover the whole n-cube).Previous complexity results can now be read as follows: It can be de-cided in polynomial time whether a set of (n− 2)-faces5 covers the n-cube.And it is NP-complete to decide whether a set of (n − 3)-faces does notcover the n-cube.This fresh view allows several (now) easy observations.Consider the formula f = x1� x2 � . . .� xn (and recall Exercise 1.9). Atotal assignment on {x1, x2, . . . , xn} satis�es f i� it maps an odd number ofvariables to 1. In `cube'-language it means that no unsatisfying assignmentis adjacent to any unsatisfying assignment. Thus the set of unsatisfying5(n − 2)-Faces are sometimes called ridges.



5.1. FACES 119assignments contains no edges and does not contain all vertices of any
(n − k)-face for k < n. Therefore no CNF formula over {xi}

n
i=1 with a k-clause for some k < n can be equivalent to f. In fact, there is a uniqueCNF-formula equivalent to f: An n-CNF formula with 2n−1 clauses.For another observation recall that at some point (Exercise 1.12) weasked whether every 3-variable formula has an equivalent CNF-formulawith at most 4 clauses. In the cube setting this is easy to see: Consider the

3-cube with some of its vertices marked as `unsatisfying'. Our goal is tocover them with few faces, without covering any of the other vertices. Forthat take four disjoint edges of the cube (a perfect matching), choose foreach of them the subface of marked vertices, and we are done. We exploithere the fact that all nonempty6 subsets of vertices of a 1-dimensional faceform faces; this is peculiar to at most 1-dimensional faces.Figure 5.3 displays the answer to Exercise 2.5 in the cube setting.
PSfrag replacements
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�10Figure 5.3: Two ways of covering the vertices of a 3-cube with fouredges. Or two unsatis�able 2-CNF formulas with four clauses (an-swering Exercise 2.5): {{x, y}, {x, y}, {x, y}, {x, y}} corresponds to the leftpicture, {{x, y}, {x, y}, {y, z}, {y, z}} to the right one.

Packing and Covering the Cube with Faces. Let us recall two trivialities,which are precious assets, nonetheless. Consider a family M of subsetsof some �nite ground set U. (1) If SM2MM = U (M is a cover of U)then ∑M2M |M| � |U|. (2) If the sets in M are pairwise disjoint (M is apacking in U) then ∑M2M |M| � |U|.Observation (1) about covers applied to sets of faces of a cube yieldsthe following lemma, a reincarnation of Theorem 2.2.6Sometimes, also the empty face is introduced which comes handy here and there (seealso Exercise 5.1).
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Observation 5.2 n,m 2 N0. Let {ϕ1, ϕ2, . . . , ϕm} be a set of faces of the
n-cube, with ϕi of dimension di. If ∑m

i=1 2
di < 2n (or, equivalently,∑m

i=1 2
−(n−di) < 1), these faces do not cover the whole n-cube and thereis a vertex which appears in none of the faces.Sometimes it takes some extra e�ort to see that a statement amounts to asimple observation about covers or packings. Two illustrating facts follow.They will come handy in forthcoming sections.

Lemma 5.3 (Kraft Inequality) Let S � {0, 1}�, �nite and pre�x-free (i.e. forno s 2 S there exists s 0 2 S \ {s} and t 2 {0, 1}� such that s = s 0t.)Then ∑s2S 2−|s| � 1.Proof. Set n := maxs2S |s| and de�ne Ŝ := {s�n−|s| | s 2 S} (i.e. everysequence in S is extended to length n by appending �'s). The elements in Ŝcan be interpreted as faces of the n-cube in the obvious way, and due to thepre�x-freeness of S, these faces are pairwise disjoint (form a packing). Itfollows that ∑s2S 2n−|s| � 2n which|after division by 2n|is the assertionof the lemma.
Lemma 5.4 Let S � {0, 1}n, nonempty. For s 2 S, let deg(s) be thenumber of sequences in S that di�er from s in exactly one position.Then ∑s2S 2−deg(s) � 1.Proof. Consider the elements in S as mappings in {0, 1}{1..n}, i.e. verticesof the n-cube. For s 2 S we de�ne a ϕs 2 {0, 1, �}{1..n}: For i 2 {1..n}, ifthe i-labeled edge incident to s leads to a neighbor not in S then we set
ϕs(i) := �; and ϕs(i) := s(i), otherwise. ϕs induces a face of dimension
n − deg(s) of the n-cube. If we can show that these faces cover the cube,then ∑s2S 2n−deg(s) � 2n holds. The claim of the lemma readily follows.Now consider a vertex u in the n-cube. We have to exhibit an s 2 Sso that the face of ϕs contains u. Choose s to be some element in S thatminimizes the Hamming distance to u (a nearest vertex in S, so to say).The neighbors of s that are closer to u than s cannot be in S by the choiceof s. Thus, indeed, ϕs maps to � for every i for which s and u di�er, andtherefore the face induced by ϕs contains u.
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Exercise 5.1 Euler-Poincar�eFor i 2 {0..n} let fi be the number of i-dimensional faces of the n-cube.Show that

n∑

i=0

fi = 3n and n∑

i=0

(−1)i fi = 1 .Remark: The right identity holds for all convex polytopes in n-space, where fidenotes the number of i-dimensional faces of the polyhedron. Often the emptyface is introduced, which is accounted for by f−1 := 1. Then the formula reads∑n
i=−1(−1)i fi = 0.

Exercise 5.2 \Representing Satisfying Assignments" RevisitedReconsider Exercise 1.21.
Exercise 5.3 \Almost Satis�able" RevisitedReconsider Exercise 2.2.
Exercise 5.4 (1) Given two clauses C and D over variables V. Whatproperty of C and D is equivalent to the fact that the two faces of the
V-cube corresponding to C and D are disjoint?(2) Explain resolution in terms of faces in a cube.
Exercise 5.5 Which ternary boolean functions have no equivalent CNF-formula with at most 3 clauses?
Exercise 5.6 Reformulate Theorem 2.4 about the ratio of satis�able clausesin a 2-satis�able CNF sequence-formula in the cube setting.
Exercise 5.7 n 2 N, n � 3. Show that removal of n edges disconnects the
n-cube i� the edges are incident to a common vertex.
Exercise 5.8 Show that in an n-cube there are always n edge-disjointpaths between any pair of distinct vertices. Argue that this also im-plies Lemma 5.1. (Actually, by Menger's Theorem, this statement isequivalent to n-edge connectivity.)
Exercise 5.9 Vertex Connectivity of the Cube
n 2 N. Show that removal of at most n − 1 vertices leaves the n-cubeconnected.
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Exercise 5.10 Universal for Non-SatisfactionLet V be a set of variables, n := |V |. We are interested in a set A ofassignments in {0, 1}V such that each 2-clause over V is not satis�edby some assignment in A.(1) Specify such a set A as small as you can get it (in terms of n).(2) Rephrase the problem in the cube-setting.
Exercise 5.11 Large Degree Forces Many VerticesShow that an induced subgraph of the n-cube with minimum degree khas at least 2k vertices.Hint: Lemma 5.4.
5.2 Hamming BallsEvery graph is equipped with a metric: The distance between two vertices
u and v is the length (number of edges) of a shortest path between the twovertices. In cubes we know that this distance is the Hamming distance,
dH(u, v), between the respective vertices.And wherever there is a metric, there are balls. The ball of radius r 2 Rwith center z 2 {0, 1}n in the n-cube is de�ned as the set

{u 2 {0, 1}n | dH(z, u) � r} .Note that given z and d 2 N0, we can `create' a vertex at distance d by
ipping exactly d positions in z; there are �n
d

� ways to do so. Hence, thenumber of vertices in a ball of radius r in the n-cube, we like to call thisits volume, is7 vol(n, r) := r∑

i=0

 
n

i

!(obviously independent from the center due to the symmetry of the n-cube).It is worthwhile to try to understand this quantity vol(n, r), and that'swhat we will do for the rest of this chapter. For a couple of trivial ob-servations, (i) vol(n, r) = vol(n, brc), (ii) vol(n, r) = 0 i� r < 0, (iii)vol(n, 0) = 1, (iv) vol(n, r) = vol(n, n) = 2n for r � n, (v) vol(n, r) +7If r 62 Z, read∑r
i=0 as ∑brc

i=0.



5.2. HAMMING BALLS 123vol(n, n − r − 1) = 2n for r 2 Z, and (vi) vol(n, n
2
) = 2n−1 if n is odd andvol(n, n

2
) = 2n−1 + 1

2

�
n
n/2

� if n is even.Despite the exact formula we have for the volume, the sum involvedseems of little help in answering a number of questions. For example,while we see that a ball of radius n
2
covers roughly half of the cube, whatproportion of the cube is covered by a ball of radius n

4
or of radius n

2
−
p
n?This calls for estimates in terms of functions more `transparent' than asum of binomial coeÆcients. We will discriminate according to how themagnitude of radius and dimension relate to each other.

Very Small Radius. Right from the de�nition of the binomial coeÆcient wehave �n
k

� � nk and thus an upper bound of (r + 1)nr for vol(n, r) follows.That is, for r constant, the volume of balls is polynomial in the dimension.We re�ne.
Lemma 5.5 n 2 N, r 2 R

+, r � n. With the convention �
n
0

�0
= 1 

nbrc!brc � vol(n, r) < �
en

r

�r

.Proof. The lower bound is left as Exercise 5.12. For the upper bound,let λ 2 R
+ , λ � 1. We get (with 1+ λ < eλ for λ 2 R \ {0} and the binomialtheorem)|driven by a magic hand|

enλ > (1+ λ)n =

n∑

i=0

 
n

i

!
λi � r∑

i=0

 
n

i

!
λi � r∑

i=0

 
n

i

!
λr . (5.1)Setting λ := r

n
, we have established er > vol(n, r) � r

n

�r which yields theclaimed bound.For r > 0.33 � n, the upper bound exceeds8 2n and is of no help at all.
Radius Proportional to the Dimension. For the next bound we employ thebinary entropy function8( e

0.33
)0.33 = 2.00543... .
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Figure 5.4: Graphs of H(x) (lowersolid curve), of 1 − 2( 1
2
− x)2 ln 2(upper curve ending in (0.5, 1)) and

x log2(e/x) (upper curve starting in
(0, 0))|see Note 5.2 below.

H(x) := −x log2 x−(1−x) log2(1−x)for x 2 R, 0 < x < 1, with the con-tinuous extensionH(0) := H(1) := 0.The function is symmetric about 1
2
,where H( 1

2
) = 1. It is increasing for

0 � x � 1
2
, see Figure 5.4.

Lemma 5.6 n 2 N, ρ 2 R
+

, ρ � 1
2
.

2n�H(ρ)p
8nρ(1−ρ)

� vol(n, ρn) � 2n�H(ρ) .Proof . The argument forthe lower bound is omitted, cf.[MacWilliams, Sloane, 1977, Chap-ter 10, Corollary 9]. For the upperbound we derive with reminiscenceof the previous proof
1 = (ρ+ (1− ρ))n

=

n∑

i=0

 
n

i

!
ρi(1− ρ)n−i (binomial theorem)

=

n∑

i=0

 
n

i

!
(1− ρ)n

 
ρ

1− ρ

!i� ρn∑

i=0

 
n

i

!
(1− ρ)n

 
ρ

1− ρ

!i (truncation of sum)� ρn∑

i=0

 
n

i

!
(1− ρ)n

 
ρ

1− ρ

!ρn ( ρ
1−ρ

� 1 and i � ρn always)
=

ρn∑

i=0

 
n

i

!
︸ ︷︷ ︸vol(n,ρ n) � ρρn(1− ρ)(1−ρ)n

︸ ︷︷ ︸
2−n�H(ρ)which implies the desired inequality.



5.2. HAMMING BALLS 125For ρ constant, we see that the upper bound is sharp up to a polynomialfactor in n (of the order 1p
n
). After calculating H( 1

4
) = 2 − 3

4
log2 3, weconclude that vol(n, n

4
) is roughly (4 � 3−3/4)n = 1.7548...

n, a neglectablefraction compared to the overall number 2n of vertices (the probabilitythat a vertex u.a.r. from the n-cube falls in a given ball of radius n
4
isroughly 0.8774...

n).Again the estimate has its limits. We still have no clue of how fast thevolume decreases as we decrease the radius n
2
a bit. For which radii a ballcovers only a polynomially small fraction, 1

n2 say, of the n-cube?
Radius Close to Half the Dimension. Before we proceed let us establish asimple relation between vol(n, r) and a sequence of nmutually independenthead-tail experiments with a fair coin. For i 2 {1..n}, let Xi be the randomvariable which attains +1 if the ith experiment shows head, and −1 if itshows tail; that is Pr (Xi = +1) = Pr (Xi = −1) = 1

2
. Then X =

∑n
i=1 Xitells us how many more heads than tails we encountered in the course ofthe experiment. It is easily seen that E(X) = 0.

Lemma 5.7 n 2 N, λ 2 R. With X the random variable de�ned abovePr(X � λ) =
vol(n, n−λ

2
)

2n
.Proof. 2n � Pr (X � λ) is the number of sequences s in {−1,+1}n wherethe number |s|� of +1's in s exceeds the number |s|	 of −1's in s by λ atleast, i.e. |s|� − |s|	 � λ, or equivalently, |s|	 � n−λ
2

(since |s|� = n − |s|	).Now if we substitute 1 for −1 and 0 for +1 then these are the vertices ofthe n-cube in the ball of radius n−λ
2

centered at 0n, the number of whichwe denoted by vol(n, n−λ
2
). The claimed relation is established.We are ready for the next bound.

Lemma 5.8 (Chernoff Bound) n 2 N, δ 2 R
+.vol(n, n

2
− δ) < e−2δ2/n � 2n .Proof. For X as above we show9 Pr (X � λ) < e−λ2/(2n) for any λ 2 R

+which will give the bound in the lemma via Lemma 5.7 (by setting λ := 2δ).9With an argument almost verbatim from [Spencer, 1987].
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+ and i 2 {1..n}, E�etXi

�
= 1

2
(et + e−t) < et

2/2. In order to jus-tify the inequality, we investigate the Taylor series of the terms involved.10
1

2

�
et + e−t

�
=

1

2

∞∑

i=0

 
ti

i!
+

(−t)i

i!

!
=

1

2

∞∑

i=0

2
t2i

(2i)!
<

∞∑

i=0

t2i

2i i!
= et

2/2 .Mutual independence of the Xi's allows the following estimate.E�etX� = E0@ n∏

i=1

etXi

1A =

n∏

i=1

E�etXi

�
<

n∏

i=1

et
2/2 = et

2n/2 .It is time for Markov's Inequality.Pr (X � λ) = Pr�etX � etλ
� � E�etX�

etλ
< et

2n/2−tλ ,for all t 2 R
+ . The parameter t can be chosen so that t2n

2
− tλ is as smallas possible. This is attained for t = λ

n
, which yields the inequality claimedin the beginning of the proof.We now can conclude vol(n, n

2
− ν

p
n) < e−2ν2

2nand vol(n, n
2
− ν

p
n lnn) < n−2ν2

2n .For a radius of n
4
the bound isvol(n, n
4
) = vol(n, n

2
−

n

4
) < (e−1/82)n = 1.7649...

nwhich is actually close to the right base of 1.7548... we had derived earlier.Note 5.1 For a comparison of the bounds in Lemmas 5.5 and 5.6 observe that(5.1) actually shows that vol(n, r) � (1+λ)n

λr =: f(λ) for all λ 2 R, 0 < λ � 1. With
λ = r

n the bound in Lemma 5.5 evolves, but a more ambitious attack will searchfor the λ which minimizes f in the given range. This is easily done by setting the�rst derivative f 0(λ) = (1+λ)n−1

λr+1 ((n − r)λ − r) to 0 which suggests λ = r
n−r = ρ

1−ρ10(et + e−t) /2, also denoted as cosh(t), hyperbolic cosine.



5.2. HAMMING BALLS 127(for ρ = r
n
) as long as r � n

2
. This actually yields the bound of Lemma 5.6, whichthus is always superior to the bound in Lemma 5.5.Note 5.2 Let us relate the upper bounds of Lemmas 5.6 and 5.8. The �rst oneis vol(n, ρn) � (2H(ρ))n, the second one we can rewrite asvol(n, ρn) = vol(n, n

2
− (

1

2
− ρ)n) <

�
21−2( 1

2
−ρ)2 ln 2�n .(and, for the sake of completeness, the bound in Lemma 5.5 as (2ρ log2(e/ρ))n).Therefore the relation of the functions H(ρ) and 1 − 2(12 − ρ)2 ln 2 in the range

0 � ρ � 1
2
decides whether the �rst or the second bound is better, see Figure 5.4for their graphs. I leave it as an exercise to prove or disprove that the secondfunction indeed majorizes the �rst one in this range as the �gure suggests.Even if so, the Cherno� bound in Lemma 5.8 has its merits, because we canretrieve from it a better understanding for the volume when the radius is of theform n

2 − o(n).
Covering the Cube with Balls (Covering Codes). A code C of length n is asubset of {0, 1}n. The covering radius of C is the smallest radius r suchthat the balls of radius r centered at the elements of C cover all of {0, 1}n; orequivalently, the smallest r such that every element of {0, 1}n is at distanceat most r from at least one of the elements in C, or simply

r := max
u2{0,1}n min

v2C dH(u, v) .For example, the covering radius of the code {0n, 1n} is jn
2

k. The normalizedcovering radius is ρ := r
n
.For r the covering radius of C, we see that |C| �vol(n, r) has to be at least

2n, and so
|C| � 2nvol(n, r) � 2(1−H(ρ))n ,with ρ the normalized covering radius. This constitutes a lower bound onthe size of a code with covering radius r or smaller. Up to a factor of nthis bound can be achieved.

Lemma 5.9 n 2 N, r 2 N0. There exists a code of length n of coveringradius at most r with at most&
n � 2nvol(n, r)' = O

�
2(1−H(ρ))n poly(n)�



128 CHAPTER 5. THE CUBEelements.Proof. We choose the elements of the code u.a.r. from {0, 1}n with replace-ment, l n�2nvol(n,r)m of them, and we show that there is a positive probabilitythat this code has covering radius at most r. This shows the existence of acode as claimed.Let u be some element in {0, 1}n. The probability that it has distanceexceeding r from all elements in the randomly generated code|we say uis not covered|is  
1−

vol(n, r)
2n

!dn�2n/vol(n,r)e � e−n.Consequently, the probability that there is an element in {0, 1}n not coveredis at most 2ne−n, and thus the probability that all elements are covered isat least 1−� 2
e

�n
> 0. In fact, the probability quickly tends to 1 as n grows.

Exercise 5.12 Lower Bound for Binomial CoeÆcientFor k, n 2 N, k � n, show that �n
k

� � �
n
k

�k (thereby establishing thelower bound in Lemma 5.5).
Exercise 5.13 Volume versus Boundary
k, n 2 N0, k � n

2
. Show that 

n

k

! � k∑

i=0

 
n

i

! �  
n

k

! 
1+

k

n− 2k + 1

!
.

Exercise 5.14 Far from HomeWe recall the de�nition of a symmetric random walk (Wt)t2N0 on Zfrom Chapter 3. For n, k 2 N, show thatPr(|Wn| � k |W0 = 0) =
vol(n, n−k

2
)

2n−1
.Is the identity true for k = 0?

Exercise 5.15 Prove or refute. For all 0 � x < 1
2
,

H(x) < 1− 2(
1

2
− x)2 ln 2 .
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Exercise 5.16 Ellipsoids in the Cubical WorldGiven k, n 2 N0 and vertices u and v in the n-cube, we letell(u, v, k) := {w 2 {0, 1}n | dH(w,u) + dH(w, v) � k} .(1) What can you say about ell(u, v, dH(u, v))?(2) What is the smallest k (in terms of n and dH(u, v)) such thatell(u, v, k) comprises the whole n-cube?(3) In general, how many vertices are in (what is the volume of)ell(u, v, k)?
Exercise 5.17 Football Pools(from [Cohen et al., 1997]) Assume we wish to place bets on the win-ners of n football matches. A bet is a prediction of the winners ofthese n matches|no ties allowed. We are interested in the smallestnumber of bets needed to guarantee that at least one of them has atmost r incorrect predictions.Hint: Relate this to covering codes.
Exercise 5.18 n 2 N0. n real numbers, i.e. points on the real line R induce
n + 1 intervals between these points, two of which are in�nite (unless
n = 0). Show the generalizations to higher dimensions.(1) The complement of the union of n lines in R2 in general position(i.e. no two parallel and no three through a common point) consists of
1+n+

�
n
2

� connected components (called cells of the line arrangement).(2) d 2 N. The complement of the union of n hyperplanes in Rd ingeneral position11 (i.e. any d of them have a unique common point)consists of ∑d
i=0

�
n
i

� connected components (cells of the hyperplane ar-rangement).Hint: Employ proof by induction over number of hyperplanes and dimension.When adding a hyperplane to n−1 hyperplanes, note that the intersection of thisnew hyperplane with the old ones is an arrangement of dimension d− 1. And thecells in this (d − 1)-dimensional arrangement account exactly for the cells whichget split by the newly added hyperplane.11The right de�nition of general position is: Any i � d of the hyperplanes intersect in a
(d− i)-
at. This is the same as requiring that any d intersect in a unique point (a 0-
at),unless n < d.
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Exercise 5.19 And now Generalize
q 2 N. Consider the graph with vertex set {0..q− 1}

n where two se-quences are adjacent if they disagree on exactly one position.(1) What is the number of vertices and edges of this graph? What isthe diameter? What is the connectivity?(2) De�ne faces! How many are there?(3) What is the volume of balls of radius r in this graph? Can youderive estimates for this quantity?(4) etc.



Chapter 6

Coding and k-SAT AlgorithmsWe start with the question \How eÆciently (in terms of number of bitsnecessary) can we encode satisfying assignments of a given CNF formula?"The \usual" encoding agrees on some ordering of the variables V and repre-sents a (satisfying) assignment by a sequence in {0, 1}n of length n, n := |V |.Actually, in general, there is no space for improvement: First, the emptyCNF formula over V has 2n satisfying assignments. Second, we have thefollowing fundamental information-theoretic fact.
Lemma 6.1 If e : S→ {0, 1}� is a pre�x-free encoding (i.e. injective), thenthe average code length �∑x2S |e(x)|� /|S| is at least log2 |S|.Proof. The Kraft Inequality (Lemma 5.3) tells us that ∑x2S 2−|e(x)| � 1.Employ this in

− log2  ∑x2S 2−|e(x)|

|S|

! � ∑x2S − log2 2−|e(x)|

|S|
=

∑
x2S |e(x)|
|S|

(6.1)and the lemma follows. The inequality in (6.1) is a consequence of Jensen'sInequality (see Lemma A.2) since a 7→ − log2 a is a convex function on R
+ .So as long as we want to stay with pre�x-free codes, n bits are necessaryon the average and we are done. What we will do, though, is to show thatunder a certain condition (that remains to be speci�ed) eÆcient encodingsare possible. And if these conditions are not met, there will be manysatisfying assignments. 131



132 CHAPTER 6. CODING AND K-SAT ALGORITHMSThese ideas will suggest the following for an algorithm. Either thereare many satisfying assignments, when it is easy to �nd one. Or thereare few, when we try to decode all \short" code words to �nd a satisfyingassignment. The actual algorithm we will consider will be simple andnatural|the challenge is to supply an analysis for it.The mysterious condition states that there is a satisfying assignmentthat has only few satisfying neighbors in the cube.So much for a rough outline, we will develop towards more speci�cde�nitions and facts.
6.1 Encoding Satisfying AssignmentsAlong an example we start with a re�ned discussion of the ideas we wantto pursue.
An Example. Consider the CNF formula with clauses

{x1, x2}, {x2, x3, x4}, {x1, x4}, {x1, x3} .The sequence 0101 is a satisfying assignment (with the convention that x1gets assigned the �rst bit in the sequence, x2 the second, and so on). If youstart telling this sequence to somebody else (who knows the formula, theorder of variables, and that the assignment is satisfying), she can concludethe second bit after seeing the �rst bit: This is so, because x1 7→ 0 leaves
x2 7→ 1 as the only possibility to satisfy clause {x1, x2}. After x1 7→ 0 and
x2 7→ 1 is set, she may want to know the bit for x3, which is 0, while
x4 is forced to be 1 because of the third clause. That is, the sequence
0 � 0� carries enough information to specify the sequence 0101. In fact, 00(without specifying to which positions the bits correspond) suÆces, if weagree to skip a value exactly if it is determined, because the correspondingvariable or its negation are left as the last possible satisfying literal in aclause. Here it is important to stick to this protocol, and not to try to betoo smart: You may have realized that actually x3 7→ 0 is already impliedby x1 7→ 0 and x2 7→ 1 (why?)|still, we list x3's value in 00. With thisconvention, it is possible to eÆciently decode the sequence.11We could, of course, agree to skip exactly those bits which are implied by previous bits.However, deciding this is an NP-complete problem, and thus neither eÆcient encodingnor decoding is possible, at least not according to current state of the art.



6.1. ENCODING SATISFYING ASSIGNMENTS 133The example also illustrates that the encoding, and even its length de-pend on the underlying agreed upon ordering of the variables. For example,if the order were (x1, x2, x4, x3), then the single bit 0 encodes the above sat-isfying assignment (which is now 0110 since the order changed). And withthe order (x2, x3, x4, x1) the same assignment encodes as 101.Another observation: The satisfying assignment above is rigid in thesense that 
ipping any single value of it will make it unsatisfying. Withthe cube-setting in mind, we call such an assignment isolated. Note thatthis means that every variable or its negation appear as the only satisfyingliteral in one of the clauses. Clearly, this is a necessary condition for itsvalue to be determined in an encoding, but whether it is indeed, dependson the order in which we consider the variables.The goal of this section is to show that isolated (or close to isolated) sat-isfying assignments have short encodings, and to conclude (with Lemma 6.1)an upper bound on the possible number of isolated satisfying assignments.
The Formal Set-Up. We let SV denote the set of bijective mappings {1..n} −→
V, and we will be sloppy2 in referring to this as the set of permutations of
V. Let us �rst specify the procedures for encoding and decoding, see func-tion procedures encode() and decode(), respectively.
F CNF formula over
V , α 2 {0, 1}V , π 2 SV .Precondition:
α 2 satF(V).Postcondition:returns a string in
{0, 1}�.

function encode(α, F, V, π)
ε← empty string;
for i← 1 to |V | do

x← π(i);

if {x} 62 F and {x} 62 F then

ε← εα(x);

F← F[x 7→α(x)];

return ε;Assuming F and V to be �xed, we will denote the output of the callencode(α, F, V, π) by enc(α, π). Decoding just reverts the process, as speci-2Recall that, strictly speaking, a permutation of a set M is a bijective map in MM,and not an ordering of the elements in M or such like, although it is sometimes convenientto think of it this way.



134 CHAPTER 6. CODING AND K-SAT ALGORITHMS�ed by procedure decode(). Here are two basic facts that follow quite easily.
ε = (εj)

|ε|
j=1 2 {0, 1}�, FCNF formula over V ,

π 2 SV .Postcondition:returns α with
ε = enc(α, π), if itexists, and the emptymap, otherwise.

function decode(ε, F, V, π)
j← 0; α← ;;
for i← 1 to |V | do

x← π(i);

if {x} 2 F then b← 1;

elseif {x} 2 F then b← 0;

else

if j = |ε| then return ;;
j← j+ 1; b← εj;

α← α [ {x 7→ b}; F← F[x 7→b];

if 2 2 F or j 6= |ε| then return ;;
else return α;

Observation 6.2 (i) Given a CNF formula F over V and π 2 SV , themapping enc(�, π) is a pre�x-free encoding of satV(F).(ii) Given π 2 SV , procedure decode() with permutation π computes theinverse of enc(�, π) on the image of satV(F) under enc(�, π).Given an assignment α 2 satV(F), we call a variable x 2 V critical for
α if 
ipping the value of x in α stops it being satisfying. This requiresat least one clause in F that has x or x as the unique literal that is setto 1 by α. Such a clause is called critical for3 x. By4 j(α) we denotethe number of critical variables for α, and we say that α is j-isolated, if
j(α) � j. n-isolated assignments (thus j(α) = n) are called isolated.
Lemma 6.3 (Satisfiability Coding Lemma) If α is a j-isolated satisfying as-signment of a (� k)-CNF formula over n variables, then its expectedcoding length (for the order of variables chosen u.a.r. from all n! per-mutations) is at most n − j

k
.3Every critical variable has a clause which is critical for it, and every critical clause iscritical for exactly one variable4 For α 2 satV (F), let deg(α) denote the number of neighbors of α in the V-cube thatare satisfying (recall Lemma 5.4). Then deg(α) = n − j(α).



6.1. ENCODING SATISFYING ASSIGNMENTS 135Proof. Since α is j-isolated, there are j variables with a critical clause;we �x one such critical clause Cx for each such variable x. The probabilityfor x to appear as the last variable of vbl(Cx) in a random permutation is
1

|Cx |
� 1

k
. If it is last, its bit will be skipped in the encoding. Therefore, theexpected number of bits skipped in an encoding with a random permutationis at least j

k
which proves the lemma.

Lemma 6.4 j 2 N0, k, n 2 N. Any (�k)-CNF formula over n variables hasat most 2n−j/k satisfying assignments that are j-isolated. (In particular,there are at most 2n−n/k isolated satisfying assignments.)Proof. Given a j-isolated satisfying assignment, its average code lengthover all variable permutations is at most n− j
k
. Therefore, the expected codelength of a u.a.r. chosen j-isolated satisfying assignment for a u.a.r. variablepermutation is at most n − j

k
. Consequently, there exists a permutation,for which the expected code length of a u.a.r. chosen j-isolated satisfyingassignments is at most n− j

k
. Now, since the codes we consider are pre�x-free, Lemma 6.1 steps in and shows that there cannot be more than 2n−j/ksatisfying assignments that are j-isolated.If that was a bit fast, let us do it more explicitly|an example of doublecounting. Let F be the (� k)-CNF formula under consideration, let V bethe variable set, and Let A be the set of j-isolated satisfying assignments.For α 2 A we know that 1

n!

∑
σ2SV

|enc(α, σ)| � n− j
k
. Hence,

1

n!

∑

σ2SV

0@ 1

|A|

∑

α2A |enc(α, σ)|1A︸ ︷︷ ︸
(�) =

1

|A|

∑

α2A0@ 1

n!

∑

σ2SV

|enc(α, σ)|1A � n −
j

kand thus for at least one permutation σ 2 SV the term (�) has to be atmost n− j
k
. This permutation certi�es that there is a pre�x-free encodingof A of average length at most n− j

k
.Finally, we show that the bound cannot be improved upon for the caseof isolated satisfying assignments. Let n := mk, m, k 2 N. The formula

m−1̂

i=0

(xik+1 � xik+2 � . . .� xik+k)



136 CHAPTER 6. CODING AND K-SAT ALGORITHMShas an equivalent k-CNF formula over variable set {x1, x2, . . . , xn} (with
m2k−1 clauses). All satisfying assignments to this formula are isolated, andthere are (2k−1)m = 2mk−m = 2n−n/k of them.
Exercise 6.1 Harmonic vs. Geometric MeanProve the harmonic versus geometric mean inequality0@∑n

i=1
1
xi

n

1A−1 � n

vuuut n∏

i=1

xi for n 2 N and xi's in R
+,with the help of Jensen's Inequality.

Exercise 6.2 Many j-Isolated Satisfying Assignments
j 2 N0, k, n 2 N. Find (�k)-CNF formulas over n variables with many
j-isolated satisfying assignments also for j < n.
6.2 A Randomized k-SAT AlgorithmConsider procedure ppz() for �nding a satisfying assignment. We will an-alyze its probability of success, provided the CNF formula is satis�able.Along the usual lines we can repeat the procedure in order to boost thesuccess probability.
F CNF formula over V .Postcondition:returns an assign'tsatisfying F or theempty map.

function ppz(F, V)
π←random SV ; α← ;;
for i← 1 to |V | do

x← π(i);

if {x} 2 F then b← 1;

elseif {x} 2 F then b← 0;

else b←random {0, 1};

α← α [ {x 7→ b}; F← F[x 7→b];

if 2 2 F then return ;;
return α;On the one hand, the procedure is a natural way to proceed: It simplybuilds a random satisfying assignment variable by variable, except that it



6.2. A RANDOMIZED K-SAT ALGORITHM 137refrains from making too obvious mistakes with respect to generating asatisfying assignment (namely to set a literal to 0 although it forms a 1-clause in the current restriction of F). On the other hand, it can be viewedas the decoding procedure decode() applied to a random {0, 1}-string witha random permutation.
Lemma 6.5 The probability, that ppz() �nds a satisfying assignment ina satis�able (�k)-CNF formula over n variables is at least 2−n+n/k.
Proof. Fix a (�k)-CNF formula F over V, |V | = n. The main observationfor the proof is as follows: If the algorithm decides for a permutation σ thenin order to generate a speci�c satisfying assignment α, it has |enc(α, σ)| freechoices, which|since made at random|come out right with probability
2−|enc(α,σ)|. ThusPr (ppz() returns α) =

∑

σ2SV

Pr (ppz() returns α |π = σ) � Pr (π = σ)

=
∑

σ2SV

2−|enc(α,σ)| � 1

n!� 2
1
n!

∑
σ2SV −|enc(α,σ)|� 2−n+j(α)/kThe penultimate inequality uses Jensen's Inequality (with the function a 7→

2a which is convex on R). The last inequality uses the monotonicity of
a 7→ 2a and the fact that the average code length of a j-isolated satisfyingassignment is at most n − j

k
.Note that if there is an isolated satisfying assignment α (i.e. j(α) = n)then we are done. If not, we have to go through the following estimate. Itexploits the fact that if there are no j-isolated satisfying assignments for



138 CHAPTER 6. CODING AND K-SAT ALGORITHMSlarge j, then there have to be many (as quanti�ed by Lemma 5.4).Pr (ppz() returns some α 2 satV(F)) =
∑

α2satV (F)

Pr (ppz() returns α)� ∑

α2satV (F)

2−n+j(α)/k

= 2−n+n/k
∑

α2satV (F)

2−(n−j(α))/k� 2−n+n/k
∑

α2satV (F)

2−(n−j(α))� 2−n+n/kFor the last inequality we recall that n − j(α) = deg(α) (see Footnote 4),and with this in mind we use Lemma 5.4.We are by now well-experienced5 to turn this into the following Monte-Carlo type of result.
Theorem 6.6 For a (� k)-CNF formula F over n variables, the proba-bility that λ2n−n/k independent repetitions of ppz() �nd no satisfyingassignment, even though one exists, is at most e−λ.Concrete Bounds that follow from this theorem are Monte-Carlo algorithmsfor k-SAT with running time O(2(2/3)n poly(n)) = O(1.588n) for k = 3 and
O(2(3/4)n poly(n)) = O(1.682n) for k = 4.Note 6.1 The results of this section are from [Paturi et al., 1997]. That papersupplies also a derandomized version of ppz() whose time complexity approaches
O(2n−n/(2k)) for large values of n and k. The randomized procedure was furtherimproved by these authors in [Paturi et al., 1998] (O(1.447n) Monte-Carlo for 3-SAT).Some of these bounds will be improved upon in the next chapter, where wewill also summarize the currently best known bounds.
Exercise 6.3 Recall the example of a k-CNF formula over n variableswith 2n−n/k isolated satisfying assignments. What can you say aboutthe success probability of ppz() for such a formula.5 Recall that if we repeat an experiment with success probability p for dλ/pe rounds,then the probability of always failing is (1− p)dλ/pe � e−pλ/p = e−λ.
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Exercise 6.4 Make it Hard for ppz()Describe (�k)-CNF formulas over n variables for which you can provea small success probability for ppz() (ideally as small as 2−n+n/k).
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Chapter 7

Hamming Balls and k-SAT AlgorithmsWe start with a procedure that searches for a satisfying assignment of aCNF formula F. Besides F, it holds an assignment α as parameter. Ifthis assignment satis�es F we are done, otherwise we take a clause C notsatis�ed|thus all literals in C are mapped to 0 by α|and try for eachliteral u in C recursively whether setting u to 1 yields a satis�able formula.There is a third parameter r 2 N0, though, whose bene�ts will materializepromptly. Namely, we search only for a satisfying assignment that di�ersfrom α in at most r variables. In other words, in the cube of all assignmentswe search for a satisfying assignment within the Hamming ball of radius rcentered at α.
F CNF, α assign't,
r 2 N0.Precondition:
α total for F.Postcondition:returns true if there isan assign't satisfying Fat distance �r from α.And false, otherwise.

function sb(F, α, r)
if α satis�es F then return true;

elseif r = 0 then return false;

else

C←some in {D 2 F | α does not satisfy D};

for all u 2 C do

if sb(F[u 7→1], α, r − 1) then return true;

return false;It is easy to see that procedure sb() (\search ball") serves its purpose:Given F and α, either α satis�es F, or for a clause C not satis�ed by αat least one literal in C has to change (compared to α) its value in any141



142 CHAPTER 7. HAMMING BALLS AND K-SAT ALGORITHMSsatisfying assignment. (In particular, if C is an empty clause, the procedurecan return false right away.)For the analysis, we get
Lemma 7.1 r 2 N0, k 2 N, k � 2. For a (� k)-CNF formula F, a callsb(F, α, r) with α an assignment on V � vbl(F) entails at most kr+1−1

k−1calls to sb() (including the initial call). Thus it can be implemented torun in time O(kr poly(n)), n := |V |.Proof. Let t(r) be the maximum possible number of calls entailed by acall with a (�k)-CNF formula and parameter r. Then
t(r) � { 1 if r = 0, and

1+ k � t(r− 1) otherwise.This readily gives the asserted bound.
An Easy Deterministic Procedure for 3-SAT. We see that for a (�3)-CNF for-mula F over n variables and r = bn/2c, the procedure takes timeO(3n/2poly(n)) =
O(1.733n) which is substantially less than the number of assignments atdistance bn/2c which is roughly 2n−1. This can be exploited by decidingthe existence of a satisfying assignment by two calls sb(F, α0, bn/2c) andsb(F, α1, bn/2c) where α0 maps all variables to 0 and α1 all variables to 1.Since every assignment has distance at most bn/2c either from α0 or from
α1, the search will not miss a satisfying assignment if one exists at all. Theoverall running time is still upper bounded by O(1.733n).
The Volume of Hamming Balls. We recall from Chapter 5 that for r 2 R and
n 2 N0, vol(n, r) := ∑r

i=0

�
n
r

� is the number of assignments at distance atmost r from a given assignment on n variables|the \volume" of a closedHamming ball of radius r in the n-cube. And for ρ := r/n (the normalizedradius) with 0 < ρ � 1
2
we have the estimate (Lemma 5.6)

(8nρ(1− ρ))−1/2 2H(ρ)n � vol(n, r) � 2H(ρ)n ,where H(ρ) := −ρ log2 ρ − (1−ρ) log2(1−ρ), the binary entropy function.A value of interest shortly is ρ = 1
4
; we have

H( 1
4
) = −1

4
log2 1

4
− 3

4
log2 3

4
= 2− 3

4
log2 3.That is, vol(n, n

4
) is �4 � 3−3/4

�n up to a polynomial factor.
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A Simple Randomized Improvement. Let F be a satis�able (�3)-CNF formulaover V, n := |V |. If we choose an assignment α u.a.r. in {0, 1}V, then the ballof radius r := bn/4c centered at α contains a �xed satisfying assignment
α� with probability vol(n,r)

2n
� �

2 � 3−3/4
�n

/poly(n), which will be found bya call sb(F, α, r) in time O(3n/4poly(n)). Hence, if we repeat this searchwith a new random assignment, then the expected number of trials until asatisfying assignment is found is at most (33/4/2)n poly(n) and the expectedtime is at most O(
�
3n/4 33n/4/2n

�poly(n)) = O((3/2)n poly(n)).If we take a not necessarily satis�able (� 3)-CNF formula over n vari-ables, and we repeat the above search for dλ 2n/vol(n, r)e rounds withoutsuccess, then|along by now familiar lines1|we can conclude that there isno satisfying assignment with error probability at most e−λ.
Lemma 7.2 There is a deterministic algorithm that decides satis�abilityof a (� 3)-CNF formula over n variables in time O(

p
3

npoly(n)) =

O(1.733n).
λ 2 R, λ > 0. There is a randomized algorithm with running time

O(λ � 1.5n poly(n)) that either �nds a satisfying assignment of a (�3)-CNF formula over n variables, or concludes unsatis�ability with errorprobability at most e−λ.Both results will now be improved upon, and extended to arbitrary k � 3.
7.1 A Deterministic AlgorithmThe deterministic procedure searches from the two antipodal constant as-signments 7→ 0 and 7→ 1. What about choosing more starting points? Infact, that's what we did in the randomized procedure. We will now showthat we can choose them in a deterministic fashion. For that we switch tothe language of covering codes from Section 5.2.
7.1.1 Employing Covering CodesWe showed that for n 2 N and r 2 N0 there exists a code of length nof covering radius at most r with at most O

�
2(1−H(ρ))n poly(n)� elements(Lemma 5.9).1Recall Footnote 5 in Chapter 6.



144 CHAPTER 7. HAMMING BALLS AND K-SAT ALGORITHMSSo the bound looks promising and helpful, but it isn't satisfactory either,since the proof of the bound did not reveal a method for generating a goodcode in a deterministic fashion.Let us suppose we can for a moment. Then we choose some r, generate acode of covering radius r or smaller of the size given in Lemma 5.9, and usethe elements of the code as starting assignments for a search with radius
r|this takes kr time for a (� k)-CNF formula up to a polynomial factor.That is, altogether the time is (up to a polynomial factor)

2(1−H(ρ))nkρn = 2(1−H(ρ)+ρ log2 k)n .The �rst derivative of g(ρ) := 1−H(ρ) + ρ log2 k islog2 ρ+
1ln 2 − log2(1− ρ) −

1ln 2 + log2 k = log2 kρ

1− ρwhich is 0 for ρ = 1
k+1

, where g attains its minimum value for 0 < ρ < 1.
g

 
1

k+ 1

!
= 1+ 1

k+1
log2 1

k+1
+ k

k+1
log2 k

k+1
+ 1

k+1
log2 k

= 1+
�

1
k+1

+ k
k+1

� log2 1
k+1

+
�

k
k+1

+ 1
k+1

� log2 k
= 1+ log2 k

k + 1and 2g(1/(k+1))n =
�
2 k
k+1

�n
=
�
2− 2

k+1

�n. This is 1.5n for 3-SAT, 1.6n for
4-SAT, etc. Hence, it seems worthwhile to invest in eÆcient constructionsof such codes.
7.1.2 Constructing Covering CodesWe present two deterministic algorithms of varying time complexity andvarying guarantee concerning the size of the code.
Greedy Algorithm. Constructing a small covering code is a set coveringproblem: We want to cover the vertices {0, 1}n of the n-cube by few ballsof given radius r. The greedy algorithm successively chooses a next ballso that as many as possible yet uncovered vertices are covered. It is well



7.1. A DETERMINISTIC ALGORITHM 145known, that this gives a cover of size at most a factor (1 + ln 2n) = O(n)o� the size of the optimal cover.2In a na��ve implementation we associate with each vertex the numberof yet uncovered elements in the ball of radius r centered at this element.Each time we select a new vertex for the code, we can update these numbersin time O(22npoly(n)). There are at most 2n iterations, so the overall timeis O(23npoly(n)) (all of these are crude over-estimates, of course). We have
Lemma 7.3 n 2 N, ρ 2 R, 0 < ρ � 1

2
. A code of length n with coveringradius at most ρn and size O(2(1−H(ρ))n poly(n)) can be constructed intime O(23n poly(n)).

Splitting into Linear Size Blocks. Fix some d 2 N and let n be an integermultiple of d. First we construct a code C 0 of length n
d
via the proceduredescribed above. Then we let C := C 0d, that is the set of all possibleconcatenations of d (not necessarily distinct) elements in C 0. We havespent time O

��
23n/d + |C|� poly(n)� and the size of C is

O

��
2(1−H(ρ))n/d poly(n/d)�d� = O

�
2(1−H(ρ))n polyd(n)� ,where polyd indicates that the degree of the polynomial depends on d.Therefore, if 3/d � (1−H(ρ)), that is d � 3/(1−H(ρ)), then the timeneeded for the construction is the size of the code times a polynomial factor(with the degree depending on ρ).

Lemma 7.4 n 2 N, ρ 2 R, 0 < ρ � 1
2
. A code of length n with covering ra-dius at most ρn and of size O

�
2(1−H(ρ))n polyρ(n)� can be constructed intime and space O

�
2(1−H(ρ))n polyρ(n)�. (polyρ is a polynomial of degree

O
�

1
1−H(ρ)

�.)Procedure cov() represents the deterministic approach based on coveringcodes developed in this section (due to [Dantsin et al., 2002]) with the timecomplexity summarized in Theorem 7.5.2A result due to [Johnson, 1974] and [Lov�asz, 1975], see e.g. [Cormen et al., 1990, Sec-tion 37.3]. It states that if F � 2U, U some �nite ground set, then the greedy algorithmproduces a cover of U with sets in F of size at most (1+ lnmaxS2F |S|) times the size ofthe smallest such cover.
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F CNF formula.Postcondition:returns true if F issatis�able. And false,otherwise.

function cov(F)
k← maxC2F |C|; ρ← 1

k+1 ;

n← |vbl(F)|;C ← code of length n with cov. radius � ρn;

for all α 2 C do

if sb(F, α, bρnc) then return true;

return false;

Theorem 7.5 k, n 2 N. Satis�ability of a (� k)-CNF formula F over nvariables can be decided in time O
��
2− 2

k+1

�n polyk(n)�.Note 7.1 Further tailored improvements for (�3)-CNF formulas lead to a variantof sb() with running time O(2.848r poly(n)) which can be employed for a variantof cov() with running time O(1.481n). This bound for 3-SAT, and the bounds inTheorem 7.5 for k-SAT, k � 4, are the best known and have been established in[Dantsin et al., 2002]. Before that, the best bound known for 3-SAT, for example,was O(1.505n) from [Kullmann, 1999] following a series of improvements startingwith a bound of O(1.619n) by [Dantsin, 1981, Monien, Speckenmeyer, 1985].
Exercise 7.1 m 2 N. What is the covering radius of the code

{03m, 0m12m, 1m0m1m, 12m0m}of length n := 3m?
Exercise 7.2 n 2 N, r 2 N0. Show that there exists a code of length n ofcovering radius at most r with at most l (ln 2)n�2nvol(n,r) m elements. ( ln 2 �
0.6931...)
Exercise 7.3 r 2 N0, n 2 N, r � n. Show that if there is a code of size Mof length n with covering radius at most r, then there is a code of sizeat most M of length n with covering radius exactly r.
Exercise 7.4 (Challenge) Adapt sb() so that it runs for a (� 3)-CNFformula over n variables and radius argument r in O(crpoly(n)), forsome c < 3.
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7.2 A Randomized AlgorithmFor the next randomized procedure not only will we start our search for asatisfying assignment from random assignments, but we will also do thesearch itself in a randomized manner. Actually, we will take over therandom-
ip procedure from Section 3.2, with the exception that we willlet it run only for a limited number s of steps, see procedure rfb() (\ran-dom 
ip bounded").
F CNF formula, s 2 N0,
α return parameter.Postcondition:if true is returned then
α is an assign't onvbl(F) satisfying F.

function rfb(F, s, α)
α←random {0, 1}vbl(F);
if α satis�es F then return true;

while s > 0 do

C←some unsatis�edby α in F;

u←random C;
ip assignment for u in α;

if α satis�es F then return true;

s← s − 1;

return false;The idea is to repeatedly call procedure rfb() with appropriate s. Withclairvoyant foresight, let us use s := 3n, n := |vbl(F)|, as a choice forthe number of steps we are willing to patiently wait for success, beforewe repeat the search with a new random initial assignment, see proceduresch() (\Sch�oning's").In order to determine the expected number of iterations needed by sch()to �nd a satisfying assignment of a (� k)-CNF formula, we will have toanalyze the success probability of rfb() for a satis�able (�k)-CNF formula.
F CNF formula.Postcondition:returns assignment αon vbl(F) satisfying F,if it terminates.

function sch(F)
n← |vbl(F)|;
repeat

until rfb(F, 3n, α);
return α;



148 CHAPTER 7. HAMMING BALLS AND K-SAT ALGORITHMS
7.2.1 Random Walks RevisitedSimilarly to the situation with procedure rf() in Section 3.2 we consider asatis�able (�k)-CNF formula F and we �x some satisfying assignment α� onvbl(F). Let α be some assignment not satisfying F. If the value of a randomliteral in an unsatis�ed clause C is 
ipped in α, then with probability atleast3 1

|C|
� 1

k
the Hamming distance between α and α� decreases by 1.Note also that the initial random assignment will have Hamming dis-tance j from the �xed satisfying assignment with probability �

n
j

�
1
2n

for
0 � j � n, n := |vbl(F)|. That is, the Hamming distance between α and α�starts with the symmetric binomial distribution as just described, and thenin each step decreases by 1 with probability at least q := 1

k
or increases by

1 with probability at most 1− q = 1− 1
k
.We model now a Markov chain that will be pessimistic compared to rfb()in the sense that|via appropriate coupling|rfb() will �nd a satisfyingassignment with higher probability than the Markov chain will reach itsdesignated goal state 0.The state set of the Markov chain is {S}[N0, with transition probabilities

pS,j :=
�
n
j

�
1
2n
, for 0 � j � n,

pi,i+1 := 1− q, for i 2 N,
pi,i−1 := q, for i 2 N

p0,0 := 1, and
:= 0, otherwise.Note that this chain allows motion into states greater than n, while thisis not feasible for the Hamming distance between α and α�.For n 2 N and q 2 R, 0 < q < 1, �xed, we consider random variables Yand Xj, j 2 N0, so that� Y + 1 is the number of steps from S to the �rst encounter of 0, and� Xj is the number of steps from j to the �rst encounter of 0.Our goal is to lower estimate Pr (Y � 3n), since this will provide a lowerbound for the success probability of rfb(). A problem we face here is that3Since F is satis�able, C 6= 2.
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Figure 7.1: The \pessimistic" Markov chain for rfb().
for q � 1

2
the expectation of Y is in�nite, since|as we will see|there is apositive probability that Y =∞.Let us �rst evaluate our chances to reach 0 at all starting from somestate j 2 N0, and the expected number of steps until we reach 0, if we reachit at all.

Lemma 7.6 If q < 1
2
, then for all j 2 N,

Pr(Xj <∞) =

 
q

1− q

!j and E(Xj |Xj <∞) =
j

1− 2q
.

Proof. j = 0 is trivial, so let us assume j 2 N. According to the ballottheorem, cf. [Grimmett, Stirzaker, 1992], for i 2 N0, the number of walks(with step size one) of length 2i + j from j to 0 where the �rst encounter
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i

�
j

2i+j
. Hence,Pr (Xj <∞) =

∞∑

i=0

 
2i+ j

i

!
j

2i+ j
(1− q)

i
qi+j

= qj

∞∑

i=0

 
2i+ j

i

!
j

2i+ j
(q(1− q))

i

= qj (B2(q(1− q)))
j
, (7.1)for B2(z) the generalized Binomial series de�ned byB2(z) =

∑

i

 
2i+ 1

i

!
zi

2i+ 1
=

1−
p
1− 4z

2z
,for which

(B2(z))
r
=
∑

i

 
2i+ r

i

!
r

2i+ r
zi ,for all r 2 N, cf. [Graham et al., 1989, Section 5.4, page 293]. SoPr(Xj <∞) = qj

0@1−
q
1− 4q+ 4q2

2 (1− q)q

1Aj

= qj

 
1

1− q

!j

.For the expectation we getE(Xj|Xj <∞) =
1Pr (Xj <∞)

∞∑

i=0

(2i+ j)

 
2i+ j

i

!
j

2i+ j
(1− q)

i
qi+j

=
j qjPr (Xj <∞)

∞∑

i=0

 
2i+ j

i

!
(q(1− q))

i

=
j qj

qj (B2(q(1− q)))
j

(B2(q(1− q)))
jq

1− 4q(1− q)
see (7.1) and (7.2)

=
j

1− 2q4This is the same as the number of walks of length 2i + j− 1 from j to 1 which neverencounter 0. Without the latter restriction, this number is �2i+j−1
i

�, since we simply haveto choose when we make the i increasing steps. Now take such a walk that does encounter
0. Re
ect the walk after the �rst encounter of 0 in the sense that we make an increasingstep for a decreasing step in the original walk, and vice versa. In this way we get a walkfrom j to −1. In fact, we have described a bijection to such walks of length 2i + j − 1.That is, the number in question is �2i+j−1

i

�
−
�
2i+j−1
i−1

�
=
�
2i+j
i

�
j

2i+j
.
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rp

1− 4z
=
∑

i

 
2i+ r

i

!
zi , (7.2)for all r 2 N, cf. [Graham et al., 1989].

Lemma 7.7 If q < 1
2
, Pr(Y <∞) =

 
1

2(1− q)

!n

. (7.3)Proof. Pr (Y <∞) =

n∑

j=0

 
n

j

!
1

2n
Pr (Xj <∞)

=

n∑

j=0

 
n

j

!
1

2n

 
q

1− q

!j

=
1

2n

 
1+

q

1− q

!nwith the help of the Binomial Theorem ∑n
i=0

�
n
i

�
xiyn−i = (x+ y)n.

Lemma 7.8 If q < 1
2
, E(Y | Y <∞) =

qn

1− 2q
.Proof. We use use Pr (A|B) = Pr (A∧ B)/Pr (B) forE(Y |Y <∞) =

∞∑

i=0

i Pr(Y = i |Y <∞)

=
1Pr(Y <∞)

∞∑

i=0

i Pr (Y = i)(since (Y = i)∧ (Y <∞)⇔ (Y = i))
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=

1Pr (Y <∞)

∞∑

i=0

i

0@ n∑

j=0

 
n

j

!
1

2n
Pr (Xj = i)

1A
=

1

2n Pr (Y <∞)

n∑

j=0

 
n

j

! ∞∑

i=0

i Pr (Xj = i)

=
1

2n Pr (Y <∞)

n∑

j=0

 
n

j

!E(Xj |Xj <∞)Pr(Xj <∞)(since Pr (Xj = i) = Pr (Xj = i∧ Xj <∞)

= Pr (Xj = i |Xj <∞)Pr (Xj <∞))
= (1− q)n

n∑

j=0

 
n

j

!
j

1− 2q

 
q

1− q

!j(see Lemmas 7.7 and 7.6)
=

n(1− q)n

1− 2q

n∑

j=1

 
n− 1

j − 1

! 
q

1− q

!j

=
n(1− q)n

1− 2q

q

1− q

n∑

j=1

 
n− 1

j− 1

! 
q

1− q

!j−1

=
n(1− q)n

1− 2q

q

1− q

 
1+

q

1− q

!n−1

=
n(1− q)n

1− 2q

q

1− q

 
1

1− q

!n−1

=
nq

1− 2q
.Finally, we employ Markov's inequality to get an estimate for reaching 0fast.

Lemma 7.9 If q < 1
2
,Pr Y � λqn

1− 2q

!
>

 
1−

1

λ

! 
1

2(1− q)

!nfor λ � 1.



7.2. A RANDOMIZED ALGORITHM 153Proof. Write µ for E(Y |Y <∞). Observe thatPr (Y > λµ | Y <∞) <
1

λand Pr (Y � λµ) = Pr (Y � λµ | Y <∞) � Pr (Y <∞) ,since (Y � λµ ∧ Y <∞) ⇔ (Y � λµ).For q = 1
k
, k � 3, (i.e. q

1−2q
� 1)|thus returning to the parameters inthe motivating process|we getPr (Y � 3n) � Pr Y � 3qn

1− 2q

!
>

2

3

 
1

2

 
k

k− 1

!!n

.We skip the formal coupling argument for arguing that the success prob-ability of rfb() is indeed lower bounded by Pr (Y � 3n), see Section 3.2.Accepting this, we conclude that for 3-SAT we need an expected numberof at most 3
2

�
4
3

�n iterations. And the probability of not �nding a satisfyingassignment within 3λ
2

�
4
3

�n iterations is at most e−λ. Note that an iterationhere needs polynomial time only. We summarize.
Theorem 7.10 The expected time for sch() for �nding a satisfying assign-ment in a satis�able (� k)-CNF formula over n variables is at most
O(
�
2(k−1)

k

�n poly(n)).For λ 2 R
+ there is a Monte Carlo algorithm that needs time O(λ

�
2(k−1)

k

�n poly(n))for a (� k)-CNF formula over n variables. If it claims satis�ability,the answer is always correct. If it claims unsatis�ability, there is anerror probability of at most e−λ.Note 7.2 In order to avoid case distinctions, we ignored q � 1
2
(justi�ably, since

1
k < 1

2 for k � 3). The calculation simply would have to proceed with 2q − 1 forp
1 − 4q+ 4q2, whenever that expression occurs. Also some special care has to betaken for q = 1

2 , when E(Y |Y <∞) =∞ (although Pr (Y <∞) = 1).Note 7.3 The randomized algorithm of this section is due to [Sch�oning, 2002],an ingenious follow-up of Papadimitriou's algorithm from Section 3.2 (after all,it took roughly ten years for this to surface). Improvements to O(1.3302n), to
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O(1.32793n) and to O(1.324n) (best known) for 3-SAT have been developed by[Hofmeister et al., 2002], [Rolf, 2003], and [Iwama, Tamaki, 2003], respectively.The latter paper has also an improvement to O(1.474n) (best known) for 4-SAT. It combines the approaches of [Paturi et al., 1997] (with improvement in[Paturi et al., 1998]) and of [Sch�oning, 2002] (with improvements mentioned above).The best bounds for randomized algorithms for k-SAT, k > 4, can be foundin [Paturi et al., 1998].The deterministic algorithm from Section 7.1 is a derandomized o�spring ofSch�oning's randomized algorithm.



Chapter 7*

Derandomizing Schöning’s AlgorithmChapter by Dominik Scheder, with additions by Robin Moser.In Chapter 7 we have seen the deterministic algorithm cov() (page 110)deciding k-SAT in time O ��
2k
k+1

�n poly(n)� and the randomized algorithmsch() (page 111), Sch�oning's algorithm, which has an expected running timeof O ��
2(k−1)

k

�n poly(n)�. In this chapter, we will derandomize Sch�oning'salgorithm, i.e., give a deterministic algorithm with a running time that(almost) matches that of sch(). In Section 7*.1 we describe and analyzethat algorithm. In Section 7*.2 we give some hindsight why this approachworks while others do not.
7*.1 The AlgorithmWe restate algorithm sb() below and take a closer look at it. It runs intime O(krpoly(n)) and decides whether the Hamming ball Br(α) contains asatisfying assignment. We give a faster algorithm which solves a somewhatsimpler problem still good enough for our purposes.
Lemma 7*.1 There is a deterministic algorithm sb-fast that takes asinput an (� k)-CNF formula F, an assignment α on vbl(F), and anumber r 2 N0, runs in time (k− 1)r+o(n) , and� returns true if Bα(r) contains a satisfying assignment of F,� returns false if F is unsatis�able,155
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F CNF, α assign't,
r 2 N0.Precondition:
α total for F.Postcondition:returns true if there isan assign't satisfying Fat distance �r from α.And false, otherwise.

function sb(F, α, r)
if α satis�es F then return true;

elseif r = 0 then return false;

else

C←some in {D 2 F | α does not satisfy D};

for all u 2 C do

if sb(F[u 7→1], α, r − 1) then return true;

return false;and otherwise returns either true or false.Together with the covering code construction in Chapter 7, this yieldsthe main result of this chapter:
Theorem 7*.2 There is a deterministic algorithm deciding k-SAT in time�
2(k−1)

k

�n+o(n).For the rest of this chapter, we will prove Lemma 7*.1. We start witha de�nition and two basic observations.
Definition 7*.3 Let F be an (� k)-CNF formula and α be an assignmenton vbl(F). We say F is good with respect to α and k if every clause
C 2 F that is not satis�ed by α has at most k− 1 literals.
Observation 7*.4 If F is good with respect to α and k, and u is someliteral, then F[u 7→1] is also good with respect to α and k.
Observation 7*.5 If F is good with respect to α and k, then sb(F, α, r) runsin time O((k− 1)rpoly(n)).This observation implies that Lemma 7*.1 holds for good formulas.What do we do if F is not good, i.e., if F contains unsatis�ed clauses ofsize k? Collect greedily a maximal set G = {C1, . . . , Cm} � F of pairwisedisjoint clauses that are unsatis�ed by α.
Observation 7*.6 Let β be an assignment on vbl(G). Then F[β] is goodwith respect to α and k.
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Exercise 7*.1 Prove Observation 7*.4, 7*.5, and 7*.6.Our algorithm sb-fast considers two cases. First, if m � logk log2 n, ititerates over all 2k|G| assignments β on vbl(G) and calls sb(F[β], α, r). Sinceeach of the formulas F[β] is good, this takes time at most

2km(k− 1)rpoly(n) � (k− 1)rpoly(n) .Otherwise, if m > logk log2 n, set t = blogk log2 nc and G 0 = {C1, . . . , Ct}.At this point we have to take a little detour.
k-ary Covering CodesThe set {1, . . . , k}t is endowed with a Hamming distance, just as the Ham-ming cube is: For w,w 0 2 {1, . . . , k}t, we de�ne

dH(w,w 0) := |{i 2 {1, . . . , t} | wi 6= w 0
i}|.A k-ary Hamming ball around w of radius s is the set

B(k)
s (w) := {w 0 2 {1, . . . , k}t | dH(w,w 0) � s} .The number of elements in such a ball is independent of w. We de�ne andobserve vol(k)(t, s) := |B(k)

s (w)| =

s∑

i=0

 
t

i

!
(k− 1)i .The equation is easy to see: There are �t

i

� ways to choose i positions onwhich w 0 is supposed to di�er from w. On each such position, we have
k − 1 ways to choose w 0

i. We can and also must de�ne covering codes. Aset C � {1, . . . , k}t is called a k-ary code of length t and covering radius s if[
w2C B(k)

s (w) = {1, . . . , k}tand s is the smallest integer with this property.
Lemma 7*.7 Let t, k 2 N and s 2 N0. There exists a k-ary code of length
t and covering radius s with at most&

t ln(k)ktvol(k)(t, s)'elements.



158 CHAPTER 7*. DERANDOMIZING SCH�ONING'S ALGORITHMThe proof is almost identical to the proof of Lemma 5.9 on page 91 ofthe lecture notes. Observe that for our choice t = dlogk log2 ne it holdsthat |{1, . . . , k}t| = kt � log2 n, thus there are at most 2log2 n = n subsetsC � {1, . . . , k}t. By iterating through all of them, we can easily �nd a small-est code of covering radius s.Consider our set G 0 = {C1, . . . , Ct} of unsatis�ed, pairwise disjoint clauses.Any satisfying assignment α� of F must satisfy at least one literal in each
Ci 2 G 0. Since they are pairwise disjoint, this implies dH(α, α

�) � t. Thereare exactly kt assignments that satisfy G 0 and have distance exactly t from
α. Each such assignment can be represented by a w 2 {1, . . . , k}t in theobvious way. To be more precise, for w 2 {1, . . . , k}t we de�ne α[G 0, w] tobe the assignment which we obtain from α by 
ipping the wi

th literal in
Ci, for 1 � i � t. For this, we need to de�ne some arbitrary but �xed orderon the literals in each Ci. If G 0 is understood from the context, we write
α[w] instead of α[G 0, w].

Example. ConsiderG 0 = {{x1, y1, z1}, {x2, y2, z2}, {x3, y3, z3}}, α = (0, . . . , 0)and t = 3. Let w = (2, 3, 3). Then α[w] is the assignment that sets y1, z2,and z3 to 1 and all other variables to 0.
Observation 7*.8 We observe the following facts about α[w]:� dH(α, α[w]) = t for every w 2 {1, . . . , k}t.� If α� satis�es F, then there is some w� 2 {1, . . . , k}t such that

dH(α[w
�], α�) = dH(α, α

�) − t.� Let w,w 0 2 {1, . . . , k}t. Then dH(α[w], α[w 0]) = 2dH(w,w 0).
Lemma 7*.9 Let t and G 0 be de�ned as above, and let C � {1, . . . , k}t bea k-ary code of covering radius s. If α� is a satisfying assignment of
F, then there is some w 2 C such that dH(α[w], α�) � dH(α, α

�) − t+ 2s.In particular, if Br(α) contains a satisfying assignment, then there issome w 2 C such that Br−t+2s(α[w]) contains it, too.
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Figure 7*.1: Illustration of Lemma 7*.9. The distance from α[w] to α� isat most the distance from α[w�] to α� plus 2s.Proof of Lemma 7*.9. By Observation 7*.8, there is some w� 2
{1, . . . , k}t such that dH(α[w

�], α�) = dH(α, α
�) − t � r − t. Since C hascovering radius s, there is some w 2 C such that dH(w,w�) � s, and byObservation 7*.8, dH(α[w], α[w�]) � 2s. The lemma now follows from thetriangle inequality. The proof is illustrated in Figure 7*.1.Below we state sb-fast formally. We compute an optimal k-ary codeC of length t and covering radius s = t/k.

F an (� k)-CNF, αassign't, r 2 N0, C a
k-ary code.Precondition:
α total for F, C hascovering radius atmost t/k.Postcondition:returns true if Bα(r)contains a satisfyingassignment of F, falseif F is unsatis�able,else returns either trueor false.

function sb-fast(F, α, r, C)
if α satis�es F then return true;

elseif r = 0 then return false;

else

G← a maximal set of pairwise disjoint
k-clauses of F unsatis�ed by α;

if |G| � t := dlogk log2 ne then
return

_
β2{0,1}vbl(G)

sb(F[β], α, r);
else

G 0 ← the �rst t clauses of G
return

_
w2C sb-fast(F, α[G 0,w], r − t+ 2t/k, C);



160 CHAPTER 7*. DERANDOMIZING SCH�ONING'S ALGORITHMCorrectness of sb-fast follows from the above discussion: If there issome α� 2 Br(α) that satis�es F, then for at least one w 2 C it holdsthat dH(α[w], α�) � r − t + 2t/k, thus the corresponding recursive call to
sb-fast will be successful.What about the running time? If |G| � t, then every call to sb(F[β], α, r)runs in time O ((k− 1)rpoly(n)). Otherwise, the procedure sb-fast callsitself recursively for each w 2 C. Thus, every level further into the recur-sion, the parameter r decreases by t− 2t/k. The running time is therefore

|C|r/(t−2t/k)poly(n) .To compute this, we have to estimate the size of C. Recall that s = t/k.
|C| � kt poly(t)vol(k)(t, s) � kt poly(t)�

t
s

�
(k− 1)s� kt poly(t)�

t
s

�s �
t

t−s

�t−s
(k− 1)s

=
kt poly(t)

ks
�

k
k−1

�t−s
(k− 1)s

= (k− 1)t−2s poly(t) .Note that we have used the convenient approximation 
t

s

! � 2tH( s
t
) = 2t(−

s
t
log s

t
− t−s

t
log t−s

t ) =

�
t

s

�s � t

t− s

�t−s

.Therefore,
|C|r/(t−2t/k)| � �

(k− 1)t−2s poly(t)�r/(t−2s)
= (k − 1)r poly(t)r/(t−2s) .Since t is a growing function in n, the term poly(t)1/(t−2s) converges to 1as n grows, and the running time is at most (k − 1)r+o(n). This completesthe proof of Lemma 7*.1.

7*.2 Hindsight: Why and How?At this point, we want to give some intuition on why sb-fast() is fasterthan sb() and why it took so long for sb-fast() to be discovered.
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An Easier Problem?The �rst reason is that sb-fast() solves a simpler problem than sb(): Wede�ne the problem Ball-k-SAT:

Ball-k-SAT: Given an (� k)-CNF formula F over n variables,a truth assignment α to these variables, and a natural number
r. Decide whether Br(α) contains a satisfying assignment.The function sb() solves Ball-k-SAT in timeO(krpoly(n)). Some minutesof thought reveal that sb-fast() does not decide Ball-k-SAT.

Exercise 7*.2 Explain why sb-fast() does not solve Ball-k-SAT. Whathas to happen for it to return a wrong answer?What is the exact problem that sb-fast() solves, if it is not Ball-k-SAT?Well, it turns out to be a promise version thereof:
Promise-Ball-k-SAT: Given an (� k)-CNF formula F, an as-signment α, and a radius r, Promise-Ball-k-SAT is the prob-lem of distinguishing between the case that Br(α) contains asatisfying assignment for F and the case that F is unsatis�able.In this context, distinguishing means the following: If Br(α) contains asatisfying assignment for F, the algorithm must return true. If F is unsatis-�able, it must return false. Otherwise, i.e., if F is satis�able, but not within

Br(α), the answer is arbitrary.
Exercise 7*.3 Give a good argument why Ball-k-SAT is in general morediÆcult than Promise-Ball-k-SAT.Hint: Consider the case k = 2.
Allowing MistakesIn Chapter 7 we analyzed rfb() (the random walk algorithm on page 111),by �xing some satisfying assignment α� and modelling the evolution of
dH(α, α

�) as a Markov chain. At any given step of rfb() let us say that itmakes a mistake if this distance increases by 1.



162 CHAPTER 7*. DERANDOMIZING SCH�ONING'S ALGORITHMThe probability that rfb() is successful is at least Ω ((k− 1)−r) where
r is the initial distance dH(α, α

�). However, if we insist on rfb() beingsuccessful without making any mistakes, this probability drops to k−r:In the worst case, there is exactly one correct choice in each step! It ismuch more realistic to reach the goal after having made (and corrected)some mistakes on the way than to reach the goal without any mistakes(that's a lesson for life). Note that sb-fast() allows mistakes: It performs
t correction steps at once, and within this window, it tolerates up to t/kmistakes.
Correction StringsImagine rfb() (the random walk algorithm on page 111) being called withan additional parameter: rfb(F, t, α,w), where t is the number of correc-tions steps to be made, and w 2 {1, . . . , k}t is a correction string tellingthe algorithm which corrections to make. That is, if wi = j, then in the
ith step, the algorithm 
ips the assignment of the jth literal in C. Clearly,if w 2 {1, . . . , }t is sampled uniformly at random, this is the same as theoriginal rfb(F, t, α). The function rfb(F, t, α) is called with t = 3n, thus
{1, . . . , k}3n is the space of all possible correction strings. Why can we notsimply compute a covering code for this space?Imagine two iterations j1 < j2 of the loop in rfb(). In step j1 the algo-rithm selects an unsatis�ed clause Ci, and in step j2 it selects Cj. Whichclause Cj it picks may depend on the random choice it made at step j1.Therefore, what it means for a correction string to be correct at its j2

thposition depends on its j1
th position. Therefore, two correction stringsmight have Hamming distance 1, but still it is possible that the �rst stringis correct in every position and the second is wrong everywhere. Thisrenders useless the whole machinery of covering codes.Note that the picture becomes less bleak if there are disjoint unsatis-�ed clauses C1, . . . , Ct and our correction string tells us only what to doon those clauses: Which literal of Cj is the \correct one" does in fact notdepend on which literal the algorithm 
ipped in clause Ci. Therefore, inthis scenario the covering code machinery works, and this is exactly whatwe exploit in sb-fast.



7*.2. HINDSIGHT: WHY AND HOW? 163
Taking a Closer Look: Typical ExecutionsIn order to enable the reader to retrace the thinking steps that lead to thediscovery of the three key ideas we have just sketched, let us dive somewhatdeeper into the analysis of the randomized version of Sch�oning's algorithm.Place yourself in the position of someone who has just studied Sch�oningand is trying to derandomize it properly.For the analysis of the randomized variant in Chapter 7, we have coupledthe algorithm to the execution of a Markov Chain Mn = {Di}i�0 with aninitial starting state D0 ∼ Bin(n, 1

2
) (that is the distance of the randomlychosen starting assignment from α�) and such that1 for i � 1,

Di =

{
Di−1 − 1 with probability 1

k

Di+1 + 1 with probability k−1
k

,where these steps correspond to the 
ips of literals in violated clauses whichcan either be good and take you closer to α� or bad and take you furtheraway. We have then determined that for the probability for this process toreach state 0 within the �rst 3n steps, we havePr (9i � 3n : Di = 0) �  
k

2(k− 1)

!n � 1poly(n) .However, to reach this performance, we use lots of random bits in everyrun of the algorithm: �rst n random bits to select the assignment to startfrom, then another log k random bits for choosing the literal to 
ip in eachstep. If we make at most 3n steps, this yields a total of n+3n logk randombits that are being used and there are thus 2n � k3n possibilities to selectthose. For a trivial derandomization, we can just explore all possibilitiesof selecting the random bits yielding a very slow algorithm. On the otherhand, the probabilistic analysis has demonstrated that not just a single,but a good portion of these possibilities lead to the zero state. We are thusin the situation that we have lots of possibilities to explore, many of whichare good. What we are looking for is a hitting set for the good runs ofthe algorithm, that is a smaller set of random inputs, small enough for us1for this section, assume that the Markov Chain Mn is also extended to the left, intothe negative numbers. This does not have an impact on the coupling or any statementswe have made earlier.



164 CHAPTER 7*. DERANDOMIZING SCH�ONING'S ALGORITHMto cycle through all members, for which we have a guarantee that one ofits members leads to a success. In order to identify such a hitting set, weset out by asking ourselves whether really all ways of reaching the solutionare relevant, or whether restricting to 'typical successful runs' of Sch�oningalready yields a good success probability.Let E be any event determined by the random experiment of executingMarkov Chain Mn. We say that E is typical for Sch�oning ifPr (E∧ (9i � 3n : Di = 0)) �  
k

2(k− 1)

!n+o(n)

,i.e. intuitively if (in our de�nition of 'success') requiring E to occur inaddition to just reaching state zero lowers the success probability only bya negligible amount. Note that for such an asymptotic statement to makesense, E = E(n) must represent a whole sequence of events, one for every
n, but we will omit the index for simplicity.Here are two basic observations.
Observation 7*.10 If E1 [E2 [E3 [ ...[Er for some suitably small r = 2o(n)is a cover of the probability space, i.e. ifPr(E1 [ E2 [ E3 [ ... [ Er) = 1,then there exists i such that Ei is typical for Sch�oning.This is a trivial consequence of a probabilistic pigeonhole principle:if there are only 2o(n) events covering the probability space, then one ofthem must intersect with at least 2−o(n) fraction of the event that Sch�oningsucceeds. Note that in this observation, again, all Ej = Ej(n) and i =

i(n) are sequences depending on n such that we can make the necessaryasymptotic statement, but we leave out the indices.
Observation 7*.11 If E is an event which is typical for Sch�oning and
E1 [ E2 [ E3 [ ... [ Er = E for some r = 2o(n) form a cover of that event,then there exists i sucht that Ei is typical for Sch�oning.



7*.2. HINDSIGHT: WHY AND HOW? 165This follows immediately by the same pigeonhole argument, togetherwith noting that 2−o(n) � 2−o(n) = 2−o(n).Let us make a �rst example for such a typical event. We want to �ndout what is a typical distance D0 of the initial assignment from α�. For i =
0, 1, . . . , n, let Ei be the event that D0 = i, i.e. that the initial assignment
α0 has distance exactly i from α�. Observation 7*.10 immediately yieldsthat one of these events must by typical. We claim that En/k is typical forSch�oning, i.e. that in a typical successful run, α0 has distance n/k from α�.To see this, recall that in the probabilistic analysis, we have proved thatwhen starting from initial state j, the probability that we reach the statezero within 3n steps is at least (k − 1)−j+o(n), hence for the total successprobability we getPr�En

k
∧ (9i � 3n : Di = 0)

�
=

�
n

n/k

�
2n

� (k − 1)
−n

k
+o(n)

.Using Lemma 5.6, we obtain that this is� 2n�H( 1
k
)+o(n)

2n
� (k − 1)

−n
k
+o(n)

=

=

0@2 �  1
k

! 1
k
 
k − 1

k

!k−1
k

(k− 1)
1
k

1A−n+o(n)

=

=

 
2(k − 1)

k

!−n+o(n)

,as claimed. So it is typical that D0 = n/k, this means that we can for-get about all the runs of the algorithm which start anywhere else than atdistance n/k from α�. The conclusion is that in a deterministic variant,we should use a (covering) code which is small enough to cycle through allcodewords, still guaranteeing that one assignment from the code is at therequired distance (or even closer).Let us conduct a similar study of the number of steps being made.Consider the cover En/k =
S

0�i,j�3n,i−j=n/k Hi,j, where Hi,j is the event that
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En/k occurs and within the �rst i+ j steps, i steps go to the left and j stepsgo to the right in Mn. Since En/k itself is typical, using Observation 7*.11,at least one of the Hi,j with 0 � i, j � 3n, i − j = n/k is typical. Weclaim that Hi0,j0 is typical for example if i0 = k−1

k(k−2)
� n and j0 =

1
k(k−2)

� n,i.e. that in a typical successful run of Sch�oning, we are making exactly i0'good' 
ips which take us closer to α� and exactly j0 'bad' 
ips which takeus further away. To see this, we again directly compute the probability of
Hi0,j0 ∧ (9i � 3n : Di = 0). A beautiful thing to note here is that Hi0,j0implies success of the algorithm because then, Di+j =

n
k
− i0+ j0 = 0 where

i + j � 3n. So it suÆces to calculate the probability of Hi0,j0 alone. Forthis we obtainPr (Hi0,j0) = Pr�En/k ∧ (i0 
ips to the left)∧ (j0 
ips to the right)� =
=

�
n

n/k

�
2n

�  i0 + j0

i0

! �  1
k

!i0
 
k − 1

k

!j0

.Noting that i0 + j0 =
n

k−2
and using Lemma 5.6 again, this yieldsPr (Hi0,j0) =

2nH( 1
k
)+o(n)

2n
� 2 n

k−2
H( 1

k
)+o(n) �  1

k

! k−1
k(k−2)

 
k− 1

k

! 1
k(k−2)

=

=

0@2 1
k

! 1
k
+ 1

k(k−2)
 
k − 1

k

!k−1
k

+ k−1
k(k−2)

 
1

k

! k−1
k(k−2)

 
k − 1

k

! 1
k(k−2)

1A−n+o(n)

=

=

 
2
k− 1

k

!−n+o(n)

.Not only have we proved this way that Hi0,j0 is typical; since Hi0,j0 impliessuccess of the algorithm, the last line is also a complete (!) proof for thesuccess probability of Sch�oning's algorithm, so as long as you are happywith losing the small o(n) factor in the exponent, you can supplant theentire calculation in Chapter 7 with these two lines. This shows that ina typical successful run of Sch�oning, the initial assignment has distance
n
k
from α� and then the algorithm makes exactly n

k−2
steps, out of which

1
k
-fraction goes to the right and the rest goes to the left. Even if we con-sider all runs of the algorithm not having these characteristics 'failures',



7*.2. HINDSIGHT: WHY AND HOW? 167the success probability stays the same for the relevant part.For a last example, let t 2 ω(1)\ o(n) be any slowly growing function.Within Hi0,j0 , consider the set of events {Ei1,i2,...,it }0�i1,i2,...,it�t, where we splitthe �rst N := n
k−2

steps which Mn carries out into N/t phases of t stepseach and Ei1,i2,...,it denote the event that for all 1 � j � N/t, there areexactly ij steps in phase j which go to the left and t − ij steps in phase jwhich go to the right. Then, since the total number of events in the setis tN/t which is 2o(n), Observation 7*.11 tells us that there exist i1, . . . , itsuch that Ei1,...,it is typical. And in fact, using the very same argument asin the previous example phase by phase, we can easily prove that Ei1,...,it istypical if ij = k−1
k
t for all j.That is: in a typical successful run of Sch�oning,� α0 has distance n

k
from α�� the algorithm makes a total of N := n

k−2

ips� if we group the 
ips into N/t phases of t 
ips each, then in each suchphase, we go t

k
steps to the right and (k−1)t

k
steps go to the left, �nallyarriving at state zero.Now that you understand which are the relevant executions of Sch�oning'salgorithm, you know what you must look for in a deterministic variant:�nd (using a covering code) a starting assignment at distance at most n

k
,then for some slowly growing function t, make phases of t 
ips each andin each phase, make sure (using a covering code for the 
ips) that youdecrease your distance from α� by at least k−2

k
t. Once you also realise thatfor applying covering codes to 
ips you must make sure that the t 
ips inone phase are independent from one another, you have all the inspirationnecessary and the rest is a matter of transpiration.



168 CHAPTER 7*. DERANDOMIZING SCH�ONING'S ALGORITHMNote 7*.1 The algorithm cov() has discovered by Dantsin, Goerdt, Hirsch,Kannan, Kleinberg, Papadimitriou, Raghavan and Sch�oning [DGH+02]. Sincethen, several papers have improved cov(), mainly focusing on 3-SAT. The run-ning time has been improved to O(1.481n) by Dantsin et al. [DGH+02], O(1.473n)by Brueggemann and Kern [BK04], O(1.465n) by Scheder [Sch08], O(1.439n) byScheder and Kutzkov [KS10]. The algorithm presented in this chapter is due toMoser and Scheder [MS10]
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Chapter 8

The PPSZ AlgorithmChapter by Timon Hertli, Robin Moser and Dominik Scheder.In this chapter we present an improvement of the ppz algorithm. As ppzis called after its inventors, Paturi, Pudl�ak and Zane [PPZ99], the improvedversion, ppsz, is called after Paturi, Pudl�ak, Saks, and Zane [PPSZ05]. Theidea behind the improvement is very beautiful and simple, the analysis how-ever becomes quite involved (though still beautiful).The basic idea of the ppz-algorithm is very simple: Given a CNF for-mula F, choose a random variable x 2 vbl(F). If {x} 2 F or {�x} 2 F, set x theobvious way. Otherwise, set x randomly. Then iterate. Here is a simpleidea for an improvement.Instead of checking whether {x} 2 F or {�x} 2 F, check whether x or �xcan be derived from F in some way. Of course, checking this is again NP-complete and no big help. However, we can check whether x or �x followsfrom F in some simple, polynomial-time checkable way. Indeed, {x} being aunit clause in F is probably the simplest way of x following from F.
Definition 8.1 Let F be a CNF formula, let D 2 N0, and let u be a literal.We say that F implies u, in writing F |= u, if any assignment α satis-fying F also satis�es u. We say F D-implies u, in writing F |=D u, ifthere is some G � F with |G| � D having G |= u.For a variable x, we say F implies x, if either F |= x or F |= �x. We171



172 CHAPTER 8. THE PPSZ ALGORITHMsay F D-implies x, if either F |=D x of F |=D �x.In this terminology, in the ppz-algorithm we check whether x is 1-implied in F. The ppsz-algorithm applies an obvious improvement: Checkwhether x is D-implied for some (large) constant D. This can be donein polynomial time. To state the ppsz-algorithm formally, we think of itchoosing a random permutation π of vbl(F) and an assignment β 2 {0, 1}nin advance and then processing the variables according to π and assigningthem values according to β, unless they turn out to be D-implied.
F a (� 3)-CNFformula over variables
V , α0 a partialassignment overvariables from Vwhose values we wantto �x in advance (bydefault an emptyassignment), D 2 N0.Postcondition:returns a satisfyingassignment or
failure

function ppsz(F, V, α0,D)

π← a permutation of V \ dom(α0) chosen u.a.r.;
β← an assignment from {0, 1}V\dom(α0) chosen u.a.r.;
return ppsz(F, V, α0, π, β,D);

Note that in these algorithms, there is an additional parameter α0 thatrepresents a partial assignment over V allowing us to previously �x thevalues of certain variables. You might ask yourself what this parameter isgood for as we will start the algorithm with α0 = ; under normal circum-stances. Once we go towards the end of the chapter, we will however seethat the additional parameter gets very useful for the analysis. For this rea-son, we carry the parameter through the whole chapter even if right now,you can think of it as being an empty assignment. To simplify notation,let us write U(α0) := V \ dom(α0) as well as n(α0) := |U(α0)|. Moreover,if α is a total assignment and α0 a partial assignment, let us say that α0and α are incompatible if 9x 2 V : {α(x), α0(x)} = {0, 1}, and compatible,otherwise.
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F a (� 3)-CNFformula over V , α0 apartial assignmentover V ,
π = (x1, x2, . . . , xj), apermutation of
V \ dom(α0),
β 2 {0, 1}n, D 2 N0.Postcondition:returns a satisfyingassignment or
failure

function ppsz(F, V, α0,D, π, β)

α← α0;

for i← 1 to |π| do

if F[α] |=D xi then α(xi)← 1;

elseif F[α] |=D �xi then α(xi)← 0;

else α(xi)← β(xi);

if α satis�es F then return α;

else return failure;When does this algorithm succeed in �nding a satisfying assignment?To understand this, we need the concept of forced and guessed variables.
Definition 8.2 Let F be a CNF formula over n variables, α 2 {0, 1}n asatisfying assignment, π = (x1, . . . , xn(α0)) a permutation of U(α0), and
D � 0. A variable xi is called forced (with respect to F, α0, α, π, and D)if F[α0[{x1 7→α(x1),...,xi−1 7→α(xi−1)}] D-implies xi or �xi. Otherwise the variableis called guessed. We denote the set of forced (guessed) variables within
U(α0) by Forced(F, α0, α, π,D) (Guessed(F, α0, α, π,D)).Observe the following.
Observation 8.3 Let F be a CNF formula and α be a satisfying assignmentcompatible with α0. Then ppsz(F, α0, π, β,D) returns α if and only if
α(x) = β(x) for all x 2 Guessed(F, α0, α, π,D).
8.1 Having a Unique Satisfying AssignmentIn this section we analyze the special case that F has a unique satisfyingassignment α. This case is easier to analyze and at the same time we canintroduce all the concepts we will need for the general case. For the en-tire chapter moreover, we restrict ourselves to (� 3)-CNF formulas. Thecase for k > 3 is totally analogous throughout the chapter, just some cal-culations of integrals later in the chapter become more complicated andwe want to spare the reader this distraction. So for now, let F be a �xed
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(� 3)-CNF formula having a unique satisfying assignment.By the above observation, ppsz returns α if and only if β agrees with αon all variables from Guessed(F, α0, α, π,D). This set is a random object,since it depends on π, which is a random permutation. We can writePr

β,π
[ppsz returns α] = Eπ

h
2−|Guessed(F,α0,α,π,D)|

iThis expression is rather diÆcult to work with. It would be easier tobound E [|Guessed(F, α0, α, π,D)|], for example. Luckily, we have Jensen'sinequality, which in this case states that for a random variable X, it holdsthat
E
h
2−X

i � 2−E[X] ,since the function x 7→ 2−x is a convex function. With this, we obtainPr
β,π

[ppsz returns α] � 2−Eπ[|Guessed(F,α0,α,π,D)|] (8.1)The right-hand side here is a much nicer expression, since by linearity ofexpectation, we have
Eπ [|Guessed(F, α0, α, π,D)|] =

∑

x2U(α0)

Pr[x 2 Guessed(F, α0, α, π,D)] . (8.2)And these probabilities we will be able to bound, although it will be quitesome e�ort to do this.
Exercise 8.1 (Re-)Analyze the PPZ algorithm for the uniquely satis�ablecase using the terminology we have introduced so far and the equationsand inequalities just stated.
Exercise 8.2 Consider the 3-SAT formula F∼n over variables {x1, x2, . . . , xn}de�ned as follows: F∼n contains all 7 clauses over {x1, x2, x3} containingat least one positive literal as well as all clauses {�xi−2, �xi−1, xi} for 4 �
i � n. Prove that PPZ needs (expected) exponential time to solve thisformula and that on the other hand PPSZ for D = log2 n solves theformula in (expected) subexponential time.Hint: You may want to use a Cherno� Bound at some point.
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8.1.1 Building Critical Clause TreesFix some x 2 U(α0). We will now bound Pr[x 2 Guessed(F, α0, α, π,D)]from above. Please remember that we are still in the case of a uniquelysatis�able formula F, so there is exactly one α 2 satV(F).We now construct a collection of binary trees {Tx}x2U(α0), each one calleda critical clause tree of x, which in some way represents the multiple ways
x can become D-implied during a run of the ppsz algorithm.

Tx is a rooted binary tree (where every node has at most two children)where every node u 2 V(T) is labelled both with a variable x 2 V, which wedenote by var-label(u), and with a clause C 2 F, denoted by clause-label(u).Even though there is some choice in how these trees are built, we makesuch choices arbitrarily once and for all and then consider the collection
{Tx}x2U(α0) to be �xed for the remainder of the section. Here is how Tx isbuilt for a �xed x 2 U(α0):1. Start with Tx consisting of a single root. This root has variable label

x, and does not have a clause label yet.2. As long as there is a leaf u 2 V(T) that does not yet have a clauselabel, do the following:(a) De�ne W := {var-label(v) | v 2 V(T) is an ancestor of u in T },where ancestor includes u itself and the root.(b) De�ne the assignment β as
β : vbl(F)→ {0, 1}, z 7→ { 1− α(z) if z 2W,

α(z) otherwise.(c) Let C 2 F be a clause not satis�ed by β. Since β 6= α and αis the unique satisfying assignment, such a clause exists. Setclause-label(u) := C.(d) For each literal w 2 C which has α(w) = 0, create a new leaf,label it with the variable underlying w, and attach it to u as achild. The new leaf does not yet have a clause label.
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xFigure 8.1: Consider the formula F = {{x, �y, �z}, {x, �v, �w}, {x, y, v}, {x, z, �a}, . . . } andthe unique satisfying assignment α = (1, 1, . . . , 1). We begin the construction of

Tx with a tree consisting of a root. It is labeled with x, but does not yet have aclause label. We consider the assignment α[x 7→ 0] and observe that this leaves
{x, �y, �z} unsatis�ed. We attach two new leaves to the root, labeled with y and z,respectively.

y z

x

{x, ȳ, z̄}

Figure 8.2: We take the leaf labeled with z. The assignment α[x, z 7→ 0] leavesthe clause {x, z, �a} unsatis�ed. Thus, we attach one new child to z and label itwith a.
a

y z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.3: We take the leaf labeled with y. The assignment α[x, y 7→ 0] leavesthe clause {x, �v, �w} unsatis�ed. Thus, we attach two new children to y.
av w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.4: We pick the leftmost leaf. The assignment α[x, y, v 7→ 0] leaves theclause {x, y, v} unsatis�ed. We do not attach further leaves here.
av

{x, y, v}

w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.5: The tree now has 6 nodes. Two leaves are still do not have a clauselabel, thus the process is not �nished yet.



8.1. HAVING A UNIQUE SATISFYING ASSIGNMENT 177See Figures 8.1{ 8.5 for the illustration of an example.We denote the resulting tree by Tx. Note that every clause in F has atmost two literals violated by α, and thus in step (d) we append at most twochildren. Suppose v is an ancestor of u and var-label(v) = y. Since β(y) 6=
α(y), there is no α-violated literal over y contained in clause-label(u).Therefore,
Observation 8.4 In Tx, no node has the same var-label as one of its an-cestors.This also implies that the height of the tree cannot exceed n − 1, thusthe process terminates, making Tx well-de�ned.
8.1.2 Placements, Critical Clause Trees and Forced VariablesWe now establish a connection between critical clause trees and forced vari-ables useful for estimating the probability with which a variable is forced.To simplify the calculations that await us, we introduce the notionof placements. A placement of the variables in U(α0) is a function π :

U(α0) → [0, 1]. It is not coincidental that we overload the letter π withthis object: from now on, we do not think about π as a permutation any-more, but rather as a placement, which is roughly the same. If the values
π(x) are chosen independently and uniformly at random from [0, 1] for each
x 2 U(α0), then with probability 1, π is injective, and by sorting the values
π(x) we obtain a uniformly distributed permutation of U(α0).Let γ 2 [0, 1] and Tx be the critical clause tree of some �xed variable.We call a node u 2 Tx reachable at time γ w.r.t. π if there exists apath root = v0, v1, . . . , vm = u in Tx such that π(var-label(vi)) � γ for all
1 � i � m. Let us denote by Reachable(Tx, γ, π) the set of all nodes in Treachable at time γ w.r.t. π.
Lemma 8.5 If we have |Reachable(Tx, π(x), π)| � D, then it holds as wellthat x 2 Forced(F, α0, α, π,D).Proof . Let α 0 be the restriction of α to the variables y 2 U(α0) with
π(y) < π(x). By de�nition, x is forced if there is a formula F 0 � F[α0[α 0]



178 CHAPTER 8. THE PPSZ ALGORITHMwith |F 0| � D that implies x. Let G := clause-label(Reachable(Tx, π(x), π)),i.e., the subformula of F consisting of all clause labels of reachable nodes in
Tx. Clearly |G| � D. We claim that G[α0[α 0] implies x.Suppose, for the sake of contradiction, that G[α0[α 0] 6|= x. Then wecan �x an assignment β : V → {0, 1} which is compatible with α0 [ α 0,which has β(x) 6= α(x) and which satis�es G. Choose a maximal path in Txstarting at the root and containing only nodes v such that β(var-label(v)) 6=
α(var-label(v)). Since β(x) 6= α(x), this path is non-empty. Let u be itsendpoint. The node u is reachable as β is compatible with α on all variablesranking before x in π . All children of u are labeled with some variable zfor which β(z) = α(z), and all ancestors with some variable y for which
β(y) 6= α(y). One checks that by the de�nition of Tx, clause-label(u) isunsatis�ed by β, a contradiction.The lemma tells us how to proceed with bounding the probability that avariable is forced. Namely, it follows immediately that over uniform choiceof π, we havePr[x 2 Forced(F, α0, α, π,D)] � Pr[|Reachable(Tx, π(x), π)| � D]. (8.3)This reduces the problem to a probabilistic calculation on binary trees:what is the probability that when sorting the nodes of a �xed binary treeaccording to a random permutation (caveat: some nodes have the samelabel and are prescribed to get assigned the same rank) and deleting allnodes which rank after the root, there will be at most D nodes reachable?The answer is nontrivial unfortunately, and we will have to devote the wholeof Section 8.2 to this problem. There, we will establish the following.De�ne

S :=
1

2
−

∫ 1
2

0

p2

(1− p)2
dp = 2 ln 2− 1 � 0.3863.

Theorem 8.6 For any ε > 0 there exists a Dε 2 N depending only on
ε such that the following holds. Let X1, X2, . . . Xr 2 [0, 1] be real ran-dom variables distributed uniformly and mutually independently. Let
T be any �nite binary tree and σ : V(T) → {1 . . . r} a labelling of thenodes of T such that on each path from the root to a leaf of T , σ isinjective. Consider the experiment of drawing X1, X2, . . . , Xr accordingto their distribution and then deleting all nodes u from T (along withthe corresponding subtrees) for which Xσ(u) < Xσ(root). Then for the
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av

{x, y, v}

w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

π(x) = 0.6

π(y) = 0.5

π(v) = 0.9
π(w) = 0.2

π(a) = 0.4

π(z) = 0.8

Figure 8.6: Illustration of Lemma 8.5. Nodes u with π(u) < π(x) are shown gray.Two nodes are reachable, those labeled with x and z. Their clause labels yield thesubformula {{x, �y, �z}, {x, z, �a}}. This formula implies the clause {x, �y, �a} (which canbe seen by resolution, for example). Therefore, every assignment satisfying thisformula and setting all gray variables to 1 must set x to 1.probability that the resultant tree T 0 contains more than Dε nodes wehave Pr(|V(T 0)| > Dε) � S+ ε.For later use, let us also introduce the notation
SD := sup

T
(Pr (|V(T 0)| > D)) ,where the supremum is over all choices of �nite trees with labels T (asin the theorem) and T 0 is the random tree arising from T by conductingthe experiment described in the theorem. In this language, the theoremstates that limD→∞ SD � S, where the limit exists because SD is triviallymonotonic and bounded.Before we go on to prove this, let us �nish the algorithmic part and seehow we can use the result for estimating the success probability of ppsz.We were interested in the expected number of variables that need tobe guessed. If we consider α0 = ; in the input, then combining (8.2) with(8.3), we get

Eπ [|Guessed(F, α0, α, π,D)|] =� n−
∑

x2U(α0)

Pr[|Reachable(Tx, π(x), π)| � D].



180 CHAPTER 8. THE PPSZ ALGORITHMUsing Theorem 8.6, this yields
Eπ [|Guessed(F, α0, α, π,D)|] � SD � n,where SD → S for D→∞. This means: on the average, only 38.63% of thevariables need to be guessed, while the remaining 61.37% of variables areforced. The ratio of guessed variables is higher if D is small, but the largerwe make D, the closer we get to this ratio. In particular if D→∞, then weconverge towards this number. We can easily achieve this by selecting D tobe some function that grows very slowly in n. For example, if D = log2 n,then examining all G � F with |G| � D and checking for D-implicationsis still doable in subexponential time. If we plug this result into (8.1), weobtain the �nal theorem.

Theorem 8.7 For any (� 3)-CNF formula F on n variables V which hasa unique satisfying assignment, ppsz(F, ;, V, log2 n) returns this assign-ment with probability Ω(1.3071−n).There are two things left to do in this chapter: �rstly, we have to proveTheorem 8.6 on which this result heavily depends. We will do this inSection 8.2. And secondly, we would of course like to remove the assump-tion that F has a unique satisfying assignment, this will be the topic inSection 8.3.
8.2 Random Deletion in Binary TreesThis section is aimed at proving Theorem 8.6. Note that this theoremspeaks purely about probabilities in a combinatorial random experiment onbinary trees some of whose vertices get deleted. There is no reference to the
ppsz algorithm, so this is a self-contained proof which you can understandindependently. However, the proof is non-trivial and we will �rst have torecall to memory some basic tools which we know from discrete probabilitytheory and analysis.
8.2.1 Monotone ConvergenceA fundamental theorem from probability and measure theory that youmight already know is the theorem of monotone convergence. The proof



8.2. RANDOM DELETION IN BINARY TREES 181is more involved if you need it for functions in continuous space. Luckily,a largely simpli�ed version for events in a discrete space which will besuÆcient for our purposes.
Theorem 8.8 (Monotone Convergence Theorem) Let, in a discrete probabil-ity space, B1, B2, . . . be an in�nite sequence of events such that Bi � Bi+1for all i � 1. Then we havelim

n→∞
Pr(Bn) = Pr ∞\

i=1

Bi

!
.Proof . We write

∞\
i=1

Bi = B1 \
_[∞

i=1
(Bi \ Bi+1).Since the union is disjoint and moreover contained in B1, this implies1Pr ∞\

i=1

Bi

!
= Pr (B1) −

∞∑

i=1

Pr (Bi \ Bi+1).By de�nition, the in�nite sum on the right hand side is the limit of sumstruncated after the �rst n summands and since Pr (B1) does not dependon this truncation, we can writePr ∞\
i=1

Bi

!
= lim

n→∞

0@Pr (B1) −

n∑

i=1

Pr (Bi \ Bi+1)

1A .But as we easily check, the expression inside the limit is Pr (Bn+1), estab-lishing the claim.
8.2.2 Numerical Integration and Riemann SumsIn our calculations, we will use integrals in order to average probabilitiesover a continuum of cases. To circumvent the discussion of tricky questions1note that what we are using here is the de�nition of probability spaces: the probabilityof a countable disjoint union of events is the in�nite sum of the corresponding probabilities



182 CHAPTER 8. THE PPSZ ALGORITHMof bounded and monotone convergence and the exchange of limits withintegration which are better discussed in an analysis course, we will usethe following simple result for the estimation of integrals using Riemannsums. All functions that we will encounter in this chapter are well-behaved(continuous, bounded and most often monotonic) and therefore triviallyintegrable in the Riemann sense.
Lemma 8.9 Let ϕ : [0, 1] → [0, 1] be a continuous and monotonicallynon-decreasing function. Then for any N � 1,

1

N

N−1∑

i=0

ϕ

 
i

N

! � ∫ 1
0

ϕ(x)dx � 1

N

N−1∑

i=0

ϕ

 
i

N

!
+

1

N
.Proof. Since ϕ is monotonically increasing, we have for all 0 � x0 <

x < x1 � 1 that ϕ(x0) � ϕ(x) � ϕ(x1). In particular, if x0 = i/N and
x1 = (i+ 1)/N for some i 2 {0..N− 1}, then

1

N
ϕ(x0) � ∫ x1

x0

ϕ(x)dx � 1

N
ϕ(x1) =

1

N
ϕ(x0) +

1

N
[ϕ(x1) −ϕ(x0)] .By summing over all i, we obtain

1

N

N−1∑

i=0

ϕ

 
i

N

! � ∫ 1
0

ϕ(x)dx �� 1

N

N−1∑

i=0

ϕ

 
i

N

!
+

1

N

N−1∑

i=0

"
ϕ

 
i+ 1

N

!
−ϕ

 
i

N

!#
.Noting that the last term is a telescopic sum yielding ϕ(1) − ϕ(0) � 1completes the proof.

8.2.3 The FKG InequalityA quite powerful tool we will apply to bound the probability we are inter-ested in is the famous FKG correlation inequality due to Fortuin, Kaste-leyn and Ginibre. It basically states that monotone events are positivelycorrelated.Let A = {A1, A2, . . . , Ar} be a collection of independent binary randomvariables. An event E is said to be determined by A, if there exists a �xed



8.2. RANDOM DELETION IN BINARY TREES 183list SE � 2A such that E = {{A 2 A|A = 1} 2 SE}, or, informally speaking,if knowing the values of A leads to knowing whether E occurs. Moreover,if SE is upwards hereditary, i.e. if8A � U � V : V 2 SE ⇒ U 2 SE,then E is called monotonically increasing in A.
Theorem 8.10 FKG Inequality Let A = {A1, A2, . . . , Ar} be a collection ofmutually independent binary random variables and E1 and E2 eventswhich are determined by A and monotonically increasing in A. ThenPr(E1 ∧ E2) � Pr(E1) � Pr(E2).Proof . We proceed by induction on r.For a simple base case, let r = 1. Then there are only two non-emptymonotonically increasing events determined by A1: either an event thatoccurs for both values of A1 or an event that occurs only if A1 = 1. Nowif E1 = E2 the statement is trivial, so the only thing we have to check is if
E1 is the �rst of these cases and E2 is the other. If p is the probability that
A1 = 1, then the probability that both events occur is p, the probabilitythat E1 occurs is 1 and the probability that E2 occurs is p, establishing theclaim.For the induction step, let us assume that the statement holds forsmaller values of r and let p be the probability that A1 = 1. We canrewrite the right hand side of our claim using the law of total probabilityas Pr (E1) � Pr (E2) =

(p Pr (E1 | A1 = 1)
︸ ︷︷ ︸

=:e11

+(1− p) Pr(E1 | A1 = 0)
︸ ︷︷ ︸

=:e10

)��(p Pr (E2 | A1 = 1)
︸ ︷︷ ︸

=:e21

+(1− p) Pr (E2 | A1 = 0)
︸ ︷︷ ︸

=:e20

) =

= p2e11e21 + p(1− p)(e11e20 + e10e21) + (1− p)2e10e20.



184 CHAPTER 8. THE PPSZ ALGORITHMNow note that the mutual independence of A together with the monotonic-ity of both E1 and E2 in A1 implies that both events can only be more likelyin the conditional space determined by {A1 = 1} than in the case {A1 = 0},thus we get e11 � e10 and e21 � e20. We can use this to estimate the mixedterm in our expansion: consider e11 � e10 to be weights and the mixed termto be a weighted sum of e21 � e20. Currently, the larger weight accompaniesthe smaller summand. Thus if we exchange the weighs so that the largersummand gets the larger weight, the weighted sum can only increase. ThisyieldsPr (E1) � Pr (E2) � p2e11e21 + p(1− p)(e10e20 + e11e21) + (1− p)2e10e20which after some term recollection becomesPr (E1) � Pr (E2) � pe11e21 + (1− p)e10e20. (8.4)It is now time to invoke the induction hypothesis. We have assumed thatthe statement holds for smaller r. The events E1 and E2 are, in the con-ditional space of {A1 = 1}, determined by A2, A3, . . . , Ar and monotoni-cally increasing in these variables. Therefore, in the conditional space of
{A1 = 1}, the FKG inequality holds for E1 and E2 by the induction hypoth-esis, yielding that

e11e21 � Pr (E1 ∧ E2 | A1 = 1). (8.5)Analogously
e10e20 � Pr (E1 ∧ E2 | A1 = 0). (8.6)Plugging in (8.5) and (8.6) into (8.4) and applying once more the law oftotal probability, we can complete the induction step.

8.2.4 Of Infinite and Finite TreesSo far the preliminaries. For �nally proving Theorem 8.6, we will proceedin four high-level steps. First, we consider a much simpler case: a totallysymmetric in�nite full binary tree from which every node is deleted inde-pendently with probability p. Next, we proceed to showing that if our treeis not in�nite but �nite, this does not change too much. Then we go on toshow that introducing dependencies between the nodes can only help ourcase. Finally, we translate these results to the case where the root's rankis also random.



8.2. RANDOM DELETION IN BINARY TREES 185So to set out, let us prove the following simpler variant. De�ne for all
p 2 [0, 1],

ζ(p) :=

{
p2

(1−p)2
if p < 1

2
,

1 otherwise.It is important to note that ζ is continuous on [0, 1] and monotonicallynon-decreasing. Now we claim the following.
Lemma 8.11 Let T∞ be the in�nite rooted full binary tree. Consider thefollowing random experiment: each non-root node from T∞ is deleted(along with its subtree) independently from all other nodes with proba-bility p. Then the probability that the resultant tree T 0 is of �nite sizeis Pr(T 0 �nite) � ζ(p).Proof . For the probability q := Pr (T 0 �nite), since the two subtrees ofthe root of T are again in�nite rooted full binary trees which we subject tothe same random experiment, we know that the relation

q = (p+ (1− p) � q)2must hold. As you can easily verify, this quadratic equation has the twosolutions
q = 1 and q =

p2

(1− p)2
.This proves that q is always at least the smaller of the two solutions, whichreadily establishes the claim.If T is any (�nite or in�nite) binary tree, let us denote by h(T) theheight of T , i.e. the length of the longest path from the root downwards. If

T is in�nite, then h(T) =∞. We can extend the previous lemma as follows.
Lemma 8.12 Let T∞ be the in�nite rooted full binary tree. Consider thefollowing random experiment: each non-root node from T∞ is deleted(along with its subtree) independently from all other nodes with prob-ability p. Then the probability that the resultant tree T 0 has height atmost d � 1 converges aslim

d→∞
Pr(h(T 0) � d) = Pr(T 0 �nite).



186 CHAPTER 8. THE PPSZ ALGORITHMProof . Let Bi be the event that there exists a path from the root to somenode at depth i. We �rst claim that\
i�1

Bi = {T 0 in�nite}.Suppose that an outcome is contained in the left hand side. This meansthat T 0 contains �nite paths of arbitrary length. Of course, by consequence,
T 0 cannot be �nite. The other direction is trivial.From Theorem 8.8, it now follows thatlim

i→∞
Pr (Bi) = Pr (T 0 in�nite).Taking complements,lim

d→∞
Pr(h(T 0) � d) = lim

d→∞
�Bd = 1− lim

d→∞
Bd = 1− Pr (T 0 in�nite),the claim readily follows.The two last lemmas can now be combined to obtain a result on �nitetrees T .

Lemma 8.13 Let p 2 [0, 1] be a �xed number. There exists a sequence
ε1(p), ε2(p), . . . 2 R+ of numbers depending only on p, having εd(p)→ 0for d→∞ such that the following holds. Let T be any �nite (and notnecessarily full) binary tree. Consider the following random experi-ment: each non-root node from T is deleted (along with its subtree)independently from all other nodes with probability p. Then the prob-ability that the resultant tree T 0 has height at most d � 1 satis�esPr(h(T 0) � d) � ζ(p) − εd(p).Please note an important subtlety in this statement: instead of usinga limit in the resulting inequality, we have introduced the sequence oferrors εi(p). This is crucial in order to stress that the rate with which theprobability converges to the numbers given is independent of which tree Twe are considering (\uniform convergence"). On the other hand, this ratemust depend on p, as anything stronger would not be provable from thestatements we made above.Proof . The random experiment we are conducting on T can be coupled toa random experiment conducted on T∞ in the obvious way: T is embeddable



8.2. RANDOM DELETION IN BINARY TREES 187into T∞ with the two roots coinciding and then if we delete every node from
T∞ independently with probability p, the same experiment is taking placeon T . Note that for the tree T 00 resulting from the deletions in T∞ and thetree T 0 resulting from the deletions in T , since T 0 is a subtree of T 00 we have
h(T 0) � h(T 00) and therefore Pr (h(T 0) � d) � Pr (h(T 00) � d). De�ne, forall d � 1,

εd(p) := max{ζ(p) − Pr (h(T 00) � d), 0}.Then we �nd thatPr (h(T 0) � d) � Pr (h(T 00) � d) � ζ(p) − εd(p)and from the previous lemma,lim
d→∞

εd(p) = 0,as required.
8.2.5 Of Independent and Dependent LabelsWhat we have obtained so far does not yet totally re
ect what we are after:in the experiments studied so far, each node was deleted independently ofall other nodes. This is not the case in the result we are eventually after,there dependencies can occur of the sort that nodes of the tree are linkedto one another and if one of these linked vertices is deleted, all of them aredeleted. We now generalize Lemma 8.13 to obtain the following.
Lemma 8.14 Let Z1, Z2, . . . , Zr 2 {0, 1} be mutually independent binaryrandom variables, each of which takes value one with probability p. Let
T be any �nite (and not necessarily full) binary tree with a labelling
σ : V(T) \ {root}→ {1 . . . r} of the non-root nodes of T with indices withthe property that on each path from the root to a leaf, σ is injective.Consider the experiment of drawing Z1, . . . , Zr according to their distri-bution and then deleting all nodes u from T (along with their subtrees)for which Zσ(u) = 1. Call the resulting tree T 0.Juxtapose the experiment where in T , every non-root node is deletedindependently from all other nodes with probability p. Call the randomtree resulting from this experiment T 00. Then for any d,Pr(T 0 � d) � Pr(T 00 � d).



188 CHAPTER 8. THE PPSZ ALGORITHMProof . The statement is trivial if σ is globally injective. We now usethe FKG inequality to demonstrate that correlations arising from duplicatelabels cannot decrease this probability if none of these duplicates are in anancestor-descendant relation.To achieve this, we proceed by induction on d. For d = 0 the statementis trivial.For the induction step, let d > 0. If the root of T has no child, thestatement is trivial. If the root of T has only one child, then the statementis a direct consequence of the induction hypothesis, as the whole tree hasheight d i� the unique subtree of the root has height d − 1. The onlyinteresting case arises if the root of T has two children u and v.In this case, let us look at each of the root's subtrees separately �rst.Let Tu be the subtree rooted at u and let Zi = σ(u). Let T 0
u denote thesubtree of T 0 rooted at u and T 00

u the subtree of T 00 rooted at u (emptytrees if u is deleted). Let Tv, Zj, T 0
v, T 00

v be the corresponding objects for v.The hypothesis on σ entails that no other node in Tu is labelled with Zi, sowhatever happens in the non-root nodes of Tu is independent of whether uitself is being deleted or not. The same holds at v. Let
E1 := {Zi = 1∨ (Zi = 0∧ h(T 0

u) � d − 1)}as well as
E2 := {Zj = 1∨ (Zj = 0∧ h(T 0

v) � d− 1)}.We have that
{h(T 0) � d} = E1 ∧ E2.Moreover, E1 and E2 are events which are determined by {Z1, . . . , Zr} and, asyou can easily check, monotonically increasing in those events. Thereforewe can use the FKG Inequality as in Theorem 8.10 to obtain thatPr (h(T 0) � d) = Pr (E1 ∧ E2) � Pr(E1) � Pr (E2).For these separate events, we have, due to the independence of Tu from Ziand Tv from Zj,Pr (E1) = p+ (1− p)Pr(h(T 0

u) � d− 1) � p+ (1− p)Pr(h(T 00
u ) � d− 1)



8.2. RANDOM DELETION IN BINARY TREES 189andPr (E2) = p+ (1− p)Pr(h(T 0
v) � d− 1) � p+ (1− p)Pr(h(T 00

v ) � d− 1),where we have used the induction hypothesis for the inequalities. Combin-ing the last three inequalities, we obtainPr (h(T 0) � d) �� (p+ (1− p)Pr(h(T 00
u ) � d− 1)) � (p+ (1− p)Pr(h(T 00

v ) � d− 1)) =

= Pr (h(T 00) � d),as claimed.Moreover, we will need the following simple observation for technicalreasons.
Observation 8.15 In the setting of Lemma 8.14, Pr(h(T 0) � d) as a func-tion of p is continuous and monotonically non-decreasing.
8.2.6 Integrating over the Rank of the RootUsing the previous lemma we can now �nally approach the proof of Theo-rem 8.6. Fix ε > 0.An arbitrary tree T is labelled with real-valued random variables as
σ : V(T) → {X1, X2, . . . , Xr} in such a way that σ is injective on any pathfrom the root to a leaf of T . Now each Xi is drawn independently anduniformly from among [0, 1]. Then all nodes are deleted (along with theirsubtrees) which have a value smaller than that of the root, producing theresultant random tree T 0.Let D 2 N be some number which we will �x appropriately later. Toestimate the probability that T 0 has at most D vertices, we estimate theprobability that T 0 has at most depth d := blog2 Dc. Clearly, having depthat most d implies that we cannot have any more than D vertices. The spe-ci�c relation between D and d is not relevant; the only thing we will needis that d grows (in any way) with D. In turn, to estimate the probability



190 CHAPTER 8. THE PPSZ ALGORITHMof having height at most d, we will condition on the value σ(root) of therandom variable at the root node and then use total probability.Without loss of generality, suppose σ(root) = Xr. Note that this valueis independent of all other values used because the root is part of all pathsand σ is injective on each path, so Xr does not occur a second time as alabel. Now once we condition on Xr = γ for some �xed value γ 2 [0, 1], wecan consider for 1 � i � r− 1 the binary random variables
Zi :=

{
1 if Xi < γ

0 otherwise.The {Z1, Z2, . . . , Zr−1} are mutually independent binary random variables,each of which takes value 1 with probability exactly γ. This is the situationwe have in Lemma 8.14 and so we can use this result to conclude thatPr (h(T 0) � d | Xr = γ) � ζ(γ) − εd(γ). (8.7)To convert this conditional into an unconditional probability, we invoke thelaw of total probability, which, since Zr is uniformly distributed, readsPr (h(T 0) � d) =

∫ 1

0

Pr (h(T 0) � d | Xr = γ)dγ.Of course, we would be happy to just plug in (8.7) to estimate the inte-grand, then take limits and be done. The problem is that although wehave proved εd(γ) to exist and to converge to zero pointwise for all �xed
γ, the dependency of εd(γ) on γ remains unknown and since the rate ofconvergence could be di�erent for di�erent γ, we are unable2 to establishconvergence of the whole integral.What we can do instead however is making use of the monotonicityof Pr (h(T 0) � d | Xr = γ) which we have established in Observation 8.15.Since the integrand is monotonically non-decreasing in γ as well as contin-uous, we may, for any N 2 N, approximate the integral by a Riemann sum2we could alternatively use the Dominated Convergence Theorem from measure theoryand use the fact that the εd are uniformly bounded functions, but we prefer not to fallback on such sophisticated machinery here since measure theory is not usually taught tocomputer scientists
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∫ 1

0

Pr (h(T 0) � d | Xr = γ)dγ � N−1∑

i=0

1

N
Pr h(T 0) � d

����� Xr =
i

N

!
.The resulting �nite mesh resolution will enable us to establish the necessaryconvergence property. Plugging (8.7) into the Riemann sum representation,we obtain thatPr (h(T 0) � d) � N−1∑

i=0

1

N
ζ

 
i

N

!
−

N−1∑

i=0

1

N
εd

 
i

N

!
.Now note that ζ is, as well, monotonically non-decreasing on [0, 1]. Thisyields that the �rst summand on the right hand side is an approximationto S which involves an error of at most 1

N
according to Lemma 8.9, yieldingthat Pr (h(T 0) � d) � ∫ 1

0

ζ(x)dx −

0@ 1

N
+

N−1∑

i=0

1

N
εd

 
i

N

!1A
︸ ︷︷ ︸

=:ϕ(N,d)

.This holds for arbitrary N. Note the very important fact that the errorterm ϕ(N, d) depends only on N and on d but not on the choice of T 0.Therefore, given ε > 0 as prescribed by the theorem, we can simply pickan N = N(ε) which is large enough such that 1/N < ε/2, and then picka d = d(ε,N) large enough such that εd(x) < ε/2 for all of the N points
x where the function is evaluated, yielding that ϕ(N, d) < ε and thus allpossible trees have a probability of having at most height d of at least S−ε.Setting Dε > 2d(ε,N(ε)) concludes the proof of Theorem 8.6.We have �nally established a strong bound on the running time of ppszon uniquely satis�able (� 3)-CNF formulas. The computation was admit-tedly quite cumbersome. Here is an open exercise.
Exercise 8.3 (Open challenge) Simplify the calculations in this section.
Exercise 8.4 Let F be a (� k)-CNF formula F over variables V. Let us calla satisfying assignment α 2 satV(F) r-superisolated if for every variable
x 2 V, F[x 7→(1−α(x))] contains at least r independent clauses violated by
α. Prove that PPZ has subexponential success probability on formulasthat have a (log2 n)-superisolated assignment.
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Exercise 8.5 Given a k-uniform hypergraph H over n vertices V, a proper
k-coloring is a coloring γ : V → {1..k} of the vertices V with k colorssuch that no edge becomes monochromatic. We are interested in thecomputational problem of deciding whether a given hypergraph is prop-erly k-colorable.Consider the following PPZ-like approach to the problem: processthe vertices in a uniformly random ordering and choose for each ver-tex a uniformly random color among those colors that do not lead toclosing a monochromatic edge. Assume that H admits an n-isolatedcoloring, i.e. a coloring for which, if you change any single color,the coloring is no longer proper. Determine a bound (you can givethis bound as a formula still involving integrals, you need not evaluatethem) depending on k for the success probability of this algorithm in�nding a proper coloring.Compare this approach to the method of random downsampling,where we randomly forbid k−2 of k colors at each vertex and then runSch�oning's algorithm (or for k = 3 PPSZ) on the resulting (� k)-CNFformula. Which is the method of choice for which k? You can do thecomparison numerically; use a computer algebra program to evaluateyour formula for a number of values until you see a tendency.
8.3 Multiple Satisfying AssignmentsSo far in the chapter, we dealt with the case where F has a unique satisfyingassignment. In general, we cannot rely on such a strong assumption. Thismakes the whole analysis considerably more complicated and for roughlyten years, it was open whether it could at all be carried out without a lossin terms of an inferior running time.In fact, the original analysis by Paturi et al. [PPSZ05] attempts at cir-cumventing the problem of multiple satisfying assignments by partitioningthe solution space into disjoint subregions within which the formula maybe considered `uniquely satis�able' and then averaging success probabilitiesover these regions. This results in an algorithm running in time O(1.364n)for general 3-SAT, clearly inferior to the case of uniquely satis�able for-mulas and also inferior to the running time of the very simple randomized



8.3. MULTIPLE SATISFYING ASSIGNMENTS 193algorithm due to Sch�oning which we have studied in Chapter 7.This loss in eÆciency was disturbing and attracted a lot of researchattention: how could it be that an algorithm was performing worse in thesearch for a satisfying assignment when there were more of these assign-ments around? A series of publications tried to alleviate the gap occurring([IT04], [Rol06], [ISTT10], [Her10]), but each of them can be merely consid-ered an attempt at bypassing the actual problem by adding preprocessingsteps, parallely executing Sch�oning's algorithm and other forms of addedcomplexity. None of them succeeded in addressing the actual underlyingissue: that an algorithm as natural as ppsz `cannot possibly' behave ascounterintuitively.Finally, in a breakthrough result [Her11], Timon Hertli has been able todemonstrate what was long conjectured: that the ppsz algorithm does notbecome less successful if there are multiple satisfying assignments, resulting�nally in the following currently best known performance for 3-SAT.
Theorem 8.16 For any satis�able (� 3)-CNF formula F over n variables
ppsz(F, π, β, log2 n) returns some satisfying assignment with probability
Ω(1.3071−n).The present section is to prove this theorem.
8.3.1 Problem AssessmentWhere does the analysis go wrong when we have multiple satisfying assign-ments?Recall the tree construction process 175. Suppose we are assuming αto still be a (not anymore the) satisfying assignment and suppose we aretrying to build a critical clause tree Tx for x. If the current intermediatetree T has a leaf u that does not yet have a clause label, it de�nes U to bethe set of all variable labels of ancestors of u. Then it de�nes an assignment
β via

β : vbl(F)→ {0, 1}, z 7→ { 1− α(z) if z 2W,

α(z) otherwise,



194 CHAPTER 8. THE PPSZ ALGORITHMchooses a clause C 2 F that is not satis�ed by β and sets C as clause labelof u. The problem is that if α is just some but not the unique satisfyingassignment, β might as well satisfy F, and thus such a clause C need notexist and we are stuck.Still, most of the arguments from the �rst section go through with amilder assumption than uniqueness of the satisfying assignment. Note thatin the present case β(x) 6= α(x) according to de�nition, because x 2 Wholds always in this tree. So in order to construct a full tree withoutgetting stuck, we only require that there are no satisfying assignments βwith β(x) 6= α(x), i.e. that all satisfying assignments give the same valueto x.
Definition 8.17 Let F be any (� 3)-CNF formula and x 2 vbl(F). x issaid to be frozen in F if either F |= x or F |= �x, that is all satisfyingassignments of F send x to the same value.For any formula F, this partitions the variables into three categories

Vfo(F) _[ Vfr(F) _[ Vnf(F) = vbl(F),where� Vfo(F) = {x 2 vbl(F) | F |=D x} are the variables that are currentlyforced, that is which are frozen and follow from F via D-implication,� Vfr(F) := {x 2 vbl(F) | F |= x, F 6|=D x} are the variables that are frozen(but not forced) and� Vnf(F) := {x 2 vbl(F) | F 6|= x} are the remaining variables that arenon-frozen, i.e. those which you can assign either way keeping theformula satis�able.The arguments of the last section show that at least if a variable isfrozen, the probability that it needs to be guessed during a run of ppsz isbounded.
Lemma 8.18 Let F be a (� 3)-CNF formula and x 2 Vfo(F) [ Vfr(F) bea variable that is frozen. Let furthermore α be any satisfying assign-ment. Then Pr(x 2 Guessed(F, ;, α, π,D)) � SD, with SD de�ned as inTheorem 8.6.



8.3. MULTIPLE SATISFYING ASSIGNMENTS 195The proof of the lemma consists of reading through the entire �rst sec-tion again and just convincing yourself that none of the arguments we usedthere fail for the present case. This is left to you as an exercise.One could be inclined to think that we are already done now. The non-frozen variables are totally harmless: we can assign them either way andstay satis�able. And since the previous lemma, we now know that whenevera variable becomes frozen during execution, the probability that it needs tobe guessed in the further execution of the algorithm is bounded by the samenumber it was bounded in the case of uniquely satis�able formulas. Or not?The big problem arising is that we were able to bound this probabil-ity only for a �xed satisfying assignment α. So as long as the algorithmchooses to assign values according to α, the probability that a frozen vari-able needs to be guessed is appropriately bounded. But there could bemany satisfying assignments around and which of them the algorithm isgoing to steer towards is decided only while it executes and assigns valuesto the non-frozen variables.In particular, the probability with which each of the assignments isbeing selected can depend heavily on the ordering in which we processvariables. And although each satisfying assignment α has, according to thelemma, the property that frozen variables need to be guessed with probabil-ity no higher than SD for a uniformly random ordering π, the probabilityof α at all becoming relevant for us depends heavily on π and so therecould be nasty correlations causing those permutations π that make lots ofvariables forced for α to be unfortunately those permutations that make αvery unlikely to become selected at all.This e�ect has to be taken into account in our analysis which is thereason why there is still quite some work left to do. It will however turnout that there is a nice tradeo� between the potential `badness' of thecorrelations occurring and the number of non-frozen variables we encounterduring execution. The more non-frozen variables are present, the strongerthe correlations can potentially get. But having lots of non-frozen variablesis on the other hand very good for the algorithm as each guessing stepthen has a higher probability to preserve satis�ability. The remainder ofthe present section is to demonstrate that those two e�ects compensate



196 CHAPTER 8. THE PPSZ ALGORITHMsuÆciently nicely to obtain the same running time for the general casewhich we were able to prove in the uniquely satis�able case.
8.3.2 Definition of a Cost FunctionTo do the calculation, we will associate a cost to each state of the algorithmas follows. Let us consider the formula F and its variables V to be �xedfrom here onwards so we can omit F and V in all de�nitions. An `interme-diate state' of the algorithm can be represented by a partial assignment α0over V containing all the values we have already selected in previous steps.This is where, �nally, the additional parameter α0 we have ignored so farcomes handy.To carry over the notions from the last subsection, we de�ne for nota-tional convenience� Vnf(α0) := Vnf(F

[α0]),� Vfr(α0) := Vfr(F
[α0]) and� Vfo(α0) := Vfo(F
[α0]).Now, we �rst de�ne a per-assignment and per-variable cost as follows.

Definition 8.19 Let α0 be a partial and α be a total assignment and let
x 2 V be any variable. We de�ne the cost of x when completing α0 to
α, in writing cost(α0, α, x), as follows.� If x 62 U(α0), then cost(α0, α, x) := 0.� If α0 and α are incompatible, i.e. 9x : {α0(x), α(x)} = {0, 1}, thencost(α0, α, x) := 0.� If α does not satisfy F, then cost(α0, α, x) := 0.� Otherwise, if

– x 2 Vfo(F
[α0]), then cost(α0, α, x) := 0.

– x 2 Vfr(F
[α0]), thencost(α0, α, x) := Pr(x 2 Guessed(F, α0, α, π,D)).
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– x 2 Vnf(F

[α0]), then cost(α0, α, x) := SD.Next, we de�ne the likelihood of each assignment.
Definition 8.20 Let α0 be a partial and α a total assignment over V. Thelikelihood of completing α0 to α, in writing lkhd(α0, α), is de�ned asthe probability that ppsz(F, V, α0, D) for D = |F| outputs α.Note that the version of ppsz used in this de�nition is very ineÆcientbecause D is so large that the time needed for discovering D-implicationsis largely exponential. But as a de�nition used only in the analysis, it isjust �ne. Since D is as large as the whole formula, every implication is a
D-implication and thus whenever a variable is frozen, it is automaticallyforced. The likelihood of α is thus in a certain sense the probability that
ppsz selects α during execution, under the assumption that it never makesmistakes and that there is no gap between frozen and forced variables. Forthis reason, if α0 is incompatible with α or if α does not satisfy F, thenlkhd(α0, α) = 0.Finally, the cost of completing α0 to any satisfying assignment arisesfrom summing over all possible variables and all possible assignments andadding up individual per-variable per-assignment costs, weighted by therelevance, i.e. likelihood, of the corresponding assignment, i.e.cost(α0, x) :=

∑

α2{0,1}V lkhd(α0, α) � cost(α0, α, x)︸ ︷︷ ︸
=:wcost(α0,α,x)and cost(α0) :=

∑

x2V cost(α0, x).

8.3.3 Gathering a few Simple FactsAs with most new de�nitions, we �rst gather some basic and intuitive factsabout the things we de�ned now. To begin with, consider the following.
Observation 8.21 For any α0, α, x, we have cost(α0, α, x) � SD. Further-more cost(α0) � SDn(α0).Proof . The statement follows directly from the de�nition of the cost andLemma 8.18.
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Lemma 8.22 Let α0 and α be �xed. For any fixed variable x 2 U(α0), ifwe set x according to α,(i) the likelihood of α can only increase, i.e.lkhd(α0 [ {x 7→ α(x)}, α) � lkhd(α0, α)with equality if x is frozen in F[α0], and(ii) the cost of a �xed variable y 2 V w.r.t. α can only decrease, i.e.cost(α0 [ {x 7→ α(x)}, α, y) � cost(α0, α, y).On the other hand, when choosing x 2 U(α0) uniformly at random andsetting it according to α,(iii) the likelihood of α increases on average asE(lkhd(α0 [ {x 7→ α(x)}, α)) =

 
1+

|Vnf(α0)|

n(α0)

! lkhd(α0, α),whereas(iv) the cost of a �xed variable y 2 U(α0) decreases on expectation asE(cost(α0 [ {x 7→ α(x)}, α, y)) � cost(α0, α, y) −
s

n(α0)
,where

s =






1 if y 2 Vfr(α0)

sD if y 2 Vnf(α0)

0 if y 2 Vfo(α0).Proof .(i) Assume for the moment that the permutation π is �xed. What islkhd(α0, α)? To output α, every non-frozen variable that ppsz en-counters has to be set to the right value, which happens with prob-ability 1/2. If D = |F|, all frozen variables are automatically forced.Hence, for a �xed π, lkhd(α0, α) is 2−nf(π,α0,α), where nf(π, α0, α) de-notes the number of non-frozen variables encountered. Therefore wehave lkhd(α0, α) = Eπ[2
−nf(π,α0,α)].



8.3. MULTIPLE SATISFYING ASSIGNMENTS 199Moving x to the beginning in π can only decrease the number of non-frozen variables. Furthermore, if x is frozen in F[α0], the number ofnon-frozen variables remains the same.Now observe that if we remove x from π, the resulting permutation
π 0 has a uniform distribution from permutations over U(α0) \ {x}.The number of non-frozen variables can only decrease in U(α0) \ {x};removal of x might decrease this even further. ThereforeEπ[2

−nf(π,α0,α)] � Eπ 0[2−nf(π 0,α0[{x 7→α(x)},α)],with equality if x is frozen, as in this case x is always assigned α(x).The latter term is equal to lkhd(α0[ {x 7→ α(x)}, α), and we are done.(ii) We consider the three cases of De�nition 8.19. Note that if x = y,the statement holds trivially.If y 2 Vnf(α0), then cost(α0, α, y) = SD. By Observation 8.21, wehave cost(α0 [ {x 7→ α(x)}, α, y) � SD.If y 2 Vfr(α0) or y 2 Vfo(α0), then cost(α0, α, y) is the probabilitythat y is guessed in the remainder of ppsz. If we now �x anothervariable x to α(x), then this probability cannot decrease (why?), socost(α0 [ {x 7→ α(x)}, α, y) � cost(α0, α, y).(iii) We have lkhd(α0, α) = E[ppsz(F, V, α0, |F|) = α]. Let x be the vari-able selected next in ppsz (x is obviously u.a.r. in U(α0)). If x isfrozen, then ppsz always sets x to α(x). If x is non-frozen, then ppszsets x to α(x) with probability 1/2. x is non-frozen with probability
|Vnf(α0)|/n(α0). Therefore
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= Pr (x 2 Vnf(α0)) � 1
2
� E[lkhd(α0 [ {x 7→ α(x)}) | x 2 Vnf(α0)]+Pr (x 62 Vnf(α0))E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)]

=
|Vnf(α0)|

n(α0)
� 1
2
� E[lkhd(α0 [ {x 7→ α(x)}) | x 2 Vnf(α0)]+ 

1−
|Vnf(α0)|

n(α0)

!E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)]

=
1

2
E[lkhd(α0 [ {x 7→ α(x)})]

+
1

2
(1− |Vnf(α0)|/n(α0))E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)].From (i), we know that if x 62 Vnf(α0), then lkhd(α0 [ {x 7→ α(x)}) =lkhd(α0), and so we have lkhd(α0, α) =

=
1

2
E[lkhd(α0 [ {x 7→ α(x)})]+

+
1

2

 
1−

|Vnf(α0)|

n(α0)

! lkhd(α0, α).Multiplying the equation by 2 and collecting the lkhd(α0, α)-termson the left-hand side yields the statement.(iv) If y 2 Vnf(α0) or y 2 Vfo(α0), then the statement is trivial: Withprobability 1/n(α0), y is selected in ppsz, and the cost of y reducesto 0. If y is not selected, then by (ii) the cost does not increase.The interesting case is if y 2 Vfr(α0), where x is frozen but not forced.In that case, the cost of y is the probability that y is guessed, and thestatement tells us that this probability is reduced by 1/n(α0) after



8.3. MULTIPLE SATISFYING ASSIGNMENTS 201one step. This is because with probability 1/n(α0), y comes next in πand is guessed now (as x is not forced now). This 1/n(α0) is countedin cost(α0, α, y), but not in E(cost(α0 [ {x 7→ α(x)}, α, y)).From these basic facts, we will �nally be able to prove the main theorem.
8.3.4 Bounding Correlations in Weighted SumsBut �rst we have to combine the observed expected changes in likelihoodand in cost and investigate their combined e�ects.Let us start with the simple cases. If some variable y 2 Vfo(α0) is forced,then the cost of y is always zero and will remain zero at all times. Thisis true for all satisfying assignments, so we do not care about shifts in thelikelihood distribution.A similar fact is true for the non-frozen variables. We have bounded theexpected drop in cost for a non-frozen variable in Lemma 8.22 as SD/n(α0),and this drop stems exclusively from the case when the variable in questionis being assigned and eliminated, causing its cost to drop to zero. If thishappens, it happens in all assignments at once and so we do not care if atthe same time there are shifts in the likelihood distribution.The diÆcult case arises for the variables which are frozen but not cur-rently forced, y 2 Vfr(α0). There, each assignment α contributes a poten-tially di�erent cost for y and so if at the same time the likelihood distribu-tion over the various satisfying assignments changes, there can be poten-tially harmful correlations (as we have announced during the introductionto this section). The following correlation inequality will come handy inbounding these possibly negative e�ects.
Lemma 8.23 Let A,B 2 R be random variables and a, b, �a, �b 2 R �xednumbers such that A � a and B � b always and E(A) = �a and E(B) =�b. Then E(A � B) � a�b+ b�a− ab.



202 CHAPTER 8. THE PPSZ ALGORITHMProof . We can writeE(A � B) = E((A− a) � B) + aE(B)and then use B � b and A � a to obtainE(A � B) � bE(A− a) + aE(B) = b�a− ba+ a�b,as claimed.Applying this result, we can prove the following extension of Lemma 8.22for the frozen variables.
Lemma 8.24 Let α be a �xed satisfying assignment and α0 � α. Let
y 2 Vfr(α0) be a �xed frozen variable. If we select x 2 U(α0) uniformlyat random and assign it according to α, thenE(wcost(α0 [ {x 7→ α(x)}, α, y)) ��  

1+
|Vnf(α0)|

n(α0)

!wcost(α0, α, y) −
lkhd(α0, α)

n(α0)
.Proof . To apply Lemma 8.23 to the random experiment indicated,we set A := lkhd(α0 [ {x 7→ α(x)}, y), a := lkhd(α0, α) and �a := a(1 +

|Vnf(α0)|/n(α0)). We have A � a and E(A) = �a from Lemma 8.22. Fur-ther, we set B := cost(α0 [ {x 7→ α(x)}, y), α, y), b := cost(α0, α, y) and�b := cost(α0, α, y) − 1/n. Again, we have B � b and E(B) = �b fromLemma 8.22. Invoking Lemma 8.23, we deduce thatE(wcost(α0 [ {x 7→ α(x)}, α, y)) � a�b+ b�a− ab,which matches the claim.
8.3.5 Trading Survival Probability for Cost SavingsSuppose α0 is the current state of the algorithm. In a single following step,
ppsz selects a variable x 2 U(α0) uniformly at random. If x is D-implied, itis being set accordingly, if not, it is assigned a value uniformly at random.Call b 2 {0, 1} the random variable representing the value ppsz chooses to



8.3. MULTIPLE SATISFYING ASSIGNMENTS 203assign to x. Two things happen during such a step.Firstly, there is a certain survival probability with which ppsz will makean assignment that preserves satis�ability such that α0 [ {x 7→ b} can stillbe completed to some satisfying assignment and we stay in the game. Letus write S := {(x 0, b 0) 2 U(α0)� {0, 1} | F[α0[{x 0 7→b 0}] is satis�able}for the set of all variable-value pairs (x 0, b 0) such that x 0 7→ b 0 preservessatis�ability. Then the survival probability of this step of the algorithmis the probability that (x, b) 2 S. This survival probability is easy tocompute: whenever x is a forced variable, we choose the correct value by
D-implication and so the probability is one, whenever x is a non-frozenvariable, both values are okay and we survive as well with probability one.Only if x is a frozen but not yet forced variable, we have a probability of 1

2to make a mistake.Secondly, there is a drop in the costs: an additional variable x gets avalue which, for one, removes the cost of x itself and may additionally helpto force other variables, such that the costs of frozen variables go down.How large are the new costs on average?In principle, we are interested in the average drop in costs given thatthe current step makes the algorithm survive. However, since the survivalprobability as outlined above is di�erent for di�erent types of variables,entering such a conditional space would introduce a bias in the choice of
x and b which is diÆcult to handle and would complicate matters. In-stead, we here suggest to analyse the uniform distribution over S. Thisdistribution neither ideally re
ects what the algorithm is actually doing,nor is the processed variable selected uniformly such that our cost decreaseestimates from the last subsection could be applied seamlessly. But it isa handy intermediate distribution that can be related suÆciently easily toboth aspects. We now claim the following.
Lemma 8.25 If (X, B) 2 S is selected uniformly at random, thenE(cost(α0 [ {X 7→ B})) � cost(α0) −

|Vfr(α0)|

|S | −
2SD � |Vnf(α0)|

|S | .



204 CHAPTER 8. THE PPSZ ALGORITHMProof. We analyze the cost decrease contribution of the di�erent types ofvariables separately. Each variable forced in state α0 contributes zero costboth before and after the step.For a non-frozen variable y 2 Vnf(α0), note that S features two pairscontaining y, in contrast to the other types of variables of which S fea-tures only one pair each. This means that with probability 2|Vnf(α)|/|S |, apair featuring y is selected. In that case the cost contribution of y dropsfrom SD to zero in all assignments. No matter what happens to these costsotherwise (they can certainly not increase by de�nition), the non-frozenvariables hence contribute the last term in the claimed inequality.Now consider the frozen variables. If we �x some satisfying and α0-compatible assignment α 2 {0, 1}V and condition the experiment on theevent that α(X) = B, then X becomes uniformly at random among U(α0)because S features exactly one pair (x 0, b 0) per variable x 0 2 U(α0) suchthat α(x 0) = b 0. This is where the uniform choice over S comes veryhandy. As now, we can directly apply our previous Lemma 8.24 to �ndthat conditioning on α(X) = B, the cost of each frozen variable drops onaverage as E(wcost(α0 [ {X 7→ B}, α, y) | α(X) = B) ��  
1+

|Vnf(α0)|

n(α0)

!
︸ ︷︷ ︸

|S |/n wcost(α0, α, y) −
lkhd(α0, α)

n(α0)
.The condition itself is satis�ed with probability n/|S |. If it does not apply,then the cost contribution of α drops to zero altogether. Therefore theunconditional change can be obtained by multiplying the right-hand sidewith n/|S | which then yieldsE(wcost(α0 [ {X 7→ B}, α, y)) � wcost(α0, α, y) −

lkhd(α0, α)

|S | .If we, on both sides, take the sum over all assignments α 2 {0, 1}V , theclaim follows.Now we are almost done. For the �nal lemma, we need the followinginequality about logarithms:
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Lemma 8.26 For x � 0, log2(1+ x) � log2(e) x

1+ x
.Proof . As log2(x) is an antiderivative of log2(e)1/x and log2(1) = 0, wehavelog2(1+ x) =

∫ 1+x

1

log2(e)1tdt � ∫ 1+x

1

log2(e) 1

1+ x
dt = log2(e) x

1+ x
.The following lemma immediately implies Theorem 8.16, as cost(α0) �

SDn(α0) by Observation 8.21.
Lemma 8.27 Let α0 s.t. F[α0] is satis�able. Then the overall probabilityof ppsz to output some satisfying assignment when starting in state α0is at least 2−cost(α0)Proof. We apply induction and suppose that the claim holds for all α0that �x a larger number of variables. If α0 is total, then the statementholds trivially.Let us denote by p(α0) the probability that ppsz outputs some satisfyingassignment when starting from state α0. Let x and b be random variablesas de�ned before, i.e. x 2 U(α0) u.a.r.; and b 2 {0, 1} the forced value by
D-implication if x 2 Vfo(α0) and u.a.r. otherwise. Let

w(x, b) :=

{
2, x 2 Vfo(α0)

1, otherwisebe the weight of (x, b) in ppsz (note that i� x is forced, b is not chosenu.a.r.).We have
p(α0) = E(p(α0 [ {x 7→ b}))

= Pr ((x, b) 2 S)E(p(α0 [ {x 7→ b}) | (x, b) 2 S)
=

|S | + |Vfo(α0)|

2n(α0)
E(p(α0 [ {x 7→ b}) | (x, b) 2 S).Now we change the expectation to (X, B) 2 S u.a.r. It is clear that each

(X, B) 2 S has weight w(X, B) in the previous expecation. However, we



206 CHAPTER 8. THE PPSZ ALGORITHMhave to normalize the weights, i.e. the weights have to be 1 on aver-age. We have E(w(X, B)) =
∑

(X 0,B 0)2S w(X 0,B 0)
|S | , so the normalization factor is

|S |∑
(X 0,B 0)2S w(X 0,B 0) . Hence
p(α0) =

|S | + |Vfo(α0)|

2n(α0)
E0@ |S |
∑

(X 0,B 0)2S w(X 0, B 0)w(X, B)p(α0 [ {X 7→ B})

1A
=

|S | + |Vfo(α0)|

2n(α0)

|S |
|S | + |Vfo(α0)|

E(w(X, B)p(α0 [ {X 7→ B}))

=
|S |

2n(α0)
E(w(X, B)p(α0 [ {X 7→ B})).Using Jensen's inequality gives

p(α0) � 2
log2� |S|

2n(α0)

�
2E(log2(w(X,B)p(α0[{X7→B})))

= 2
log2� |S|

2n(α0)

�
2E(log2(w(X,B)))−E(− log2(p(α0[{X7→B}))),by linearity of expectation. Observe thatE(log2(w(X, B))) = Pr(w(X, B) = 2)

=
|Vfo(α0)|

|S | ,and by induction and Lemma 8.25E(− log2(p(α0 [ {X 7→ B}))) � E(cost(α0 [ {X 7→ B}))� cost(α0) −
|Vfr(α0)|

|S | −
2SD � |Vnf(α0)|

|S | .Putting things together, we obtain
p(α0) � 2

log2� |S|

2n(α0)

�
+

|Vfo(α0)|

|S|
−cost(α0)+

|Vfr(α0)|

|S|
+

2SD�|Vnf(α0)|

|S| .As we want to show that p(α0) � 2−cost(α0), we need to showlog2  |S |
2n(α0)

!
+
|Vfo(α0)|

|S | −cost(α0)+
|Vfr(α0)|

|S | +
2SD � |Vnf(α0)|

|S | � −cost(α0).



8.3. MULTIPLE SATISFYING ASSIGNMENTS 207cost(α0) conveniently cancels and we are left to showlog2  |S |
2n(α0)

!
+

|Vfo(α0)|

|S | +
|Vfr(α0)|

|S | +
2SD � |Vnf(α0)|

|S | � 0.We write log2  |S |
2n(α0)

!
= −1+ log2  |S |

n(α0)

!
= −1+ log2  1+ |Vnf(α0)|

n(α0)

!� −1+ log2(e) |Vnf(α0)|

n(α0)

1+ |Vnf(α0)|

n(α0)

= −1+ log2(e) |Vnf(α0)|

n+ |Vnf(α0)|

= −1+ log2(e) |Vnf(α0)|

|S | ,where the inequality is by Lemma 8.26.Inserting this, it remains to show
−1 + log2(e) |Vnf(α0)|

|S | +
|Vfo(α0)|

|S | +
|Vfr(α0)|

|S | +
2SD � |Vnf(α0)|

|S | � 0.Multiplying by |S | gives equivalently
−|S | + log2(e)|Vnf(α0)| + |Vfo(α0)|+ |Vfr(α0)| + 2SD � |Vnf(α0)| � 0.Using log2(e) + 2SD > 1.44 + 2 � 0.38 > 2, the left-hand side of theinequality is at least 0 as |S | = 2Vnf(α0) + Vfo(α0) + Vfr(α0) and we aredone.
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Chapter 9

Constraint SatisfactionIn a constraint satisfaction problem (CSP) we are given a �nite set ofvariables, each of which has a �nite list of possible colors. Moreover, thereis a set of constraints, each one a set of variable-color pairs. If V denotesthe set of variables and Lv denotes the list of possible colors of v 2 V, thena constraint is a set
C = {(v1, c1), (v2, c2), . . . , (vk, ck)} , k 2 N0,with vj 2 V, pairwise distinct, and cj 2 Lvj for j 2 {1..k}.A coloring χ assigns colors to variables from their respective lists ofpossible colors (χ(v) 2 Lv for all v 2 V). It satis�es a constraint C, ifthere is (v, c) 2 C with χ(v) 6= c. And it satis�es the CSP if it satis�es allof its constraints. We say that χ violates constraint C if χ(v) = c for all

(v, c) 2 C.Consider the CNF formula
(x∨ y)
︸ ︷︷ ︸

C1

∧ (x∨ y∨ z)
︸ ︷︷ ︸

C2

∧ (y∨ z)
︸ ︷︷ ︸

C3

∧ (x∨ y∨ z)
︸ ︷︷ ︸

C4

.We can represent this as an equivalent CSP in two ways. The more obviousone looks for truth values (now called colors) for the variables so that noneof the clauses is violated.� Variables: x,y, and z with color lists Lx = Ly = Lz = {0, 1}.� Constraints: {(x, 0), (y, 0)} (for C1), {(x, 1), (y, 0), (z, 0)} (for C2),
{(y, 0), (z, 1)} (for C3), and {(x, 0), (y, 1), (z, 0)} (for C4).211



212 CHAPTER 9. CONSTRAINT SATISFACTIONA possible satisfying coloring is given by {x 7→ 1, y 7→ 1, z 7→ 0}.The alternative representation is heading for a \responsible" variable foreach clause, so that whenever a variable is chosen for several clauses, thenit appears as the same literal in all of these clauses. (Variable vi representsclause Ci.)� Variables: v1, v2, v3, and v4 with color lists Lv1 = {x, y}, Lv2 = {x, y, z},
Lv3 = {y, z}, and Lv4 = {x, y, z}.� Constraints: {(v1, x), (v2, x)}, {(v2, x), (v4, x)}, {(v1, y), (v4, y)},
{(v2, y), (v4, y)}, {(v3, y), (v4, y)}, {(v2, z), (v3, z)}, and {(v3, z), (v4, z)}.Here {v1 7→ x, v2 7→ y, v3 7→ y, v4 7→ x} constitutes a satisfying coloring.A constraint of cardinality k is called a k-constraint. A CSP witha set S of 2-constraints can be visualized as a graph G with vertex set

V(G) :=
S

v2V ({v}� Lv) and edge set E(G) := S. The CSP is satis�able i�there is an independent set of vertices which has one representative in eachset {v} � Lv; see Figure 9.1.
Figure 9.1: Visualizing a CSP with 2-constraints as a graph. The �'sindicate a possible solution|an independent set which has one vertex(color) in each variable.Proper 3-colorability of a graph G = (V, E) translates to CSP as follows.� Variables: V, all with the same color list {1, 2, 3}.� Constraints: {(u, i), (v, i)} for all {u, v} 2 E and i = 1, 2, 3.If in a CSP maxv2V |Lv| � ` and maxC2S |C| � k, then we call it a

(�`,�k)-CSP, and it should be clear as well what (`, k)-CSP, (�`, k)-CSP,and (`,�k)-CSP stands for.
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Figure 9.2: Visualizing a CSP with 2-constraints (from proper 3-colorability of a cycle of length 5) as a graph (�'s indicate a possiblesolution).
Exercise 9.1 CSP vs. CNF
k, ` 2 N. Show that for every (�`,�k)-CSP S with n variables we canconstruct in polynomial time a (� max{`, k})-CNF formula F with atmost `n variables so that S is satis�able i� F is satis�able.
Exercise 9.2 Two Colors
k 2 N. Show that for every (2,�k)-CSP S with n variables we canconstruct in polynomial time a (� k)-CNF formula F with at most nvariables so that S is satis�able i� F is satis�able.
Exercise 9.3 Unsatis�ability Needs many Constraints
k, ` 2 N. Find b(`, k) (as large as possible), such that every unsatis�able
(`, k)-CSP must have at least b(`, k) constraints.
9.1 An Algorithm for (3, 2)-CSPNote that (3, 2)-CSP is exactly the set-up we get from representing proper
3-colorability of graphs. We will show how to �nd a satisfying coloring|provided it exists|in expected time O(

p
2
npoly(n)), n the number ofvariables; thus the same bound follows for proper 3-coloring of n-vertexgraphs. As we will see at hindsight, the result for 3-coloring inherentlyexploits the embedding into the more general setting of CSPs (meaning,



214 CHAPTER 9. CONSTRAINT SATISFACTIONthere is no obvious way how to specialize the result to 3-coloring withouttalking about CSP or similar).The result relies on two lemmas due to [Beigel, Eppstein, 1995].
Lemma 9.1 If a (�`, 2)-CSP S has n variables, one of which has at mosttwo possible colors, then we can transform it in polynomial time intoa (� `, 2)-CSP S 0 with n − 1 variables, so that S is satis�able i� S 0 issatis�able.Proof. If the distinguished variable v has no possible color, the problemis trivial, and if there is one possible color i, then we can assume that v iscolored i, and remove the pair (v, i) in constraints, wherever it occurs.So let us assume that v has colors i and j at disposal. Now we add aconstraint {(u, i 0), (w, j 0)} whenever

{(u, i 0), (v, i)} 2 S and {(w, j 0), (v, j)} 2 S ,unless u = w and i 0 6= j 0, see Figure 9.3. On the one hand this does notfurther restrict our set of legal colorings: u 7→ i 0 implies v 7→ j becauseof {(u, i 0), (v, i)}, and w 7→ j 0 implies v 7→ i because of {(w, j 0), (v, j)}. So
u 7→ i 0 and w 7→ j 0 was illegal before adding the new constraint. (Thisreminds us of resolution for CNF formulas.)
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v

i jFigure 9.3: Removal of a variable with two possible colors.On the other hand, let χ be a coloring on V \ {v} that respects all con-straints including the newly added ones. Suppose, we cannot extend thiscoloring to χ(v) := i because of a constraint {(u, χ(u)), (v, i)} and the samefor χ(v) := j because of a constraint {(w, χ(w)), (v, j)}. But then χ violatesthe newly introduced constraint {(u, χ(u)), (w, χ(w))}; contradiction.



9.1. AN ALGORITHM FOR (3, 2)-CSP 215That is, we can add constraints as indicated above, and then remove
v and all constraints involving v without altering satis�ability. In orderto obtain a (� `, 2)-CSP, we have to remove 1-constraints {(u, i 0)} that wemight have added in the process ({(u, i 0), (v, i)} 2 S and {(u, i 0), (v, j)} 2 Syields constraint {(u, i 0)}). But this can be overcome by removing color i 0from Lu and then removing the constraint.Note that we do not have to worry about an explosion of the constraintset, since its size is bounded by `2

�
n
2

�.
Lemma 9.2 n 2 N, n � 2. There is a randomized polynomial time pro-cedure, that|given a (3, 2)-CSP S over n variables|produces a (3, 2)-CSP S 0 over at most n−2 variables such that (i) if S 0 is satis�able, sois S, and (ii) if S is satis�able, so is S 0 with probability at least 1

2
.Proof. Choose a constraint {(v, i1), (w, j1)} (if there is none, the problemis trivial), and let {i1, i2, i3} and {j1, j2, j3} be the color lists for v and w,respectively. Now randomly restrict the color lists of v and w to subsets

L 00v and L 00w, respectively, u.a.r. among the four possibilities where either
L 00v = {i2, i3} or L 00w = {j2, j3}, but not both; this gives a new (�3, 2)-CSP S 00.PSfrag replacements

i1

i2

i3

j1

j2

j3Figure 9.4: The four sets {i2, i3}� {j1, j2}, {i2, i3}� {j1, j3}, {i1, i2}� {j2, j3},and {i1, i3} � {j2, j3} cover each pair in ({i1, i2, i3}� {j1, j2, j3}) \ {(i1, j1)}exactly twice.Clearly, if S 00 is satis�able then S is satis�able. Now suppose S is sat-is�able with a coloring with v 7→ i and w 7→ j; hence, (i, j) 6= (i1, j1). Byour choice of L 00v and L 00w, the probability of (i, j) 2 L 00v � L 00w is 1
2
, see Fig-ure 9.4. If this event materializes, S 00 is satis�able as well. Now, since S 00has two vertices with two allowable colors only, we can transform S 00 into a

(3, 2)-CSP S 0 with at least two fewer vertices (via Lemma 9.1), so that S 00is satis�able i� S 0 is satis�able.



216 CHAPTER 9. CONSTRAINT SATISFACTIONFor solving a (3, 2)-CSP S with n variables we apply Lemma 9.2 toreduce the number of variables by at least 2 for at most jn
2

k rounds untilwe reach a CSP Ŝ with at most 1 variable; now satis�ability can be solvedtrivially. If Ŝ is satis�able, we know that S is satis�able, and we are done(and, in fact, a satisfying coloring of S can be reconstructed in polynomialtime). If S is satis�able, then Ŝ is satis�able with probability at least�
1
2

�bn/2c. The usual arguments entail now
Theorem 9.3 λ 2 R

+. There is a randomized algorithm with running time
O(λ

p
2

npoly(n)) that either determines satis�ability of a (3, 2)-CSPover n variables, or concludes unsatis�ability with error probability atmost e−λ.
Corollary 9.4 λ 2 R

+. There is a randomized algorithm with runningtime O(λ
p
2

npoly(n)) that either determines proper 3-colorability ofan n-vertex graph, or concludes that no such coloring exists with errorprobability at most e−λ.Note 9.1 The best bound known for (3, 2)-CSP is O(1.365n), the best for proper
3-coloring of graphs is O(1.329n), both from [Eppstein, 2001].



Chapter 10

Random k-CNF Formulas

k, n,m 2 N, n � k. A random k-CNF formula with m clauses over nvariables, random CNF-formula Fk(n,m) for short, is a CNF formula
{C1, C2, . . . , Cm} where each Ci is drawn u.a.r. from all k-clauses over some(common) set of n variables. Note that we do not require the Ci's to bepairwise distinct, but we insist on all clauses having exactly k literals, notwo from the same variable.For quite some time now there has been active research investigating theprobability of such a random CNF-formula to be satis�able (in dependenceof the parameters k, n and m). It is conjectured that there is a sharpthreshold in the following sense: For each k � 2 there is a constant rk suchthat for k and c < rk constant, the probability of satis�ability tends to 1 as
n goes to ∞ if m < cn, while for c > rk constant it tends to 0 if m > cn.So far the answer is known for k = 2 only. One reason for interest in thematter is that around the transition from satis�able to unsatis�able, oneapparently gets algorithmically hard CNF formulas: Satisfying assignmentsare hard to �nd, and evidence for unsatis�ability is hard to provide.
10.1 First Linear BoundsLet o(1) stand for a function that tends to 0 as n tends to in�nity. Firstwe show that at most a linear number of clauses is allowed if we want a\fair" chance of satis�ability.
Theorem 10.1 ([Franco, Paull, 1983]) k 2 N, (ln 2) � 2k < c 2 R, both con-stant, and n 2 N. A random CNF formula Fk(n,m) with m � cn is217



218 CHAPTER 10. RANDOM K-CNF FORMULASunsatis�able with probability 1− o(1).Proof. Let the random formula F be over variable set V. For an assignment
α 2 {0, 1}V, the probability that a random k-clause over V (u.a.r. from allsuch k-clauses) is satis�ed is (1 − 2−k). To see this we sample �rst a setof variables u.a.r. in �V

k

�, and then we decide for each variable whether itappears as a positive or negative literal. The probability of always choosingthe sign which is not satis�ed by α is 2−k.It follows that the probability of α satisfying F is (1− 2−k)m, and thusthe expected number of satisfying assignments of F isE(|satV(F)|) = 2n(1− 2−k)m � 2n(1− 2−k)cn

< 2n e−2−kcn = 2n e−(ln 2)n e−2−kc 0n = e−2−kc 0nfor c 0 = c − (ln 2)2k. For c a constant as presumed in the assertion of thetheorem, we have c 0 > 0 and the expected number of satisfying assignmentstends to 0 as n tends to in�nity. Thus, the probability of existence1 of asatisfying assignment tends to 0.If c < (ln2) �2k, then we expect many (an exponential number of) satis-fying assignments. Can we thus conclude that there is a good chance thatthere is one at all? Not so in general, and it is instructive to investigate thematter on the otherwise not so interesting case of random 1-CNF formulas.A random CNF formula F := F1(n,m) expects 2n2−m satisfying assign-ments (so this is 1 for m = n).We take a closer look at the process. Let us sample F by �rst choosinga sequence of variables (of length m), and then we choose for each elementin the sequence a sign which gives the 1-clauses. The formula is satis�ableif and only if each variable gets consistently the same sign for all of itsoccurrences. If N 0 (a random variable) denotes the number of distinctvariables occurring in the sequence, thenPr (F is satis�able |N 0 = n 0) =  
1

2

!m−n 0and E(|sat(F)| |F is satis�able and N 0 = n 0) = 2n−n 01For X a random variable with X 2 N0, we have Pr(X � 1) =
∑

∞

i=1 Pr(X = i) �∑
∞

i=1 i � Pr(X = i) = E(X).
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1−

 
1−

1

n

!m! � n
�
1− e−m/(n−1)

�
= n(1− e−λ)if m = λ(n − 1). This follows since the probability of a variable x not tooccur is �1− 1

n

�m.That is, for m = n, on the average we have N 0 � �
1− 1

e

�
n, for whichthe probability of satis�ability is 2−n/e, which3 is small but compensatedby a huge supply of satisfying assignments in the rare case of satis�ability.We will show now that|after all|starting with k = 2 a linear numberof clauses (with the right constant in linearity) gives a satis�able formulaalmost surely.

Theorem 10.2 ([Chvátal, Reed, 1992]) 1 > c 2 R
+, constant, and n 2 N. Arandom CNF formula F2(n,m) with m � cn is satis�able with proba-bility 1− o(1).Proof . We will de�ne so-called bicycles (which are certain sequencesof clauses) and show that (i) absence of bicycles implies satis�ability and(ii) a random formula with at most cn 2-clauses contains a bicycle withprobability o(1), if c < 1.An s-bicycle, s � 2, is a sequence of s + 1 clauses

{v, u1}, {u1, u2}, {u2, u3}, . . . , , {us−1, us}, {us, w} (10.1)where (u1, u2, . . . , us) is a sequence of literals that come from s distinct vari-ables, and vbl({v}) � vbl({u2, u3, . . . , us}), vbl({w}) � vbl({u1, u2, . . . , us−1}).With reference to the representation of a 2-CNF formula over V as adirected graph on vertex set V [V in Section 3.3, we observe that a bicycleappears as directed walk
v→ u1 → u2 → . . .→ us → w .We recall that a 2-CNF formula is unsatis�able if and only if x ; x ; xfor some variable x, see Lemma 3.7. That is, there is a directed walk

x→ v1 → v2 → . . .→ vt → x with x 2 {v2, v3, . . . , vt−1}.2We use here that (1 − 1
n
)n−1 > e−1 for all 2 � n 2 N, which is equivalent to (1 +

1
n−1

)n−1 < e.3An analysis of Pr(F is satis�able) and E(|sat(F)| |F is satis�able) is not yet obtained.We leave this as an exercise.
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x1 x2 x3

x3

x4 x5 x6 x7

Figure 10.1: The appearance of a bicycle in the directed graph (asde�ned in Section 3.3) of a 2-CNF formula.Some part of this walk has to be a bicycle, so claim (i) is established.For showing (ii), we �rst observe that the number of bicycles equals 
n

s

!
2ss!(2(s − 1))2 < ns2s(2s)2(�rst we choose the set of variables for (u1, u2, . . . , us), then we decide upontheir signs, then on their order and �nally we select v among the 2(s − 1)literals at disposal, and the same for w).The probability that a speci�c s-bicycle occurs is at most 

m

s+ 1

!
(s + 1)!

0@ 1

4
�
n
2

�1As+1

< ms+1

 
1

2n(n− 1)

!s+1

. (10.2)For a slow development of this bound, let us denote by (C1, C2, . . . , Cm) thesequence of clauses generated for F. We de�ne an occurrence of an s-bicycle(as given in (10.1)) as a sequence σ = (i1, i2, . . . , is+1) of distinct integers in
{1..m} such that

Ci1 = {v, u1}, Ci2 = {u1, u2}, . . . , Cis+1
= {us, w} .There are � m

s+1

�
(s + 1)! sequences as σ, and each one is an occurrence ofa speci�c s-bicycle with probability �4�n

2

��−(s+1). Therefore, the left handside in (10.2) is exactly the expected number of occurrences of a speci�c
s-bicycle, and the probability of it occurring is upper bounded by thisexpectation.



10.2. IMPROVED UPPER BOUND FOR 3-CNF 221Consequently, the probability that a bicycle occurs is at most
n∑

s=2

ns2s(2s)2ms+1

 
1

2n(n− 1)

!s+1

=
2m

n(n− 1)

n∑

s=2

s2
�

m

n − 1

�s

= O

 
1

n

! , provided c < 1.Summing up, we have shown that for a random 2-CNF formula F with atmost cn clauses over n variablesPr (F is unsatis�able) � Pr (F has a bicycle) = o(1) , provided c < 1.The theorem readily implies that the same is true for all k � 2. For k =

2 one can even show that the bound of 1 is tight, that is, a random 2-CNFformula with at least cn clauses is unsatis�able with probability at least
1−o(1), provided c > 1; [Chv�atal, Reed, 1992], but see also [Goerdt, 1999]and [Fernandez de la Vega, 92] for independent proofs.
10.2 Improved Upper Bound for 3-CNFTheorem 10.1 shows that a random 3-CNF formula with at least 5.19 nclauses is almost surely unsatis�able. Next we want to improve on this bydemonstrating that this is the case already for a smaller constant.We have to intervene with the sudden 
ood of satisfying assignmentsin case of satis�ability, as we observed it in the previous section. We willdo so by carefully selecting a usually much smaller subset of it. Given aCNF formula F over V, we call a satisfying assignment maximal if 
ippingany of its 0's to 1 leads to an assignment that does not satisfy. The setof maximal satisfying assignments on V is denoted by dsatV(F). Note thatdsatV(F) � satV(F) and dsatV(F) 6= ; i� satV(F) 6= ;.4Let c 2 R

+ . For n 2 N we consider a random CNF formula F3(n,m) over
V with m � cn clauses. Our goal is to �nd an upper bound on E(|dsat(F)|)(we skip the subindex V in dsatV() for the time being).4Indeed, for a 1-CNF formula |csatV (F)| 2 {0, 1} and therefore Pr(F is satis�able) =E�|csatV (F)|�.



222 CHAPTER 10. RANDOM K-CNF FORMULASAs a �rst step we analyze for α = {1}V and ` � n distinct assignments
αi, i 2 {1..`}, with dH(αi, α) = 1 the probabilityPr α 2 sat(F)∧ `̂

i=1

αi /2 sat(F)!
= Pr `̂

i=1

αi /2 sat(F) |α 2 sat(F)! � Pr (α 2 sat(F))︸ ︷︷ ︸
(7/8)mwhich is the same as Pr (α 2dsat(F)) for an assignment with ` zeros.Let us try Pr (α1 /2 sat(F) |α 2 sat(F)) �rst. We generate the m clausesas ordered tuples of literals. This time we will �rst choose for each clausethe sign pattern u.a.r. in {+,−}3 \{− − −}, i.e. among all sign patterns thatensure that α satis�es the clause. Then we choose a variable for each ofthe three positions.Now for α1 not to satisfy the clause, (i) there has to be a unique + inthe sign pattern and (ii) this +-sign must be associated with the variable

x with α1(x) = 0. (i) happens with probability 3
7
, and conditioned on this,(ii) happens with probability 1

n
. That is,Pr (α1 /2 sat(F) |α 2 sat(F)) = 1−

 
1−

3

7n

!mIn order to continue we need a lemma.
Lemma 10.3 m 2 N and S a �nite set. Let Xi 2 S, i 2 {1..m}, be i.i.d.5random variables with Pr(Xi = a) = pa for a 2 S, and let X := {Xi}

m
i=1.For every subset T of S,Pr0@

â2T(a 2 X )

1A �∏
a2T Pr(a 2 X ) =

∏

a2T (1− (1− pa)
m) .Proof (intuition). Pr (a /2 X ) = (1−pa)

m, since the Xi's are independent.Hence, the equality to the right follows.However, the events a 2 X are not independent. In fact, if m < |T |, theprobability to the left is zero, since then m trials do not allow to include
|T | elements in X . It turns out that the events a 2 X have the so-called5identically and independently distributed



10.2. IMPROVED UPPER BOUND FOR 3-CNF 223\negative dependency" property which allows to conclude the inequalityabove. Intuitively speaking, the fact that we know already a 2 X can onlydecrease the chances for b 2 X for b 6= a.Perhaps surprisingly, the proof is non-trivial, still elementary, no worry,but beyond the scope of this course (see [Dubhashi, Ranjan, 1996]).To employ the lemma we consider random variables Xi 2 {0..`}, i 2 {1..m},one for each clause in the sequence produced in the random process forgenerating F. We let Xi = j if the variable x with αj(x) = 0 appears asthe unique positive literal in the ith clause, and Xi = 0, otherwise. Thescenario is set forPr `̂

i=1

αi /2 sat(F) |α 2 sat(F)! �  
1−

 
1−

3

7n

!m!`� �
1− e−3c/7 + o(1)

�`for m > cn, c 2 R
+ . NowE(|dsat(F)|) �  

7

8

!cn n∑

`=0

 
n

`

!�
1− e−3c/7 + o(1)

�`
=

 
7

8

!cn �
2− e−3c/7 + o(1)

�nwhich tends to zero for n growing, as long as c satis�es 
7

8

!c �
2− e−3c/7

�
< 1 ;this holds for c � 4.667.

Theorem 10.4 ([Kirousis et al., 1998]) n 2 N. A random CNF formula F3(n,m)with m � 4.667 n is unsatis�able with probability 1− o(1).Note 10.1 Currently known bounds say that a random CNF formula F3(n,m)with m � 3.42n is satis�able , and with m � 4.506n is unsatis�able with probabil-ity 1− o(1), [Kaporis et al., 2002] and [Dubois et al., 2000], respectively; consultalso the surveys [Franco, 2001], [Dubois, 2001], and [Clote, Kranakis, 2002, Chap-ter 4]. There are recent developments for general k-CNF formulas in [Friedgut, 1999]and [Achlioptas, Peres, 2002].
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Appendix A

Glossary of Notions and Facts

A.1 Fibonacci Numbers, Golden RatioThe sequence (fn)n2N0 of Fibonacci1 numbers is de�ned by
fn =






0 if n = 0,
1 if n = 1, and
fn−1 + fn−2 otherwise.It often occurs in mathematics, and even outside of it. We know that for

n 2 N0

fn =
1p
5

0@ 1+p
5

2

!n

−

 
1−

p
5

2

!n
1A = Θ

0@ 1+p
5

2

!n
1A .Therefore, the limit of the ratio fn+1

fn
is 1+

p
5

2
� 1.618033 . . ., called thegolden ratio.

A.2 Some RecurrencesIn our analyses we frequently encounter functions g : N0 −→ N0 observingrecurrences of the form
g(n) � { an if n < k, and

a+
∑k

i=1 ck−i � g(n− i) otherwise.1Leonardo di Pisa, called Fibonacci, around 1175-1245 (Pisa, Italy)i



ii APPENDIX A. GLOSSARY OF NOTIONS AND FACTSHere, in general, a, ai, and ci, 0 � i < k are real numbers with c0 6= 0. Forour applications we assume that these are non-negative numbers|thus
c0 > 0| and that ∑k−1

i=0 ci > 1. The goal is to derive an asymptotic upperbound for g(n) from these inequalities.First, we want to get rid of the constant term a. So, if a > 0, wemultiply the inequality by λ > 0 and add 1 on both sides. Then
λg(n) + 1
︸ ︷︷ ︸

f(n)

� 


λan + 1 if n < k, and
λa+ 1+

∑k
i=1 ck−i � (λg(n− i) + 1

︸ ︷︷ ︸
f(n−i)

−1) otherwise.We substitute f(n) for λg(n) + 1, and we choose λ =
(
∑k−1

i=0 ci)−1

a
(which isindeed positive by our assumptions) so that λa + 1 −

∑k
i=1 ck−i vanishes.Then homogeneous inequalities for f(), n � k, evolve

f(n) � { λan + 1 if n < k, and∑k
i=1 ck−i � f(n− i) otherwise.Via g(n) =

f(n)−1

λ
any asymptotic upper bound for f() implies the sameasymptotic upper bound for g().If r is a positive real root2 of

xk =

k−1∑

i=0

cix
i, where c0 > 0, ci � 0 for 1 � i < k, and ∑k−1

i=0 ci > 1,then there exists a b > 0 such that f(n) � b � rn for all n 2 N0. For a proofchoose b := maxk−1
i=0

λai+1
ri

, and then induction readily goes through.Consequently, f(n) = O(rn) and thus g(n) = O(rn).For obtaining the roots we can employ programs like Maple. For exam-ple, let us look at
t(n) � { 1 if n < 3, and

1+ t(n− 1) + t(n− 2) + t(n− 3) otherwise.2In case you wonder or care: There is exactly one such positive root which has toexceed 1. Why? The polynomial p(x) := xk −
∑k−1

i=0 cix
i has exactly one sign change inits coeÆcients, so Descartes' rule allows for one positive root at most. But p(1) < 0 and

p(∞) > 0, so there has to be a real root exceeding 1.



A.3. MARKOV CHAINS iiiThen we are supposed to type in Maple
> evalf(solve(x^3-x^2-x-1,x));which provides us with the answer

1.839286755, -0.4196433777+0.6062907300 I,

-0.4196433777-0.6062907300 Iand so t(n) = O(1.8393n) is established.This treatment is very much tailored to our needs. A more profoundand general derivation can be found, e.g. in [Matou�sek, Nesetril, 1998, Sec-tion 10.3].
A.3 Markov ChainsGiven some countable (in�nite or �nite) set S, we consider an in�nite se-quence of random variables

(Xt)t2N0
= X0, X1, X2, . . . with Xt 2 Ssuch that Xt, t 2 N, depends on Xt−1 only (and not on any of the previoushistory X0, X1, . . . , Xt−2). More formally,Pr (Xt = j |X0 = j0, X1 = j1, . . . , Xt−2 = jt−2, Xt−1 = i)

= Pr (Xt = j |Xt−1 = i) =: ptijfor all t 2 N and all (j0, j1, . . . , jt−2, i, j) 2 St+1. A sequence of randomvariables with this memorylessness property is called a Markov3 chain.The elements in S are the states of the Markov chain, X0 either equals someinitial state s0 2 S or, more generally, attains a state in S with some giveninitial probability distribution q(0) = (q
(0)
i )i2S on S ( Pr(X0 = i) = q

(0)
i ).A Markov chain is homogeneous, if for all t 2 N,Pr (Xt = j |Xt−1 = i) = Pr (X1 = j |X0 = i) =: pij .The (pij)'s are called transition probabilities { they are real numbers thatsatisfy 0 � pij � 1 and ∑k2S pik = 1 for all i, j 2 S. (A matrix (pij)i,j2Swith this property is called stochastic.)3Andrei Andreyevich Markov, 1856-1922 (St. Petersburg University, Russia)



iv APPENDIX A. GLOSSARY OF NOTIONS AND FACTS
A.4 Tail Estimates

Lemma A.1 (Markov’s Inequality) Let X be a nonnegative random variablefor which E(X) > 0 exists. Then, for all λ 2 R
+,Pr(X � λE(X)) � 1

λ
.Proof. Let t 2 R

+ .E(X) =
∑

x

x � Pr (X = x)

=
∑

x<t

x︸︷︷︸�0

�Pr (X = x) +
∑

x�t

x︸︷︷︸�t

�Pr(X = x)� t �∑
x�t

Pr (X = x)

= t � Pr (X � t)That is, Pr (X � t) � E(X)
t

, for all t 2 R
+ .Now set t = λE(X) to conclude the statement of the lemma.



A.5. JENSEN'S INEQUALITY v
A.5 Jensen’s InequalityIn order to state Jensen's4 Inequality we have to clarify two notions. First,a real interval is a convex subset I of R, i.e. whenever x, y 2 I then
λx+(1−λ)y 2 I for all λ 2 [0, 1].5 Second, a real-valued function f de�nedon a real interval I is called a convex function on I, if

f(λx+ (1− λ)y) � λf(x) + (1− λ)f(y)for all x, y 2 I and all λ 2 [0, 1]. (That is, the segment connecting any twopoints of the graph of f in the range I lies above or on the graph of f.)
Figure A.1: A convexfunction.

Examples of convex functions are x 7→ x2on R, x 7→ |x| on R, x 7→ − ln x on R
+ , and

x 7→ sin(x) on [π, 2π].An equivalent de�nition of a convex func-tion f on I requires that for every a 2 I thereexists a λa 2 R such that
f(x) � f(a) + λa(x− a)for all x 2 I. That is, in every point of the graph of f in the range of I thereexists a tangent to the curve that is majorized by f in the range of I.

Lemma A.2 (Jensen’s Inequality) Let f be a convex function on a real in-terval I. Then
f

0@ n∑

i=1

λixi

1A � n∑

i=1

λif(xi) (A.1)for any (xi)
n
i=1 2 In and any (λi)

n
i=1 2 (R

+

0)
n with ∑n

i=1 λi = 1.And (provided the expectations involved exist)
f(E(X)) � E(f(X)) (A.2)for any random variable X attaining values in I only.4Johan Ludwig Jensen, 1859-1925 (Denmark)5Why don't we simply say that I = [a, b] for a, b 2 R with a � b? Well, we want alsointervals of the form [a, b), (a, b] and (a, b). And we want to allow in�nite intervals (e.g.

R, R+ or R+0), i.e. a possibly −∞ and b possibly ∞. But then, of course, we don't want
−∞ or ∞ to occur in a real interval, i.e. [−∞,∞] . . . is outruled. Perhaps you like nowthe de�nition we chose.



vi APPENDIX A. GLOSSARY OF NOTIONS AND FACTSIf the λi's in (A.1) are read as probabilities, we see that (A.1) is just awritten-out special case of the probabilistic formulation (A.2).Many useful inequalities follow from Jensen's. For example, the relationbetween geometric and arithmetic mean
n

vuuut n∏

i=1

xi � ∑n
i=1 xi

n
for xi's in R

+ ,can be rewritten as (by taking ln on both sides, with the monotonicity ofln in mind)
1

n
ln n∏

i=1

xi =

n∑

i=1

1

n
ln xi � ln n∑

i=1

1

n
xi .Now we multiply both sides with −1 (thus reverting the inequality) andwe have Jensen's Inequality for the convex function x 7→ − ln x.Proof of (A.2) of Lemma A.2. Let µ := E(X) (hence µ 2 I). Let λ besuch that f(x) � f(µ)+λ(x−µ) for all x 2 I. Due to linearity of expectationE(f(X)) � E(f(µ) + λ(X− µ)) = f(µ) + λ(E(X)︸ ︷︷ ︸

µ

−µ) = f(µ) = f(E(X))and we are done.


