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I 
an't get no satisfa
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7* Derandomizing Schöning’s Algorithm 155

7*.1 The Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 155

7*.2 Hindsight: Why and How? . . . . . . . . . . . . . . . . . . . 160



8 The PPSZ Algorithm 171
8.1 Having a Unique Satisfying Assignment . . . . . . . . . . . 173

8.1.1 Building Criti
al Clause Trees . . . . . . . . . . . . 175

8.1.2 Pla
ements, Criti
al Clause Trees and For
ed Variables176

8.2 Random Deletion in Binary Trees . . . . . . . . . . . . . . . 180

8.2.1 Monotone Convergen
e . . . . . . . . . . . . . . . . 180

8.2.2 Numeri
al Integration and Riemann Sums . . . . . . 181

8.2.3 The FKG Inequality . . . . . . . . . . . . . . . . . . 182

8.2.4 Of In�nite and Finite Trees . . . . . . . . . . . . . . 184

8.2.5 Of Independent and Dependent Labels . . . . . . . . 187

8.2.6 Integrating over the Rank of the Root . . . . . . . . 189

8.3 Multiple Satisfying Assignments . . . . . . . . . . . . . . . 192

8.3.1 Problem Assessment . . . . . . . . . . . . . . . . . . 193

8.3.2 De�nition of a Cost Fun
tion . . . . . . . . . . . . . 196

8.3.3 Gathering a few Simple Fa
ts . . . . . . . . . . . . . 197

8.3.4 Bounding Correlations in Weighted Sums . . . . . . 201

8.3.5 Trading Survival Probability for Cost Savings . . . . 202

8* Sparsification and ETH 211
8*.1 k-SAT in Subexponential Time? . . . . . . . . . . . . . . . 211

8*.2 The Need for Sparsi�
ation . . . . . . . . . . . . . . . . . . 212

8*.3 The Sparsi�
ation Algorithm . . . . . . . . . . . . . . . . . 214

9 Constraint Satisfaction 221
9.1 An Algorithm for (3, 2)-CSP . . . . . . . . . . . . . . . . . . 223

10 Random k-CNF Formulas 227
10.1 First Linear Bounds . . . . . . . . . . . . . . . . . . . . . . 227

10.2 Improved Upper Bound for 3-CNF . . . . . . . . . . . . . . 231

A Glossary of Notions and Facts i
A.1 Fibona

i Numbers, Golden Ratio . . . . . . . . . . . . . . i

A.2 Some Re
urren
es . . . . . . . . . . . . . . . . . . . . . . . i

A.3 Markov Chains . . . . . . . . . . . . . . . . . . . . . . . . . iii

A.4 Tail Estimates . . . . . . . . . . . . . . . . . . . . . . . . . iii

A.5 Jensen's Inequality . . . . . . . . . . . . . . . . . . . . . . . v



0.1 Course Description

Satisfiability of Boolean Formulas—Combinatorics and Algorithms
(252-0491-00 Erf�ullbarkeit logis
her Formeln|Kombinatorik und Algorith-

men)

EmoWelzl (le
turer) and ChidambaramAnnamalai (assistant); ETH Z�uri
h,

Spring 2016, Tuesday, 10-12 (CAB G59) and Thursday 9-10 (CAB G59)

for le
tures, and and Tuesday, 13-15 (CAB G57) for exer
ises.

http://www.ti.inf.ethz.ch/ew/courses/SAT16/

Contents. Satis�ability (SAT) is the problem of de
iding whether a boolean

formula in propositional logi
 has an assignment that evaluates to true.

SAT o

urs as a problem and is a tool in appli
ations (e.g. Arti�
ial In-

telligen
e and 
ir
uit design) and it is 
onsidered a fundamental problem

in theory, sin
e many problems 
an be naturally redu
ed to it and it is the

`mother' of NP-
omplete problems. Therefore, it is widely investigated and

has brought forward a ri
h body of methods and tools, both in theory and

pra
ti
e (in
luding software pa
kages ta
kling the problem). This 
ourse


on
entrates on the theoreti
al aspe
ts of the problem. We will treat basi



ombinatorial properties (employing the probabilisti
 method in
luding a

variant of the Lov�asz Lo
al Lemma with its re
ent algorithmi
 version),

re
all a proof of the Cook-Levin Theorem of the NP-
ompleteness of SAT,

dis
uss and analyze several deterministi
 and randomized algorithms. In

order to set the methods en
ountered into a broader 
ontext, we will devi-

ate to the more general set-up of 
onstraint satisfa
tion and to the problem

of proper k-
oloring of graphs.

Prerequisites. The 
ourse assumes basi
 knowledge in propositional logi
 (
f.

[S
h�oning, 1992℄), in probability theory and in dis
rete mathemati
s (
f.

[Matou�sek, Nesetril, 1998℄, [Steger, 2001, S
hi
kinger, Steger, 2001℄), as it

is supplied in the Vordiplomstudium.

Literature. There exists no book that 
overs the many fa
ets of the topi
.

Le
ture notes 
overing the material of the 
ourse will be distributed.

List of books with material related to the 
ourse:

George Boole, An Investigation of the Laws of Thought on whi
h are

Founded the Mathemati
al Theories of Logi
 and Probabilities, Dover

Publi
ations (1854, reprinted 1973).

Peter Clote, Evangelos Kranakis, Boolean Fun
tions and Computation

Models, Texts in Theoreti
al Computer S
ien
e, An EATCS Series, Springer



Verlag, Berlin (2002).

Nadia Creignou, Sanjeev Khanna, Madhu Sudhan, Complexity Classi�
a-

tions of Boolean Constrained Satisfa
tion Problems, SIAM Monographs

on Dis
rete Mathemati
s and Appli
ations, SIAM (2001).

Harry R. Lewis, Christos H. Papadimitriou, Elements of the Theory of

Computation, Prenti
e Hall (1998).

Rajeev Motwani, Prabhakar Raghavan, Randomized Algorithms, Cam-

bridge University Press, Cambridge, (1995).

Uwe S
h�oning, Logik f�ur Informatiker, BI-Wissens
haftsverlag (1992).

Uwe S
h�oning, Algorithmik, Spektrum Akademis
her Verlag, Heidelberg,

Berlin (2001).

Uwe S
h�oning, Ja
obo Tor�an,The Satis�ability Problem, Lehmanns Ver-

lag (2013).

Mi
hael Sipser, Introdu
tion to the Theory of Computation, PWS Pub-

lishing Company, Boston (1997).

Klaus Truemper, Design of Logi
-based Intelligent Systems, Wiley-Inter-

s
ien
e, John Wiley & Sons, In
., Hoboken (2004).



0.2 Notation

Z denotes the set of integers, N the positive integers (natural numbers),Z,N,N0

and N0 the nonnegative integers. For i, j 2 Z, {i..j} := {n 2 Z | i � n � j}.{i..j}
A,B sets; k 2 N0: |A| denotes the 
ardinality of A, 2A the power set of

|A|, 2A
A (set of all subsets of A),

�

A
k

�

the set of all k-element subsets of A, A�B
�

A
k

�

, A� B the symmetri
 di�eren
e, and A � B the Cartesian produ
t. The set of

A� B
fun
tions A −→ B is denoted by BA

.

BA
Pr (E) denotes the probability of event E . E(X) denotes the expe
ted

Pr (E)
value of random variable X. \u.a.r." is short for \uniformly at random,"

and \i.i.d." for \identi
ally and independently distributed." For P a pred-

i
ate, [P] is 1 if P holds, and 0, otherwise (indi
ator fun
tion).[P]
A (simple undire
ted) graph is a pair G = (V, E), where V is a �nite

set (the verti
es) and E �

�

V
2

�

(the edges). Vertex u is termed adja
ent

to vertex v (or u is a neighbor of v), if {u, v} 2 E. The degree, degG(v), ofdegG(v)

vertex v in graph G is the number of neighbors of v in G.

A (simple) dire
ted graph is a pair G = (V, E), where V is a �nite set

and E � V � V (the dire
ted edges

1

or ar
s). For u, v 2 V, u is an out-

neighbor of v if (v, u) 2 E, and u is an in-neighbor of v if (u, v) 2 E; u is

a neighbor of v (or adja
ent to v), if it is an out- or in-neighbor of v.

The binary boolean operators `and' (
onjun
tion) and `or' (disjun
-

tion) are denoted by ∧ and ∨, resp. Negation is denoted by ¬ or by a∧, ∨

¬, x horizontal bar over the operand (e.g. x). We employ the usual short
uts→
(impli
ation), ↔ (equivalen
e), and � (ex
lusive or, `xor ') (x → y for↔, →, �

x∨ y, x↔ y for (x→ y)∧ (y→ x) and x� y for ¬(x↔ y)).

Two boolean formulas f and g are equivalent

2

, f � g in symbols, iff � g

every assignment of the variables involved in f and g lets the two formulas

evaluate to the same value. A boolean formula f is satis�able, if there is an

assignment under whi
h f evaluates to true (i.e. f 6� false). f is a tautology ,

if it evaluates to true under all assignments (i.e. f � true).

1

In a dire
ted graph (as de�ned here), a vertex 
an have an edge to itself (a loop),

while this is outruled for undire
ted graphs.

2

Note the di�eren
e between `�' and `↔': The latter is an operator symbol o

urring

in boolean formulas of propositional logi
, while the former is an equivalen
e relation on

the set of su
h formulas. They are 
onne
ted in that f � g holds i� f↔ g is a tautology.



Chapter 1

Basics, Examples, and Set-Up

Satis�ability (SAT) is the problem of de
iding whether a boolean

1

formula

in propositional logi
, take

(x→ y)∧ (y→ z)∧ (z→ x)∧ (x∨ y∨ z) (1.1)

or

(((x∧ y)∨ (y∧ z))∧¬(x↔ y)) � (x∧ y∧ z) (1.2)

for examples, allows a {true, false}-assignment to variables so that the for-

mula evaluates to true|a so-
alled satisfying assignment. The formula

(1.1) has su
h a satisfying assignment, namely

x 7→ 1, y 7→ 0, z 7→ 0 ,

as 
an be easily 
he
ked (we let 1 represent true and 0 represent false). (1.2)

is not satis�able and we see that it takes an argument more elaborate than

in the 
ase of satis�ability to 
ertify this unsatis�ability.

Satis�ability has numerous appli
ations, let it be in Arti�
ial Intelli-

gen
e or Formal Veri�
ation, but we will fo
us here on the theoreti
al

aspe
ts of the problem whi
h plays a key role in Theoreti
al Computer

S
ien
e, amongst others, as the `mother' of NP-
omplete problems. Nev-

ertheless, in the beginning of this �rst 
hapter we will brie
y tou
h links

to possible appli
ations. Next we will justify our restri
tion to formulas

in so-
alled 
onjun
tive normal form, whi
h will lead us to a tailored

set-terminology for our treatise. In order to familiarize ourselves with this

1

George Boole, 1815-1864 (Queens College, Cork, Ireland)

1



2 CHAPTER 1. BASICS, EXAMPLES, AND SET-UP

terminology, we will dis
uss �rst simple algorithms (for 
ounting the num-

ber of satisfying assignments of a formula), and we will re
apitulate the

fundamental resolution method (for proving unsatis�ability of a formula).

Exercise 1.1 Show that the formula (1.2) is not satis�able.

Exercise 1.2 A binary boolean operator Æ is 
ommutative if

x Æ y � y Æ x .

Whi
h of the operators Æ 2 {∧,∨,→,↔,�} are 
ommutative?

Exercise 1.3 A binary boolean operator Æ is asso
iative if

(x Æ y) Æ z � x Æ (y Æ z) .

Whi
h of the operators Æ 2 {∧,∨,→,↔,�} are asso
iative?

For the asso
iative operators Æ 
hara
terize when a boolean assign-

ment of the variables lets




n
i=1xi := x1 Æ x2 Æ . . . Æ xn

evaluate to true.

Exercise 1.4 Is ({true, false},∨,∧) a ring? A �eld?

Exercise 1.5 Is ({true, false},�,∧) a ring? A �eld?

1.1 Examples

1.1.1 Circuit Verification

If we want to test equality of two binary signals (bits, \booleans") x and

y, that is, whether

x↔ y � (x∨ y)∧ (y∨ x)

is true, then the 
ir
uit in Figure 1.1 serves the purpose; its output is 1 i�

x equals y.



1.1. EXAMPLES 3

PSfrag repla
ements

x

y

Figure 1.1: A 
ir
uit testing equality of signals x and y.

PSfrag repla
ements

is the

AND-gate,

PSfrag repla
ements

is the OR-gate, and � negates. The output is 1 i� the

inputs x and y are equal.

For testing equality of x, y and z, we 
an build a 
ir
uit based on the

boolean formula

(x↔ y)∧ (x↔ z) � (x∨ y)∧ (y∨ x)∧ (x∨ z)∧ (z∨ x) (1.3)

with 4 OR-gates and 3 AND-gates, but there is an alternative way by using

the equivalent boolean formula

(x∨ y)∧ (y∨ z)∧ (z∨ x) . (1.4)

Is it really equivalent

2

?

Generally speaking, we have here the problem of de
iding whether two

boolean formulas f1 and f2 (here (1.3) and (1.4)) are equivalent. This

amounts to de
iding whether there is no satisfying assignment for

f1 � f2

(re
all that � is true i� its arguments are not equal).

In order not to let the example get too big, let us restri
t ourselves to

showing that the formula from (1.4), we 
all it f, implies that x↔ y, that

is, we have to show that the following formula is unsatis�able (the proof of

2

This 
an be seen by a 
ase analysis. Suppose in an assignment of the variables x, y

and z, the formula (1.4) is true. If x is false, then y has to be false (be
ause of (x ∨ y)),

and y false for
es z to be false (be
ause of (y∨ z); thus, all three have to be false in this


ase. Similarly, if x is true, then z has to be true (be
ause of (z∨x)), and z true implies y

true (be
ause of (y∨z)); therefore, all three have to be true. We have shown that formula

(1.4) is true i� all three variables are assigned the same value. But see also Exer
ise 1.6.
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PSfrag repla
ements

x

x

y

y

z
z

Figure 1.2: Two equivalent 
ir
uits?

unsatis�ability is postponed to Se
tion 1.5).

¬(f→ (x↔ y))

� ¬(¬f∨ (x↔ y)) � f∧ ¬(x↔ y)

� f∧ (x↔ y) � f∧ (x→ y)∧ (y→ x)

� (x∨ y)∧ (y∨ z)∧ (z∨ x)∧ (x∨ y)∧ (x∨ y) (1.5)

We have gone through the e�ort of transforming the formula in the form

of (1.5) sin
e this is the type of formulas we will treat in this 
ourse.

A boolean formula is in 
onjun
tive normal form if it is the 
onjun
-

tion of 
lauses, where a 
lause is the disjun
tion of literals; a literal is a

variable or the negation of a variable. We will also use CNF formula, for

short. A CNF formula with m 
lauses is of the form

m̂

i=1

0

�

ki
_

j=1

ui,j

1

A

, ui,j's literals.

(1.4) and (1.5) are examples of CNF formulas. (1.1) 
an easily be written

as an equivalent CNF formula

(x∨ y)∧ (y∨ z)∧ (z∨ x)∧ (x∨ y∨ z) .

What we have a
hieved in (1.5) is generally possible|every boolean for-

mula 
an be transformed to an equivalent one in 
onjun
tive normal form.
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There is a 
aveat though! The formula obtained may have size exponential

in the size of the original formula. That would make the restri
tion to CNF

formulas quite severe from a 
omplexity point of view. However, it is pos-

sible to �nd for every formula f eÆ
iently a CNF formula f 0 with size linear

in that of f so that f 0 is satis�able i� f is satis�able. So for the purpose

of testing satis�ability of a formula f, this formula f 0 perfe
tly serves the

purpose. This will be dis
ussed in more detail in Se
tion 1.2 below.

Exercise 1.6 Inequalities for Impli
ations

Observe that x → y is equivalent to the predi
ate x � y for x, y 
on-

sidered as real variables in {0, 1}. Rewrite the 
lauses in (1.4) with →
and use this observation to immediately 
on
lude that the formula is

true i� all variables get the same value assigned.

Exercise 1.7 n 2 N. Chara
terize the assignments that satisfy

(x∨ y1)∧ (y1 ∨ y2)∧ (y2 ∨ y3)∧ . . .∧ (yn−1 ∨ yn)∧ (yn ∨ x) .

Exercise 1.8 n 2 N. Chara
terize the assignments that satisfy

(x∨ y1)∧ (y1 ∨ y2)∧ (y2 ∨ y3)∧ . . .∧ (yn−1 ∨ yn)∧ (yn ∨ x) .

1.1.2 Map Labeling

Points in a map have to be labeled. For ea
h point, there are four possi-

bilities to atta
h the label in the four quadrants around the point. Clearly,

we want the labels not to overlap or to extend beyond the boundary of the

map. We 
an express these 
onditions in a boolean formula as follows. For

ea
h point p we introdu
e four variables p1, p2, p3, p4 representing the four

possible pla
ements (pi for the ith quadrant). The expression

(p1 ∨ p2 ∨ p3 ∨ p4)

is satis�ed only if at least one pla
ement is set to 1 (here we 
an omit

pla
ements that extend beyond the boundary). If pla
ements pi of point p

and pla
ement qj of point q overlap, we do not want both to be set to 1,

whi
h is ensured by the 
ondition

¬(pi ∧ qj) � (pi ∨ qj) .
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r
Z

�

uri
h

Z

�

uri
h r
Graz

Graz

r
LinzLinz

Linz Linz

r
BerlinBerlin

Berlin Berlin

r
Z

�

uri
h

r

Graz

r
Linz

r

Berlin

Figure 1.3: The formula (b1 ∨ b2 ∨ b3 ∨ b4)∧ (g2 ∨ g3)∧ (l1 ∨ l2 ∨ l3 ∨

l4)∧ (z1∨z4)∧ (z1∨ l2)∧ (z1∨ l3)∧ (z4∨ l3)∧ (l3∨g2)∧ (l4∨g2) has a

satisfying assignment with b4, g3, l1, z1 7→ 1 and the remaining variables

mapped to 0.

The 
onjun
tion of all these 
onstraints gives a formula whi
h is satis�able

i� all 
onditions 
an be simultaneously satis�ed. (Note that we didn't

bother to in
lude the 
ondition that ea
h point is labeled exa
tly on
e,

but, of 
ourse, we 
an always omit extra options suggested by a satisfying

assignment at our pleasing.)

We see here that the resulting formula 
omes in 
onjun
tive normal

form for free. Moreover, we observe that every 
lause involves at most 4

literals.

It is interesting to note that in 
ir
uit veri�
ation under normal (su
-


essful) 
ir
umstan
es we do not expe
t to �nd a satisfying assignment,

while for map labeling, we do. We have seen that there is an asymmetry,

in theory expressed by the fa
t that satis�ability is in NP, while unsatis-

�ability is in 
o-NP. If you are not familiar with these terms, this is best

`experien
ed' by the fa
t that it is easy to 
ertify satis�ability (this does

not mean that it is easy to �nd the proof), while in general this is hard for

unsatis�ability.
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1.2 Conjunctive Normal Form

Every boolean formula over a variable set V has an equivalent formula in


onjun
tive normal form. To prove this we �rst observe that every boolean

formula f indu
es a fun
tion ϕf : {0, 1}V −→ {0, 1} by

ϕf(α) := value to whi
h f evaluates under α 2 {0, 1}V

and two formulas are equivalent, if they indu
e the same fun
tion. So we

are done, if we �nd for every fun
tion ϕ : {0, 1}V −→ {0, 1} a CNF formula

that indu
es ϕ. Su
h a formula is given by

^

α2{0,1}V :ϕ(α)=0

0

�

_

x2V :α(x)=0

x ∨
_

x2V :α(x)=1

x

1

A

︸ ︷︷ ︸
=:Cα

. (1.6)

The 
lause Cα has been 
hosen so that it is false for α and, in fa
t, α is

the only assignment on V for whi
h Cα is false. It follows that the formula

evaluates to false under an assignment α i� ϕ(α) = 0. See Figure 1.4 for

an example.

x y z x↔ (y∧ z)

0 0 0 1

0 0 1 1

0 1 0 1

0 1 1 0

1 0 0 0

1 0 1 0

1 1 0 0

1 1 1 1

(x∨ y∨ z)

∧ (x∨ y∨ z)

∧ (x∨ y∨ z)

∧ (x∨ y∨ z)

Figure 1.4: A boolean formula, its indu
ed boolean fun
tion, and an

equivalent CNF formula.

This existen
e statement is not really satisfa
tory from a 
omplexity

point of view, sin
e it takes us exponential time to generate the CNF for-

mula, and the resulting formula may have size exponential in that of the

formula we started with. In the worst 
ase this is inherently so: There
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are formulas of whi
h all equivalent CNF formulas have exponential size

(generalize Exer
ise 1.9). But there is a way out.

Theorem 1.1 For every boolean formula f we 
an generate in time poly-

nomial in the size of f a CNF formula f 0, so that f 0 is satis�able i� f

is satis�able.

If f has m o

urren
es of binary operators and n variables then f 0

has m+n variables and O(m) 
lauses, all of whi
h are disjun
tions of

at most 3 literals.

Proof (sket
h). We 
on�ne ourselves to a sket
h, among others, sin
e we

avoided to (re-)provide a formal de�nition of what a boolean formula is as

we will not need it in our further pro
eeding.

What we need here is that every su
h formula (as every arithmeti


expression) has an evaluation tree whose leaves are literals and whose inner

nodes are labeled by operators. See Figure 1.5 for an example of su
h an

evaluation tree for the formula (1.2). (We assume that a 
¬ -node does not

have a 
¬ -node or a literal-node as a 
hild. In the �rst 
ase we 
ould as

well omit both nodes in the tree, in the latter we 
ould omit the 
¬ -node

and repla
e the literal by its negation.

3

)

So let f be a formula with variable set V and m binary operator o

ur-

ren
es. Consider an evaluation tree of f. To ea
h node i whi
h is labeled

by a binary operator we asso
iate a new variable ai. Ea
h 
¬ -node gets

asso
iated the literal a, where a is the variable asso
iated with its 
hild,

whi
h has to be a binary operator node by our 
onvention. Now all nodes

in the tree have asso
iated some literal, the leaves from variables in the

original set V, and the inner nodes from some newly introdu
ed variable;

the number of su
h new variables is obviously exa
tly the number of nodes

labeled by a binary operator.

Now we de�ne a formula f 00 (not the �nal f 0 yet) as follows. If i is a

binary operator node labeled Æ asso
iated with ai, its left 
hild asso
iated

with literal u and the right 
hild with v, then we let fi be the formula

ai ↔ (u Æ v). Given that, we set

f 00 := (a
root

)∧
^

i inner node

fi .

3

A
tually, we 
an propagate the negations to the leaves by DeMorgan rules and relatives

(¬(u ∧ v) � (u ∨ v), ¬(u ∨ v) � (u ∧ v), ¬(u ↔ v) � (u ↔ v), ¬(u � v) � (u � v), and
¬(u→ v) � (u∧ v)), so that in the end the only negations that o

ur are in the literals.
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PSfrag repla
ements

xx

x

y

y y

y

z

z

∧

∧

∧

∧

∧

∨

�

↔
¬

a1 a2

a3
a4 a5

a6
a7

a8

Figure 1.5: The evaluation tree of the boolean formula (1.2) with asso-


iated new variables for inner nodes. `Towards' f 0 we 
onsider

(a8)∧ (a1 ↔ (x∧ y))∧ � � � (a6 ↔ (a3 ∧ a4))∧ � � � (a8 ↔ (a6 � a7)).

Any assignment α on V for f 
an be extended to an assignment for the new

variables by pro
eeding bottom up in the tree and observing the `rules'

fi = ai ↔ (u Æ v), i.e. we set ai to the value of u Æ v. In this way we get an

assignment for f 00 that satis�es all fi's. Hen
e, the `fate' of the assignment

is de
ided by the value of a
root

whi
h equals the value of f under α. That

is, we have shown that if f is satis�able, then f 00 is.

For the reverse dire
tion, a satisfying assignment α 00

for f 00 must observe

all fi's (and it must obey a
root

7→ 1), and thus the restri
tion of α 00

to V is

a satisfying assignment for f.

Therefore, f is satis�able i� f 00 is satis�able. f 00 is a 
onjun
tion of

m + 1 formulas, one 
onsisting of one variable, and the remaining m in-

volving three literals. Along the dis
ussion before the theorem, we 
an

repla
e ea
h su
h formula fi by an equivalent 
onjun
tion of at most 8 dis-

jun
tions

4

. This �nally gives the desired CNF formula f 0, whi
h involves

|V | +m variables and has at most 8m+ 1 = O(m) 
lauses.

The generation of an evaluation tree for a given boolean formula 
an

be done in polynomial time by standard parsing te
hniques. Further steps

are trivially doable in polynomial time.

4

In fa
t, four disjun
tions suÆ
e, see Exer
ise 1.12.
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In the next se
tion we will rede�ne some of the terminology, tailored

to our s
enario of CNF formulas. Basi
ally, we will remove some of the

redundan
ies in the representation of a CNF formula. We write (repre-

sent) a 
lause as the set of its literals, e.g. (x ∨ y ∨ z) `be
omes' {x, y, z},

and we write a 
onjun
tion of su
h 
lauses simply as the set of these


lauses (now sets themselves). This is justi�ed by the 
ommutativity and

asso
iativity of ∨ and ∧. For example, the formula in (1.5) `be
omes'

{{x, y}, {y, z}, {z, x}, {x, y}, {x, y}}. In this representation also redundan
ies as

in (x ∨ y ∨ x) disappear; in set notation this be
omes {x, y}. We move

even further in that dire
tion by disallowing

5

a variable and its negation

to appear in a 
lause: Su
h a 
lause is trivial in the sense that it will al-

ways evaluate to true under every assignment of the variables in the 
lause;

hen
e, we may as well remove it from the formula and forget about it.

Exercise 1.9 Parity as CNF

Show that

(x∨ y∨ z)∧ (x∨ y∨ z)∧ (x∨ y∨ z)∧ (x∨ y∨ z)

is the unique CNF formula over {x, y, z} equivalent to x � y � z. Here

we mean `unique' up to permutation of literals in 
lauses, permuta-

tion of 
lauses, and not 
onsidering 
lauses that repeat literals of the

same variable|all of those things that are so ni
ely �ltered out by our

terminology in the forth
oming se
tion.

Exercise 1.10 At Least One Couple

n 2 N. For

(x11 ∧ x12)∨ (x21 ∧ x22)∨ . . .∨ (xn1 ∧ xn2)

�nd an equivalent CNF formula. Try to get it as short as possible.

Exercise 1.11 Some Two

n 2 N. For
_

1�i<j�n

(xi ∧ xj)

�nd an equivalent CNF formula. Try to get it as short as possible.

5

Well, at one point we will bring it ba
k into play for the sake of 
onvenien
e.
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Exercise 1.12 Four Clauses SuÆ
e

Show that every boolean formula over {x, y, z} has an equivalent CNF

formula whi
h is the 
onjun
tion of at most four 
lauses.

Exercise 1.13 Fewer Clauses

Show that the formulas x ↔ (y Æ z), Æ 2 {∧,∨}, have equivalent CNF

formulas with three 
lauses, one of whi
h is the disjun
tion of 3 literals,

and the others of 2. Do there exist equivalent CNF formulas with two


lauses?

Exercise 1.14 Few 3-Clauses

Show: For every boolean formula f with operators ∧, ∨ and ¬ we 
an

generate in time polynomial in the size of f a CNF formula f 0, so that

f 0 is satis�able i� f is satis�able.

If m is the number of o

urren
es of binary operators in f and n is

the number of variables then f 0 has m+n variables and 3m+1 
lauses,

m of whi
h are disjun
tions of at most 3 literals, and the remaining

ones of at most 2 literals.

Exercise 1.15 Disjun
tive Normal Form

A boolean formula is in disjun
tive normal form (is a DNF formula),

if it is the disjun
tion of 
onjun
tions of literals, i.e. of the form

Wm
i=1

�

Vki
j=1 ui,j

�

, ui,j's literals.

Show that every boolean formula has an equivalent DNF formula.

Exercise 1.16 What do you think is a harder problem? De
iding unsat-

is�ability of a CNF formula or de
iding whether a DNF formula is a

tautology?

Or: Is it equally hard?

1.3 Terminology

Variables and Literals. A �nite set V of n boolean variables gives rise to

2n literals V
.
[ V , where V := {x | x 2 V} is the set of negations of the

variables in V. Elements in V are 
alled positive literals , elements in V

negative literals . We extend negation to literals u 2 V [ V by

u :=

{
x if u = x 2 V, and

x if u = x 2 V.
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Literals u and v are stri
tly distin
t , if u 6= v and u 6= v. We mostly use

x, y, z for variables and u, v,w for literals (not ex
lusively, though).

Clauses. For V a set of boolean variables, a 
lause C over V is a subset

of pairwise stri
tly distin
t literals in V [ V ; the empty 
lause is denoted

by ✷. C is a k-
lause if |C| = k and it is a (� k)-
lause if |C| � k. The

set of variables that o

ur in C, i.e. {x 2 V | x 2 C or x 2 C}, is denoted

by vbl(C). Clauses C and C 0

are 
alled stri
tly disjoint or independent if

vbl(C) \ vbl(C 0) = ;, and they are termed dependent , otherwise. A set of

pairwise stri
tly disjoint 
lauses is 
alled an independent set of 
lauses .

CNF Formulas. For V a set of boolean variables, a CNF formula F over V

is a set of 
lauses over V. F is a k-CNF formula (a (�k)-CNF formula) if

all 
lauses in F are k-
lauses ((�k)-
lauses, respe
tively). We let vbl(F) :=
S

C2F vbl(C).

Assignments. For V a set of boolean variables, an assignment α on V is

a mapping α : V −→ {0, 1}, i.e. α 2 {0, 1}V . Assuming some 
anoni
al

ordering {x1, x2, . . . , xn} on V we will sometimes represent (or refer to) α

simply as a ve
tor in {0, 1}n with the obvious interpretation. α extends to

V [ V by α(x) := 1− α(x) for x 2 V.

We will typi
ally spe
ify an assignment by spe
ifying the images for

literals in a non 
ontradi
ting way. For example, by

α := (x 7→ 1, y 7→ 0, z 7→ 1)

or

x 7→ 1, y 7→ 1, z 7→ 1

whi
h denotes the same assignment.

An assignment α on V satis�es a 
lause C over some U, if α(u) = 1 for

at least one literal u 2 (V [V)\C. α satis�es a CNF formula if it satis�es

all of its 
lauses. A formula F is satis�able if there exists an assignment

satisfying F.

(Caveat: Note that we do not require vbl(C) � V or vbl(F) � V. For

example, the assignments (x 7→ 1, z 7→ 0) or (x 7→ 0, y 7→ 0) both satisfy

the 
lause {x, y, z}. Note also that no assignment 
an satisfy the empty
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lause ✷, and thus no formula that 
ontains the empty 
lause is satis�able.

However, the empty formula {} is satis�able! 6

)

An assignment α on V is total for a 
lause C (for a formula F) if vbl(C) �

V (vbl(F) � V, resp.).

For C a 
lause and α an assignment on V, we let

C[α] :=

{
1 if α satis�es C, and

C \ (V [ V) otherwise.

If F is a CNF formula, F[α] := {C[α] | C 2 F} \ {1}. (For example,

{x, y, z}[x 7→1,z7→0] = 1 and

{{x, y, z}, {x, z}}[x 7→0,y7→1] = {{z}} .)

Given a CNF formula F or a 
lause C over V, the set of assignments on

V satisfying F (C, resp.) is denoted by satV(F) (satV(C), resp.). Moreover,

for the set of assignments not satisfying we use satV(F) := {0, 1}V \ satV(F)

and satV(C) := {0, 1}V \ satV(C), resp. Two CNF formulas F and G are

equivalent , in symbols F � G, if satV(F) = satV(G) for all V � vbl(F) [

vbl(G).7

Observation 1.2 For V a �nite set of boolean variables, let F be a CNF

formula over V, let α be an assignment on V and let x 2 V. Then

(i) α satis�es F i� F[α] = {},

(ii) F is satis�able i� F[x 7→0]
or F[x 7→1]

is satis�able, and

(iii) |satV(F)| = |satV\{x}(F
[x 7→0])|+ |satV\{x}(F

[x 7→1])|.

In the forth
oming two se
tions we will brie
y familiarize ourselves with

the CNF terminology as introdu
ed here by dis
ussing simple pro
edures

for 
ounting the number of satisfying assignments of a CNF formula, and

by re
apitulating the method of resolution, whi
h you may remember from

your introdu
tory logi
 
ourse.

6

Convention: We will use ✷ for an empty 
lause, {} for an empty formula, and ; for an

empty set in general.

7

Here you might expe
t the de�nition of a CNF formula that is a tautology . . . think

about it.
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Exercise 1.17 Counting Clauses

(1) Given a set V of n variables, how many 
lauses over V are there?

(2) For k 2 N0, how many k-
lauses over V are there?

Hints: For (1), think of generating a 
lause by going through the list of n

variables, de
iding for ea
h one whether (i) it is omitted or (ii) in
luded as a

positive literal or (iii) in
luded as a negative literal. For (2) �rst 
hoose the subset

of variables involved in the k-
lause, and then de
ide for ea
h variable pi
ked

whether it appears as positive or negative literal.

Exercise 1.18 Counting Formulas

(1) Given n 2 N0, how many fun
tions {0, 1}n −→ {0, 1} are there? (2)

Given k 2 N0 and a set V of n variables, how many k-CNF formulas

over V are there? (3) Show that there is a fun
tion {0, 1}10 −→ {0, 1}

that 
annot be realized by a 3-CNF formula.

Hint: Use (1) and (2) for (3).

Exercise 1.19 (1) Show that CNF formulas F and G are equivalent i�

satV(F) = satV(G) for V := vbl(F) [ vbl(G). (2) Give two equivalent

CNF formulas F and G with vbl(F) 6= vbl(G).

1.4 Counting Satisfying Assignments

#SAT is the problem of 
omputing the number of satisfying assignments

of a given CNF formula. Clearly, it 
annot be easier than de
iding whether

su
h a satisfying assignment exists. We will use this problem to get a
-

quainted with programming terminology as employed in these notes.

Here is a �rst attempt of a pro
edure 
s(F, V) that takes a CNF formula

F over V and returns the number of assignments on V satisfying F. Note

that if x 2 V \ vbl(F), then we 
annot simply leave out x in the se
ond

argument. Doing so will halve the returned value, sin
e in this 
ase every

satisfying assignment on V \{x} 
an be extended in two ways to a satisfying

assignment on V. We assume that the work to be done in 
s() apart from

the re
ursive 
alls (but in
luding the 
omputation of F[x 7→0]
and F[x 7→1]

) is

bounded by some monotone polynomial in |F| + |V | (observe, that |F| may

be exponential in |V |). This is a reasonable assumption

8

. A more spe
i�


statement will have to refer to the representation of the pair (F, V)|details

8

In fa
t, this 
an be done in time linear in the size of F and V ; see Exer
ise 1.27.
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V boolean variables,

F CNF formula over V .

Post
ondition:

returns |satV(F)|.

function 
s(F, V)

if V = ; then

if F = {} then return 1;

else return 0;

else

x←
some in

V ;

return 
s(F[x 7→0], V \ {x}) + 
s(F[x 7→1], V \ {x});

we like to sweep under the rug here. Given that, let us a

ount 1 (step) for

ea
h 
all of the pro
edure 
s(). Whatever bound we prove for this number

of steps, we 
an multiply it by a polynomial in order to get a bound on the

overall running time of a 
all.

Let t(n), n 2 N0, be the maximum number of steps to be performed if

|V | � n. Then

t(n) �

{
1 if n = 0, and

1+ 2t(n− 1) otherwise.

Hen
e, t(n) � 2n+1−1. We 
on
lude that the running time of the pro
edure


s() for a formula of m 
lauses over n variables is bounded by

O(2n poly(m+ n)) .

This is, of 
ourse, not too surprising. Simply going through all 2n assign-

ments and in
rementing a 
ounter for ea
h one that is satisfying would have

given the same bound. After all, that's basi
ally what our re
ursive pro-


edure does. Moreover, sin
e the de
ision problem SAT is NP-
omplete,

we should not expe
t anything better than exponential for the 
ounting

version of it.

Confronted with this fa
t, we 
an either try to �nd sub
lasses of CNF

formulas, where the problem 
an be solved eÆ
iently, or we 
an stay with

the general problem and at least try to improve on the basis of the expo-

nential fun
tion (or even the order of the exponent).

A very easy instan
e of #SAT is a (� 1)-CNF formula F over a vari-

able set V, see pro
edure 
1s() whi
h 
omputes the number of satisfying

assignments in polynomial time|if you do it right, in linear time.

Things get a little bit more interesting for (� 2)-CNF formulas, see


2s(). This pro
edure builds on the following fa
t. If {u, v} is a 2-
lause
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V boolean variables,

F CNF formula over V .

Pre
ondition:

F is (�1)-CNF

Post
ondition:

returns |satV(F)|.

function 
1s(F, V)

if (✷ 2 F or 9x 2 V : {{x}, {x}} � F) then

return 0;

else

return 2|V |−|F|;

V boolean variables,

F CNF formula over V .

Pre
ondition:

F is (�2)-CNF

Post
ondition:

returns |satV(F)|.

function 
2s(F, V)

if F is (�1)-CNF then

return 
1s(F, V);

else

{u, v}←
some 2−
lause in F;

α← (u 7→ 1, v 7→ 1);

β← (u 7→ 0, v 7→ 1);

γ← (u 7→ 1, v 7→ 0);

U← V \ vbl({u, v});

return 
2s(F[α], U) + 
2s(F[β], U) + 
2s(F[γ], U);

in a CNF formula F, then every satisfying assignment must assign 1 to at

least one of the two literals u and v. All three possibilities are re
ursively

pursued in 
2s(), and the results are a

umulated for the number to be

returned.

Let t 0(n), n 2 N0, be the worst 
ase bound for the number of 
alls to


2s() implied by a 
all with a (� 2)-CNF formula over n variables (we do

not 
ount the 
all to 
1s()). Then

t 0(n) �

{
1 if n 2 {0, 1}, and

1+ 3t 0(n− 2) otherwise.

This gives t 0(n) � 1 + 31 + . . . + 3bn/2
 = 1
2

�

3bn/2
+1 − 1
�

. A bound of

O(3n/2 poly(n + m)) = O(1.733n poly(m)) for #SAT restri
ted to (� 2)-

CNF formulas follows. This bound allows a simple and surprising improve-

ment.

Let us go ba
k to a 2-
lause {u, v}. In order to satisfy this 
lause, we

must either assign u 7→ 1, or if not, then we have to assign u 7→ 0 and
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v 7→ 1. This is just the same as before, put into somewhat di�erent terms,

and in �b 
2s() put into a slightly revised pro
edure, whose analysis leads

to a re
ursion

V boolean variables,

F CNF formula over V .

Pre
ondition:

F is (�2)-CNF

Post
ondition:

returns |satV(F)|.

function �b 
2s(F, V)

if F is (�1)-CNF then

return 
1s(F, V);

else

{u, v}←
some 2−
lause in F;

α← (u 7→ 1); β← (u 7→ 0, v 7→ 1);

U← V \ vbl({u}); W ← V \ vbl({u, v});

return �b 
2s(F[α], U) + �b 
2s(F[β],W);

t 00(n) �

{
1 if n 2 {0, 1}, and

1+ t 00(n− 1) + t 00(n− 2) otherwise.

It gives us a bound of t 00(n) � 2fn+1 − 1 for fm, m 2 N0, the mth Fibona

i

number de�ned by f0 = 0, f1 = 1 and fm+2 = fm+1+fm (see Appendix A.1).

Thus we have an improved performan
e bound whi
h we summarize as the

result of this se
tion.

Theorem 1.3 ([W. Zhang, 1996]) The number of satisfying assignments of

a (�2)-CNF formula with m 
lauses over n variables 
an be 
omputed

in time

O(fn poly(n+m)) = O (1.619n)

where fn is the nth Fibona

i number.

Note 1.1 Counting satisfying assignments is #P-hard, even when restri
ted to

2-CNF formulas [Valiant, 1979℄. [W. Zhang, 1996℄ supplies improvements on the

obvious O(2n) bound; the material presented here is taken from that paper. Other


ontributions to the subje
t 
an be found in [Lozinskii, 1992, Dahll�of et al., 2002,

Williams, 2003℄, the latter ones with improvements on Theorem 1.3.

Polynomial time solvable sub
lasses are treated in [Cour
elle et al., 2001℄ and

[Makowsky, Ravve, 2003℄.
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Exercise 1.20 Apply the ideas from this se
tion to 
ounting satisfying

assignments of (�3)-CNF formulas.

Exercise 1.21 Representing Satisfying Assignments

If instead of 
ounting we want to list (output) the set of all satisfying

assignments, then we 
an't possibly do better than O(2n) in the worst


ase sin
e this may be the size of the output, for an empty formula

over n variables, say. This be
omes a more interesting problem, if we

ask for a su

in
t representation of the output set. For this sake, let

a hyper-assignment be a fun
tion A : V −→ {0, 1, �}. It represents all

assignments α on V with A(x) 2 {α(x), �}, i.e. α must agree with A if

A maps to a non-�, but has either 
hoi
e in {0, 1}, if A maps to �.

For example, the set of satisfying assignments of a (�1)-CNF for-

mula 
an always be represented by a single hyper-assignment.

The goal is now to su

in
tly represent the set of all satisfying as-

signments of a (�2)-CNF formula F|\su

in
tly" means that you rep-

resent satV(F) as the union of substantially less than 2n hyper-assign-

ments.

Exercise 1.22 Minimally Satisfying

Given a CNF formula F, a (not ne
essarily total!) assignment α is


alled minimally satisfying F if it satis�es F, and no proper restri
tion

of α is satisfying F. What 
an you say about the number of minimally

satisfying assignments of a 2-CNF formula?

Exercise 1.23 2-CNF as DNF

Show that every (�2)-CNF formula over n variables has an equivalent

DNF formula with O(1.619n) 
onjun
tions. (For de�nition of DNF see

Exer
ise 1.15.)

Exercise 1.24 Relate Exer
ises 1.21, 1.22 and 1.23 to ea
h other, if pos-

sible.

Exercise 1.25 Number of Vertex Covers

Given a graph G = (V, E), a subset N of its verti
es is 
alled a vertex


over if every edge 
ontains at least one vertex in N, i.e. e\N 6= ; for

all e 2 E.

Design and analyze an algorithm for 
ounting the number of vertex


overs of a graph. Your goal should, of 
ourse, be to get it as eÆ
ient

as you 
an.
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Remark: I did not ask for \as eÆ
ient as possible"|I guess nobody knows,

de�nitely I don't. Also, you should head for an algorithm for whi
h you 
an

provide an analysis. Something that you somehow believe to be eÆ
ient is not so

mu
h appre
iated here.

Exercise 1.26 Don't hesitate to improve on Theorem 1.3!

Exercise 1.27 Show that a CNF formula F 
an be dynami
ally main-

tained so that the work to be done in the pro
edures of this se
tion 
an

be done in time O(|V | +
∑

C2F |C|).

1.5 Resolution

Resolution is a 
orre
t and 
omplete method for demonstrating that a CNF

formula is unsatis�able.

Let C and D be 
lauses so that there is a unique variable x that o

urs

as literal x in one of the two 
lauses and as literal x in the other one; say

x 2 C and x 2 D. For C 0 := C \ {x} and D 0 := D \ {x}, we de�ne C 0

[D 0

as

the resolvent of C and D. For example,

{x1, x2, x3} is the resolvent of {x0, x1, x2} and {x0, x1, x3} .

Lemma 1.4 With the set-up as above

{C,D} � {C,D,C 0

[D 0} .

Proof . We have to show that an assignment α satis�es {C,D} i� it

satis�es {C,D,C 0

[D 0}.

Clearly, if α satis�es {C,D,C 0

[D 0}, then it satis�es every subset of it,

in parti
ular {C,D}.

On the other hand, if α satis�es {C,D}, that is both C = C 0

[ {x} and

D = D 0

[ {x}, then it has to satisfy D 0

or C 0

, sin
e α(x) = 1 and α(x) = 1

ex
lude ea
h other. Hen
e, α satis�es C 0

[D 0

as well.

We 
on
lude that if R is the resolvent of two 
lauses in a CNF-formula

F, then F � F [ {R}. That is, if we keep su

essively adding resolvents to a

formula, then the thus growing formula remains equivalent to the one we

started with. If, at some point, the empty 
lause appears as a resolvent, it
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be
omes evident that the formula is not satis�able. We apply the pro
edure

to a previously dis
ussed example ((1.5) from Se
tion 1.1).

F = {{x, y}
︸ ︷︷ ︸

(1)

, {y, z}
︸ ︷︷ ︸
(2)

, {z, x}
︸ ︷︷ ︸
(3)

, {x, y}
︸ ︷︷ ︸
(4)

, {x, y}
︸ ︷︷ ︸

(5)

}

(1), (2) : {x, z} (6)

(1), (3) : {y, z} (7)

(1), (4) : {x} (8)

(1), (5) : {y} (9)

(2), (3) : {x, y} (10)

(2), (5) : {x, z} (11)

(3), (4) : {y, z} (12)

(5), (10) : {x} (13)

(8), (13) : ✷ (14)

This proves that F is not satis�able. In retrospe
tive, we have been ineÆ-


ient in generating the proof, sin
e resolvents (8), (10), (13) and (14) would

have suÆ
ed.

For a more formal set-up (for the sake of the next proof), given a CNF

formula F, we 
all a sequen
e of distin
t 
lauses

(C0, C1, . . . , Cm)

a resolution dedu
tion of Cm from F if the following holds for all i, 0 �

i � m: Either Ci 2 F, or there are indi
es j, k, 0 � j < k < i, su
h that Ci

is the resolvent of Cj and Ck.

Theorem 1.5 A CNF formula F is unsatis�able i� there is a resolution

dedu
tion of the empty 
lause ✷ from F.

Proof . We have dis
ussed the impli
ation \⇐" above. For \⇒" let F be

an unsatis�able CNF formula that, 
ontrary to the 
laim of the theorem,

does not allow a resolution dedu
tion of ✷ from F; we 
hoose su
h a formula

whi
h is minimal with respe
t to |vbl(F)|.

vbl(F) 
annot be empty, sin
e then F = {} or F = {✷}. In the �rst 
ase

F is satis�able, in the se
ond 
ase F 
ontains already the empty 
lause and

(✷) is a resolution dedu
tion of ✷ from F. So we may assume that vbl(F)
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ontains at least one variable x. Now 
onsider the formulas F0 := F[x 7→0]
and

F1 := F[x 7→1]
.

Both F0 and F1 are unsatis�able (see Observation 1.2), |vbl(F0)| < |vbl(F)|,

and |vbl(F1)| < |vbl(F)|. Therefore, there is a resolution dedu
tion of ✷ both

from F0 and from F1 (by the minimality assumption on our formula F).

Consider su
h a resolution dedu
tion (C0, C1, . . . , Cm) of ✷ = Cm from

F0. We de�ne a resolution dedu
tion (Ĉ0, Ĉ1, . . . , Ĉm) from F with

Ĉℓ = Cℓ or Ĉℓ = Cℓ [ {x} (1.7)

for all ℓ, 0 � ℓ � m, as follows. For i = 0, 1, . . . ,m pro
eed indu
tively:

If Ci 2 F0, then there exists some 
lause C 2 F with Ci = C[x 7→0]
. Let

Ĉi := C; note that indeed (1.7) holds for ℓ = i.

If Ci 62 F0 and Ci is resolvent of Cj and Ck, j, k < i, then let Ĉi be

the resolvent of Ĉj and Ĉk. Note that if (1.7) holds for ℓ = j and for

ℓ = k, then the 
lauses Ĉj and Ĉk do indeed have a resolvent, and, in

fa
t, (1.7) holds for ℓ = i as well.

Now we have a resolution dedu
tion of Ĉm = ✷ or Ĉm = {x} from F. In the

�rst of the two 
ases we have a 
ontradi
tion. In the latter 
ase we have

to perform the same pro
edure for F1, yielding a resolution dedu
tion of

✷ or (x). Either we have a 
ontradi
tion right away, or we merge the two

dedu
tions to one 
ontaining both {x} and {x}, whi
h we 
an extend by ✷.

So we have established a 
ontradi
tion in either 
ase, and the theorem is

shown.

So mu
h for the good news: there is an easy automati
 pro
edure that

lets us 
on
lude unsatis�ability, if we only wait suÆ
iently long. The only

problem is that our patien
e may be stret
hed extensively. It may take

an exponential number of steps until we obtain the empty 
lause. Even

if somebody would be kind enough to tell us the shortest dedu
tion of ✷,

it may be exponentially long, [Haken, 1985, Urquhart, 1987℄. That is, in

general resolution 
annot provide polynomial 
erti�
ates for unsatis�abil-

ity. Just to make things even worse, [Chv�atal, Szem�eredi, 1988℄ showed

that for any k � 3 a random formula of cn, c � 0.7 � 2k, k-
lauses (u.a.r.

from the set of all k-
lauses over an n-element variable set) is unsatis�-

able with high probability, but every resolution dedu
tion of ✷ has length
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(1 + ε)n, where ε > 0 is a parameter depending on c and k, (see also

[Ben-Sasson, Widgerson, 2001℄).

Note 1.2 Let me quote from [Chv�atal, Szem�eredi, 1988℄ for the history of the

resolution method: \This observation [i.e. the resolution method℄ is often 
red-

ited to [Robinson, 1965℄, even though it follows instantly from an analysis of a

pro
edure designed by [Davis, Putnam, 1960℄; Robinson de�ned the notion of res-

olution and proved a more general theorem 
on
erning predi
ate 
al
ulus. In-


identally, the Davis-Putnam pro
edure was also proposed some �fty years ear-

lier by [L�owenheim, 1908, L�owenheim, 1910, L�owenheim, 1913℄. An a

ount of

L�owenheim's work 
an be found in [Hammer, Rudeanu, 1968℄; we are grateful to

Yves Crama for this information. We are also grateful to Wolfgang Bibel for in-

forming us that resolution was introdu
ed before by [Blake, 1937℄; see [Bibel, 1987,

p. 205℄."

Exercise 1.28 Horn Formulas

A CNF formula in whi
h every 
lause 
ontains at most one positive

literal is 
alled a Horn formula. Unit resolution restri
ts to taking re-

solvents of two 
lauses, one (or both) of whi
h 
ontains exa
tly one

literal. Show that unit resolution is a 
orre
t and 
omplete method for

proving unsatis�ability of Horn formulas.

Exercise 1.29 (1) Show that if C and D are 
lauses with C � D then

{C} � {C,D}. (2) Let C be a 
lause and let x be a variable with x 62

vbl(C). Then C is the resolvent of C [ {x} and C [ {x}. Show that

{C} � {C [ {x}, C [ {x}}.

(3) Employ (1) and (2) to simplify the CNF formula

{{x1, x2, x3}, {x1, x2, x3}, {x1, x3, x4, x5}, {x1, x3}}

i.e. transform it to an equivalent smaller formula.
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Extremal Properties

There are simple quantitative 
riteria that allow to immediately 
on
lude

that a CNF formula is satis�able. For example, when one tries to �nd a

small example of an unsatis�able 3-CNF formula, one soon realizes that it

takes a few 
lauses to a
hieve this|at least 8 as we will see.

Another feature one qui
kly dis
overs in the 
onstru
tion of unsatis�able

CNF formulas is that the 
lauses have to be strongly interleaved (share

variables); we will dis
over a 
lean quantitative assertion supporting this

experien
e. This 
omes with the interesting phenomenon, that there is an

easy 
he
kable suÆ
ient 
riterion for satis�ability, but up to now

1

nobody

knows how su
h an assured satisfying assignment 
an be found eÆ
iently.

The third part treats the fa
t that in any CNF formula it is always

possible to satisfy at least some fra
tion of the 
lauses|assuming that

there is no empty 
lause present. And under mild extra 
onditions this

fra
tion 
an be pushed to the re
ipro
al of the golden ratio.

Exercise 2.1 Satisfa
tion Probabilities

For an assignment α drawn uniformly at random from all assignments

on V = {x1, x2, . . . , x100} determine the following probabilities.

(1) Pr(α satis�es {x1, x3, x7} ).

(2) Pr(α satis�es {{x1, x5, x11}, {x2, x4}, {x6, x12, x13}} ).

(3) Pr(α satis�es {{x1, x2, x3}, {x3, x4, x5}} ).

1

Well, you'll see. This was right a 
ouple of years ago, but the world has 
hanged.

23
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(4) Pr(α satis�es {{x1, x2, x3}, {x3, x4, x5}} ).

(5) Pr(α satis�es {{x1, x2, x3}, {x1, x3, x4, x5, x7}} ).

2.1 Number of Clauses

Theorem 2.1 k 2 N. Every k-CNF formula with less than 2k 
lauses is

satis�able.

Proof (probabilisti
). Consider a k-CNF formula F with m 
lauses over

V. We show that if m < 2k, then F is satis�able.

For α an assignment u.a.r. in {0, 1}V and for C a 
lause in F we have

Pr (α does not satisfy C) = 2−k .

We employ the indi
ator variables

2

XC := [α does not satisfy C] , for C 2 F.

Then

E(number of unsatis�ed 
lauses) = E

0

�

∑

C2F

XC

1

A =
∑

C2F

E(XC) = m2−k .

If m < 2k, then the expe
ted number of unsatis�ed 
lauses is stri
tly

less than 1, and thus there has to exist an assignment where no 
lause

is unsatis�ed|in other words, a satisfying assignment.

Proof (
ounting). Consider a k-CNF formula F with m 
lauses over V,

n := |V |. We show that if m < 2k, then F is satis�able.

For a 
lause C 2 F, let sat(C) be the set of assignments on V that do not

satisfy C. Then |sat(C))| = 2n−k
sin
e the values of the k variables o

urring

in C are pres
ribed, while the values of the remaining n − k variables are

arbitrary. Hen
e,

|
[

C2F

sat(C)| �
∑

C2F

|sat(C)| = m2n−k .

2

Re
all the indi
ator fun
tion [P] for a predi
ate P (
f. Se
tion 0.2).



2.1. NUMBER OF CLAUSES 25

If m < 2k there exists an assignment in {0, 1}V \
S

C2F sat(C) whi
h satis�es

all 
lauses and thus the formula F.

I have put these two proofs side to side in order to emphasize that they

are just two variants of essentially the same proof, the �rst one employing

the notation of probability theory, whi
h 
omes handy if you got used to

it.

We 
an easily show that the result is tight by 
onsidering a k-CNF

formula that 
onsists of all 2k k-
lauses over some set of k variables. In

su
h a formula, ea
h assignment satis�es all but one 
lause.

In order to supply an eÆ
ient pro
edure for �nding a satisfying assign-

ment as guaranteed in Theorem 2.1 we swit
h to a more general version of

it.

Theorem 2.2 Let F be a CNF formula with

∑

C2F

2−|C| < 1 .

Then F is satis�able and a satisfying assignment 
an be 
omputed in

time polynomial in |F| and |V |.

Proof of existen
e. Let V := vbl(F). For α an assignment u.a.r. from

{0, 1}V and C 2 F we set XC := [α does not satisfy C]. Then E(XC) = 2−|C|
.

Let YF be the random variable for the number of 
lauses not satis�ed by α.

We have

E(YF) = E

0

�

∑

C2F

XC

1

A =
∑

C2F

E(XC) =
∑

C2F

2−|C| .

Sin
e this is stri
tly less than 1, there has to exist an assignment that

satis�es all 
lauses.

Proof of eÆ
ient 
omputation, derandomization via 
onditional prob-

abilities. Choose some x1 2 V.

E(YF) = E(YF |x1 7→ 0) � Pr (x1 7→ 0) + E(YF |x1 7→ 1) � Pr (x1 7→ 1)

=
1

2
(E(YF |x1 7→ 0) + E(YF |x1 7→ 1))

Hen
e there is a 
hoi
e of t1 2 {0, 1} su
h that

E(YF |x1 7→ t1) � E(YF) .
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Sin
e

3

E(YF |x1 7→ 0) =
∑

C2F

E(XC[x1 7→0])


an be 
omputed in polynomial time, we 
an de
ide for t1 in polynomial

time. Now we progress in this manner for all variables in some arbitrary

order. In general, we have already 
hosen some partial assignment

αi = (x1 7→ t1, x2 7→ t2, . . . , xi 7→ ti) , i < n,

with E(YF |αi) � E(YF). And sin
e

E(YF |αi) =
1

2
(E(YF |αi, xi+1 7→ 0) + E(YF |αi, xi+1 7→ 1)) ,

we 
an eÆ
iently �nd a ti+1 2 {0, 1} that 
arries us to i + 1, i.e. allows us

to extend αi by xi+1 7→ ti+1 to obtain αi+1 with E(YF |αi+1) � E(YF).

In the end we have obtained a total assignment αn for F with E(YF |αn) �

E(YF) < 1. Sin
e E(YF |αn) = |{C 2 F | C[αn] = ✷}| is a nonnegative integer,

it has to be 0 and the assignment αn is satisfying.

Proof of eÆ
ient 
omputation, s
oring fun
tion. Given an assignment

α on V 0

� vbl(F), we de�ne the s
ore of a 
lause C by

s
(C, α) :=

{
0 if C[α] = 1, and

2−|C[α] |
otherwise.

Note that for x 62 V 0

s
(C, α) =
s
(C, (α, x 7→ 0)) + s
(C, (α, x 7→ 1))

2
.

If we extend now the mapping s
 to CNF formulas

s
(F, α) :=
∑

C2F

s
(C, α)

we observe that

� If α is the empty assignment, then s
(F, α) =
∑

C2F 2
−|C|

.

3C[x1 7→0]
may be 1. We set X1 = 0 under all assignments.
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� If α is total for F then s
(F, α) is the number of 
lauses in F not

satis�ed by α.

� For x 62 V 0

,

s
(F, α) =
s
(F, (α, x 7→ 0)) + s
(F, (α, x 7→ 1))

2
.

� For x 62 V 0

, a value t 2 {0, 1} with s
(F, (α, x 7→ t)) � s
(F, α) 
an be


omputed in polynomial time.

It follows that we 
an su

essively assign values to the variables in vbl(F)

without ever in
reasing the s
ore. Sin
e we start with a s
ore less than 1,

in the end, when the s
ore is a nonnegative integer, this s
ore has to be 0

and the obtained assignment is satisfying.

Clearly, the two proofs we saw are basi
ally the same. While you may

happen to prefer the se
ond, you should still appre
iate the �rst one as well

as it reveals a general prin
iple whi
h 
an be applied in many instan
es,

and it explains where the s
ore fun
tion in the se
ond proof \
omes from"

(whi
h we would have had to a

ept out of the blue, otherwise).

Note 2.1 The method of derandomization via 
onditional probabilities 
an be

found, at least impli
itly, in [Erd}os, Selfridge, 1973℄, and it was developed as a

method for obtaining polynomial time deterministi
 algorithms by [Spen
er, 1987℄

and [Rhagavan, 1988℄.

Exercise 2.2 Almost Satis�able

Show that the following properties are equivalent for an unsatis�able

CNF formula F.

(1)

∑
C2F 2

−|C| = 1.

(2) Every total assignment for F satis�es all but one 
lause in F.

(3) For any pair C and D of 
lauses in F, their union C[D 
ontains

a 
omplementary pair x, x of literals.

Exercise 2.3 Almost Satis�able Versus Balan
ed

4

Let F be an unsatis�able k-CNF formula with

∑
C2F 2

−|C| = 1.

4

due to Andreas Razen
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(1) Show that F has to be balan
ed in the sense that ea
h variable

o

urs equally often as positive and as negative literal in F.

(2) Is the statement in (1) true for F an arbitrary unsatis�able CNF

formula with

∑
C2F 2

−|C| = 1?

Exercise 2.4 Bran
hing Rules

Let G be an unsatis�able CNF formula over V with

∑
C2G 2−|C| = 1.

Show that for every CNF formula F over V we have

|satV(F)| =
∑

C2G

|satV\vbl(C)(F
[C7→0])| =

∑

C2G\F

|satV\vbl(C)(F
[C7→0])| ,

where (C 7→ 0) is short for the unique assignment on vbl(C) that does

not satisfy C.
Remark: Consider {{x, y}, {x, y}, {x, y}, {x, y}} and {{x, y}, {x}, {x, y}} for G and ob-

serve the relation to our pro
edures 
2s() and �b 
2s(), resp., in Se
tion 1.4 (see

[W. Zhang, 1996℄).

Exercise 2.5 True or false? A k-CNF formula, k 2 N0, with 2k 
lauses is

unsatis�able i� it 
onsists of all k-
lauses over a set of k variables.

Exercise 2.6 Property B

A hypergraph is a pair (V, E), V a �nite set and E � 2V. It is 
alled

k-uniform if all hyperedges e 2 E 
ontain exa
tly k elements.

Hypergraph (V, E) has property B if the elements of V 
an be 2-


olored so that no hyperedge is mono
hromati
, i.e. in no hyperedge

all elements get the same 
olor.

Show that every k-uniform hypergraph, k 2 N, with less than 2k−1

hyperedges has property B.

2.2 Number of Dependent Clauses

Here we will 
onsiderably improve on the result from the previous se
tion.

Instead of 
onsidering k-CNF formulas with few 
lauses, we will allow arbi-

trarily many 
lauses, but impose some lo
al restri
tion on the dependen
y

between the 
lauses.

For F a CNF formula and C a 
lause, we de�ne the neighborhood of C

in F as the set of 
lauses distin
t from C in F that depend on C, formally

ΓF(C) := {C 0

2 F | C 0

6= C and vbl(C) \ vbl(C 0) 6= ;} .
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Theorem 2.3 (“Lovász Local Lemma”) k 2 N. If |ΓF(C)| � 2k−2
for all 
lauses

C in a k-CNF formula F then F is satis�able.

Proof . Let F be as in the presumption of the theorem and let V :=

vbl(F). We use sat() and sat() short for satV() and satV(), respe
tively

(see Se
tion 1.3).

Consider G � F and C 2 F \ G. If C is independent from all 
lauses in

G then

|sat(C) \ sat(G)|

|sat(G)|
=

1

2k
. (2.1)

Under the assumptions of the theorem we 
laim that

|sat(C) \ sat(G)|

|sat(G)|
�

1

2k−1
(2.2)

always. This 
laim is equivalent to

|sat(G [ {C})|

|sat(G)|
=

|sat(C) \ sat(G)|

|sat(G)|
� 1−

1

2k−1

and so it follows (by starting with G = {} and su

essively adding the


lauses from F) that

|sat(F)| = |
\

C2F

sat(C)| � 2|V |
 

1−
1

2k−1

!|F|

> 0 ,

therefore sat(F) 6= ; and the existen
e of a satisfying assignment is 
erti�ed.

It remains to prove (2.2). We employ indu
tion on the 
ardinality of

G. If ΓG(C) is empty then we 
an refer to (2.1) whi
h implies (2.2) readily;

this also settles the 
ase of G empty.

So let us assume that the 
laim holds for all sets of 
lauses smaller than

|G| and that ΓG(C) 6= ;. Set G 0 := G \ ΓG(C), the set of all 
lauses in G

that are independent of C. Due to the indu
tion hypothesis, whi
h may be

employed due to |G 0| < |G|, we have

|sat(D) \ sat(G 0)|

|sat(G 0)|
�

1

2k−1
for all D 2 ΓG(C). (2.3)
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PSfrag repla
ements

sat(G 0)

sat(C)

sat(C)

sat(G)
sat(D)'s, D 2 ΓG(C)

Figure 2.1: Illustrating the proof of Theorem 2.3

We start with sat(G 0) of whi
h sat(C) o

upies a fra
tion of 1/2k. Then

we remove the sat(D)'s, D 2 ΓG(C), whi
h leaves us with sat(G), whi
h

still has at least half the size of sat(G 0). Hen
e, sat(C) 
overs at most

a fra
tion 2(1/2k) = 1/2k−1
of sat(G).

Hen
e,

|sat(G)| =

�

�

�

�

�

�

sat(G 0) \
[

D2ΓG(C)

(sat(D) \ sat(G 0))

�

�

�

�

�

�

� |sat(G 0)|−
∑

D2ΓG(C)

|sat(D) \ sat(G 0)|

(2.3)

� |sat(G 0)|− |ΓG(C)| �
|sat(G 0)|

2k−1

= |sat(G 0)|

 

1−
|ΓG(C)|

2k−1

!

�

|sat(G 0)|

2

sin
e |ΓG(C)| � 2k−2
. Now

|sat(C) \ sat(G)|

|sat(G)|
�

|sat(C) \ sat(G 0)|

|sat(G 0)|/2
=

1

2k−1
,
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and (2.2) is established.

The proof dis
loses no eÆ
ient pro
edure for �nding a satisfying as-

signment under the premises of the theorem. It has been a remarkable

breakthrough, when it was shown by [Be
k, 1991℄ that for neighborhoods

of size at most 2k/48 a polynomial pro
edure exists (for k large enough).

Note 2.2 What we 
alled here Lov�asz Lo
al Lemma is a
tually just one of the

in
arnations of it. The lemma was �rst published in [Erd}os, Lov�asz, 1975], and is

usually formulated in terms of probability theory (
f. [Spen
er, 1987, Se
t. 8℄, see

Exer
ise 2.9).

Exercise 2.7 k 2 N. Show that every k-CNF formula where every vari-

able o

urs (as positive or negated literal) at most k times is satis�able.

Exercise 2.8 Many Variables

Let F be a CNF formula so that |G| � |vbl(G)| for all G � F. Show that

F is satis�able.

Exercise 2.9 p 2 R, 0 � p < 1. Let A be a set of events, so that for all

events A 2 A we have Pr(A) � p and A depends on at most d other

events in A. Show: If 4dp � 1 then Pr

�

V

A2AA
�

> 0, where A denotes

the 
omplementary event of A.

Exercise 2.10 k 2 N. Let d 2 N be su
h that there exists a real number

δ, 1 < δ < 2k, with δ
�

1− δ
2k

�d
� 1. Show that every k-CNF formula

F with |ΓF(C)| � d for all C 2 F is satis�able. (Via optimal 
hoi
e of

d � 2k

e
and δ � e, this loosens the presumption in Theorem 2.3.)

2.3 Partial Satisfaction

If a CNF formula is not satis�able, it is sometimes desired to at least

satisfy as many 
lauses as possible. Here we want to investigate what

fra
tion of the 
lauses 
an always be satis�ed, given 
ertain pre
onditions

on the formula. In fa
t, some 
lauses (
onstraints) may be 
onsidered more

important than others|we will model this by giving weights to 
lauses

(proportional to our urge to see them satis�ed).
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Weighted Formulas. A weighted CNF formula is a pair (F, µ) where F

is a CNF formula and µ : F → R
+

0. We extend µ to subsets G of F by

µ(G) :=
∑

C2G µ(C). For α an assignment, we set

µ[α](G) :=
∑

C2G

µ(C) � [α satis�es C] .

If α is a random assignment from some distribution then

E

�

µ[α](F)
�

=
∑

C2F

µ(C) � Pr (α satis�es C) . (2.4)

It immediately follows that if F is an (� k)-CNF formula then, for α uni-

formly at random from {0, 1}vbl(F),

E

�

µ[α](F)
�

�

 

1−
1

2k

!

µ(F),

and, therefore, in su
h a formula we 
an always satisfy a 1 − 1
2k

portion of

the whole weight.

Instead of for
ing a lower bound on the size of the 
lauses, we 
onsider

now formulas that are \lo
ally satis�able" in the sense that small subsets

of the 
lauses are simultaneously satis�able.

k-Satisfiable Formulas. Given k 2 N0, a CNF formula F is 
alled k-satis�able

if every subset G of F with |G| � k is satis�able.

Every CNF formula F is 0-satis�able and it is 1-satis�able i� ✷ 62 F.

Note that \1-satis�able" is equivalent to \(� 1)-CNF" and so at least half

of the weight of a 1-satis�able CNF formula 
an be satis�ed. This

1
2
-bound

is tight, as 
an be seen from

F := {{x1}, {x1}, {x2}, {x2}, . . . , {xn}, {xn}}

with all weights equal 1.

Weighted 2-Satisfiable Formulas and the Golden Ratio. We observe that a CNF

formula F is 2-satis�able i� it 
ontains neither the empty 
lause ✷ nor a

pair {x}, {x} of 
omplementary 1-
lauses. That, as we will show next, allows

us to satisfy signi�
antly more than half of the weight of the formula.
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Theorem 2.4 ([Lieberherr, Specker, 1981]) Every weighted 2-satis�able CNF

formula (F, µ) has an assignment α with

µ[α](F) � Φ � µ(F) , Φ := −1+
p

5
2

� 0.618, the golden ratio

5

(
onjugate).

Proof. We assume that no {x}, x 2 vbl(F), o

urs in F. If su
h a negative

1-
lause {x} appears, we swit
h all o

urren
es of x to x and vi
e versa.

Our goal is to 
hoose a random assignment so that every 
lause in F is

satis�ed with some large probability. If that probability is supposed to be

larger than

1
2
, then we 
annot 
hoose an assignment uniformly at random

be
ause of the 1-
lauses.

We �x p 2 R, 0 � p � 1, (what value p should attain will evolve from

the proof) and we de�ne a random assignment α on vbl(F) by

Pr (x 7→ 1) = p for all x 2 vbl(F) (mutually independent).

Then, for C 2 F, we have:

� If C 
ontains a positive literal, then α satis�es C with probability at

least p.

� If C 
ontains no positive literal, then it must 
ontain at least two

negative literals and α satis�es C with probability at least 1− p2
.

Therefore, for h := min{p, 1 − p2}, every 
lause in F is satis�ed with

probability at least h. Hen
e, we should set p in [0, 1] to maximize h.
PSfrag repla
ements

h1 − p2
p

This is easily seen to happen when p = 1 − p2
, p � 0, i.e. p = −1+

p

5
2

.

Then h = −1+
p

5
2

= Φ. Now Pr (α satis�es C) � Φ for all C 2 F and the

theorem follows.

We want to argue that the golden ratio bound is tight. For that purpose,

given n 2 N, we 
hoose some set V of n variables and some ν 2 R
+

(and

5

Usually, ϕ := 1+
p

5
2

� 1.618 is 
alled the golden ratio, while Φ := 1
ϕ

= ϕ − 1 is


alled the golden ratio 
onjugate. The golden ratio is omnipresent, among others in

ar
hite
ture and art, and the letter \phi" is used to honor the Greek s
ulptor Phidias (
a.

430 BC).
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again, we de
ide on ν's fate as the time is ripe). Let

F = Fn := {{x} | x 2 V} [ {{x, y} | {x, y} 2

 

V

2

!

} ;

the weight fun
tion µ = µn,ν assigns ν to every 1-
lause and 1 to the

2-
lauses. Note that the overall weight is nν+
�

n
2

�

.

F is 
onvenient for our analysis, sin
e, for α 2 {0, 1}V, the weight µ[α](F)

of 
lauses satis�ed by α is determined by the number, k, of variables in V

that are set to 1. We have

µ[α](F) = s(k) := kν+

 

n

2

!

−

 

k

2

!

.

(You may view the rest of the argument as a game: Given ν, player

A 
hooses k as to maximize the weight satis�ed. And given the optimal

strategy of A, player B 
hooses ν so that A's su

ess, the ratio of the weight

satis�ed, is minimized. The best strategy of B yields the ν for the hardest

formula.)

The fun
tion s(k) as a fun
tion in R attains its maximum for k = ν+ 1
2

(obtained by setting the �rst derivative of s(k) to 0). That is, no more

than weight

s(ν+ 1
2
) =

ν2

2
+

 

n

2

!

+O(ν)


an be satis�ed and for every assignment the ratio of the weight satis�ed

is at most

s(ν+ 1
2
)

µ(F)
=

ν2

2
+ n2

2
+O(n+ ν)

nν+ n2

2
+O(n)

=
( ν
n
)2 + 1+O( 1

n
+ ν

n2 )

2 ν
n
+ 1+O( 1

n
)

.

We �x some λ 2 R
+

and we set ν = λn. As n goes to in�nity, the ratio

above 
onverges to

λ2+1
2λ+1

. Going through the usual exer
ise of setting the �rst

derivative to 0, we get that in the range λ � 0 this expression minimizes for

λ = −1+
p

5
2

= Φ. For that value of λ we get also

6

λ2+1
2λ+1

= Φ. This means that

6

As if it needed another proof that there is no es
ape from the golden ratio.
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if ν = Φn then the ratio of the optimal weight satis�able in Fn approa
hes

Φ as n→∞; formally,

7

lim

n→∞
max

α

µ
[α]
n,Φn(Fn)

µn,Φn(Fn)
= Φ .

Therefore, no bound ex
eeding Φ 
an be guaranteed.

An Algorithmic Implication. Employing the te
hnique of derandomization

via 
onditional probabilities, we 
an turn the proof of Theorem 2.4 into a

polynomial time algorithm that 
omputes for every weighted 2-satis�able

CNF formula an assignment that satis�es Φ of the overall weight.

Given (F, µ), let α� be an assignment that maximizes the satis�ed weight,

i.e. µ[α�](F) = maxα µ
[α](F). No algorithm is known that 
omputes su
h an

optimal α� in polynomial time. We want to show that there is a polynomial

algorithm that 
omputes an assignment α that satis�es

µ[α](F) � Φµ[α�](F) .

Just to avoid any 
onfusion: If F is 2-satis�able, then|given what we

know|this is obvious sin
e we 
an produ
e an α with µ[α](F) � Φµ(F) and


learly µ(F) � µ[α�](F). So it remains to ta
kle the presen
e of the empty


lause and 
omplementary pairs of 1-
lauses.

For that we de
ompose a weighted CNF formula (F, µ) into weighted

formulas (F0, µ0), (F1, µ1), and (F2, µ2). The idea behind this de
omposition

is that F0 and F1 are trivial in the sense that every total assignment satis�es

the same weight of it, and F2 is 2-satis�able. For the spe
i�
ation, we extend

µ to all 
lauses over vbl(F) simply by setting µ(C) = 0 for C 62 F:

F0 :=

{
{✷} if ✷ 2 F, and

{} otherwise.

In the �rst 
ase, µ0(✷) := µ(✷).

F1 :=
[

x2V :min{µ({x}),µ({x})}>0

{{x}, {x}}

and for {u} 2 F1, µ1({u}) := min{µ({u}, µ({u)}.

F2 := F \ ({✷} [ {{u} | µ({u}) = min{µ({u}), µ({u})}})

7

If you are 
on
erned that we a
tually proved only \� Φ", re
all Theorem 2.4.
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and for C 2 F2,

µ2(C) :=

{
µ({u}) − µ({u}) if C is a 1-
lause {u}, and

µ(C) otherwise.

That is, we remove the empty 
lause, if there. For every 
omplementary

pair {x}, {x} in F, we keep only the one of the two with larger weight, and

the new weight is the ex
ess of the old weight over the 
omplementary

1-
lause.

Clearly, these weighted formulas 
an be 
omputed in polynomial time.

For every 
lause C, we have µ0(C)+µ1(C)+µ2(C) = µ(C) (again, we extend

weight mappings to all 
lauses by setting it to 0 if not de�ned). It follows

that for every total assignment α

µ[α](F) = µ
[α]
0 (F0) + µ

[α]
1 (F1) + µ

[α]
2 (F2) =

1

2
µ1(F1) + µ

[α]
2 (F2)

Now we 
an use that F2 is 2-satis�able, and we 
ompute an assignment α

on vbl(F) with µ
[α]
2 (F2) � Φµ2(F2). It holds that

µ[α](F) �

1

2
µ1(F1) +Φµ2(F2) �

1

2
µ1(F1) +Φµ

[α�]
2 (F2)

� Φ

 

1

2
µ1(F1) + µ

[α�]
2 (F2)

!

= Φµ[α�](F) .

We have established the following result.

Theorem 2.5 There is an algorithm that 
omputes for every weighted

CNF formula (F, µ) in polynomial time an assignment α with

µ[α](F) � Φµ[α�](F) .

Note 2.3 The best ratio known for a polynomial approximation algorithm is

0.7968 due to [Avidor et al., 2005℄.

2-Satisfiable CNF Formulas—no Weights. What happens if we go ba
k to

unweighted CNF formulas (or we for
e all weights to be the same)? The

CNF formula

{{x}, {y}, {x, y}}

shows that in the worst 
ase we 
annot guarantee to satisfy more than

2
3
of

the 
lauses in an unweighted 2-satis�able CNF formula. It turns out that

this is already the worst 
ase.
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Theorem 2.6 ([Käppeli, 2005]) Every 2-satis�able CNF formula has an as-

signment that satis�es at least

2
3
of its 
lauses.

Proof . Given a CNF formula F over V, the proof will juggle with

o

urren
es of literals in the formula, so we prepare a formal basis for this.

Every pair (u,C) with u 2 C 2 F is 
alled an o

urren
e of u in F.

Let us �x some assignment α on V. An o

urren
e (u,C) is 
alled 
riti
al

(relative to α) if either u is the only literal with α(u) = 1 in C (a positive


riti
al o

urren
e of u) or α does not satisfy C|in parti
ular, α(u) = 0

(a negative 
riti
al o

urren
e of u).

Suppose we swit
h α for a single variable x. Then a 
lause C swit
hes

from satis�ed to unsatis�ed or vi
e versa i� (x, C) or (x, C) is a 
riti
al

o

urren
e.

Let now α be an assignment with the property that (i) swit
hing a

single variable 
annot in
rease the number of 
lauses satis�ed, and (ii) if

the number of 
lauses satis�ed stays the same for a swit
h, then the number

of satis�ed 1-
lauses 
annot in
rease. Clearly, su
h an assignment exists

by starting with an arbitrary assignment and then su

essively swit
hing

assignments for variables where the property is violated.

For ease of presentation, let us assume that α is the all-1 assignment.

Then the required property of α is equivalent to the following:

(i') For every variable x, the number of positive 
riti
al o

urren
es of x

is at least the number of negative 
riti
al o

urren
es of x.

(ii') If, for a variable x, the number of positive 
riti
al o

urren
es of x

equals the number of negative 
riti
al o

urren
es of x then {x} 62 F.

We will partition the 
lauses of F in su
h a way that it be
omes obvious

that α satis�es

2
3
of ea
h part from whi
h the 
laim of the theorem 
learly

follows.

Property (i') above shows that there is an inje
tive mapping κ from

negative 
riti
al o

urren
es to positive 
riti
al o

urren
es. Moreover,

along Property (ii'), we 
an guarantee that if {x} 2 F then there is a spare

positive 
riti
al o

urren
e (x, C(x)) of x that does not appear in the image

of κ.

Let C = {x1, x2, . . . , xk} be an unsatis�ed 
lause with κ(xi, C) = (xi, Ci).

Then we put C into one part of our partition with C1, C2, . . . , Ck; and we

add C(x1)
, in 
ase k = 1. So this part 
ontains one unsatis�ed 
lause and at
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least two satis�ed 
lauses. Finally, we put into one extra part all 
lauses we

have not used along with unsatis�ed 
lauses. All these 
lauses are satis�ed

by α. So, indeed, we have found the partition that entails the statement

we wanted to prove.

Larger k. For k 2 N0, let rk be the supremum of all real numbers r so

that every weighted k-satis�able CNF formula has an assignment α with

µ[α](F) � r µ(F). It is a simple exer
ise

8

to prove that every weighted k-

satis�able CNF formula F has an assignment α with µ[α](F) � rkµ(F), i.e.

the supremum is a maximum. Clearly, rk+1 � rk. r0 = 0 and r1 = 1
2

was easy, and we proved also r2 = Φ. Let us move one step further to

3-satis�able formulas.

Theorem 2.7 Every weighted 3-satis�able CNF formula (F, µ) has an as-

signment α with

µ[α](F) �
2

3
µ(F) ,

i.e. r3 �
2
3
.

Proof. By swit
hing o

urren
es of x and x, if ne
essary, we 
an assume

that F 
ontains no 
lause {x}, x 2 vbl(F). We de�ne a random assignment

α on vbl(F) following the rule

for x 2 vbl(F) x 7→ 1 with probability

{
2
3

if {x} 2 F, and
1
2

otherwise.

With this we get for C in F:

� If C is a 1-
lause, then it is satis�ed with probability

2
3
.

� If C is a 2-
lause {u, v}, then Pr (u 7→ 0) = Pr (v 7→ 0) = 2
3
is not

possible, sin
e then C = {x, y} with {x} 2 F and {y} 2 F for variables

x and y|a 
ontradi
tion to 3-satis�ability. Thus at least one of

Pr (u 7→ 0) and Pr (v 7→ 0) is at most

1
2
, and, therefore, C is satis�ed

with probability at least 1− 2
3
�

1
2
= 2

3
.

8

If you wonder, why this is an exer
ise at all, please think about it until you see it.

For example, the supremum a� of all numbers a with a < 1 is obviously 1, so a� < 1 does

not hold.
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� If C is a (� 3)-
lause, then it is satis�ed with probability at least

1− ( 2
3
)3 = 19

27
�

2
3
.

That is, the assignment satis�es every 
lause in F with probability at least

2
3
whi
h establishes the theorem.

The proof exploits the fa
t that a 3-satis�able CNF formula has no ✷,

has no 
omplementary pair {x}, {x}, and it has no triple {u}, {v}, {u, v}. Note

that 3-satis�ability ex
ludes {u}, {u, v}, {u, v} as well, whi
h was not used in

the argument.

Note 2.4 As we observed, rk+1 � rk for k 2 N0. [Huang, Lieberherr, 1985℄ showed

that rk �
3
4 for all k, and [Trevisan, 2004℄ proved limk→∞ rk = 3

4 .

For 
on
rete values of rk, we have seen r0, r1, r2, and a bound

9 r3 �

2
3
.

[Kr�al', 2004℄ proved

r4 =
3

5+
3

q

3
p

69−11
2

−
3

q

3
p

69+11
2

� 0.6992 .

Interestingly, [Kr�al', 2004℄ also showed that a probabilisti
 argument along the

lines of our proofs of Theorems 2.4 and 2.7 will not give the tight result for r4!

Theorems 2.4 and 2.7 are originally from [Lieberherr, Spe
ker, 1981℄ and from

[Lieberherr, Spe
ker, 1982℄, resp.; they use a di�erent method 
alled symmetriza-

tion, whi
h is somewhat more involved, but still interesting. The simpler proba-

bilisti
 approa
h we took here was proposed in [Yannakakis, 1994℄ (
f. [Jukna, 2001,

Se
tion 20.6℄).

Note 2.5 Similarly to rk, let us de�ne sk as the largest ratio of 
lauses that 
an

always be satis�ed in a k-satis�able CNF formula (unweighted). Clearly, sk � rk.

s1 =
1
2 is easy, but we have seen that s2 =

2
3 already deviates from r2. The proof of

rk �
3
4 in [Huang, Lieberherr, 1985℄ 
arries over to sk, so limk→∞ sk = 3

4 follows.

In [K�appeli, 2006℄ the bounds 0.6809 � 32
47
� s3 � 0.7 were established

Exercise 2.11 Work out the derandomization of the proof of Theorem 2.4.

9

It is interesting to note that in [Kr�al', 2004℄ and [Trevisan, 2004℄ r3 = 2
3
is attributed

to [Lieberherr, Spe
ker, 1982℄, but they write on page 18: \We �nd a lower bound on

the fra
tion τ3 of the 
lauses whi
h 
an always be satis�ed in a 3-satis�able formula by

showing that τ3 �
2
3
. Unfortunately, we have not been able to determine τ3 exa
tly."

Probably r3 �
2
3
is easy, but I don't see the example that provides this upper bound.
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Exercise 2.12 How Mu
h Independen
e is Ne
essary?

In the proof of Theorem 2.4 we de�ned a random assignment α by


hoosing the values for the variables mutually independently. Is mu-

tual independen
e ne
essary, or is perhaps pairwise independen
e suf-

�
ient?

Exercise 2.13 One of Few Always Works

Let V, |V | = n, a set of variables be given. Then there exists a set A

of at most 2n assignments on V su
h that for every 2-CNF formula F

over V there is an assignment α 2 A on V whi
h satis�es at least

3
4
of

all 
lauses in F.
Hint: Use Hadamard matri
es.

Exercise 2.14 Prove that every weighted k-satis�able CNF formula F has

an assignment α with µ[α](F) � rkµ(F).

Exercise 2.15 All in 3|at Most 7 in 10

Show that the CNF formula

F := {{a}, {b}, {c}, {d}, {a, x}, {b, x}, {c, x}, {d, x}, {a, b, x}, {c, d, x}}

is 3-satis�able and no assignment satis�es more than 7 
lauses in F.
Remark: That establishes s3 � 0.7.



Chapter 2*

The Algorithmic Lovász Local Lemma

Chapter by Dominik S
heder, with additions by Robin Moser.

In Chapter 2, we have stated and proved the Lov�asz Lo
al Lemma for

SAT. It has turned out that a k-CNF formula F in whi
h every 
lause C

has a neighbourhood ΓF(C) of at most 2k−2

lauses whi
h it shares 
ommon

variables with is always satis�able. However, the proof of Theorem 2.3 is


ompletely non-
onstru
tive and does not dis
lose any way in whi
h su
h

an assignment 
ould be dis
overed eÆ
iently. In the sequel, we will demon-

strate that an eÆ
ient algorithmi
 pro
edure for solving su
h formulas 
an

be devised quite easily. In order to give the proof in a simplest possible

form, we will restri
t the neighbourhoods of 
lauses to at most 2k−3 − 1 in

size. Asymptoti
ally, this is no di�erent. With somewhat more e�ort, it


an be demonstrated that su
h a restri
tion is not ne
essary.

Theorem 2*.1 k 2 N. If |ΓF(C)| � 2k−3 − 1 for all 
lauses C in a k-CNF

formula F, then F is satis�able and a satisfying assignment 
an be

found in expe
ted polynomial time by a randomized algorithm.

The obje
tive of the present 
hapter is to prove this 
laim by des
ribing

and analyzing an appropriate algorithm.

Exercise 2*.1 Random sampling doesn't work

Prove: For every k, there exists a family of arbitrarily large formulas

F having 8C 2 F : |ΓF(C)| � 2k−3 − 1 whi
h are satis�ed with exponen-

tially small probability (in the size of ea
h formula) when sampling

assignments u.a.r. This justi�es why the theorem we are proving in

41
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this 
hapter is non-trivial.

Hint: Sele
t the formulas in a 'semi-random' manner.

2*.1 A very simple algorithm

Suppose we do not know mu
h about SAT and try to �nd a satisfying

assignment for a formula F we know admits one. What would we do? A

natural way of pro
eeding is the following: we try a random assignment and

then as long as there is some violated 
lause, we try assigning new values

for the variables in that 
lause. It turns out that this very basi
 approa
h

is su

essful in the 
ase of formulas with small 
lause neighbourhoods.

Note that for the purpose of simplifying the proof of eÆ
ien
y in this


hapter, we pres
ribe an exa
t rule as to whi
h violated 
lause to sele
t

for 
orre
tion if there are multiple su
h 
lauses available. With somewhat

more e�ort, however, it 
an be demonstrated that su
h rule is not needed.

The re
ursive pro
edure lo
ally 
orre
t(C) attempts to 
orre
t one vio-

lated 
lause and then invokes itself re
ursively. We assume that there is

a global variable α 2 {0, 1}V storing the assignment 
urrently under 
on-

sideration and that the formula F and the set of variables V are, as well,

globally a

essible. We use the notation Γ+
F (C) := ΓF(C)[ {C} to denote the

in
lusive neighbourhood of a 
lause C 2 F. Moreover, we assume that the


lauses of F are somehow ordered in a �xed (but arbitrary) way and 
all

this ordering the lexi
ographi
 ordering. The fun
tion is supposed to be


alled for some 
lause C 2 F whi
h is 
urrently violated under α.

function lo
ally 
orre
t(C)

repla
e in α the values for vbl(C) with new samples u.a.r.

while 9D 2 Γ+F (C) : D violated under α do

D← the lexi
ographi
ally �rst violated 
lause in Γ+F (C);

locally correct(D);

On a global s
ale, we start from a random point and invoke the lo
al


orre
tion pro
edure as long as there is something to 
orre
t. The 
omplete
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solver is then summarized as solve lll(F, V) below.

At �rst sight, it might look surprising that su
h a strategy should work.

In parti
ular, there appears to be the possibility for the re
ursive pro
edure

to run inde�nitely, but we will show that this won't happen. Our 
laim is

that the algorithm solve lll(F, V) has a polynomial expe
ted running time

on formulas with a 
lause neighbourhood of size at most 2k−3
.

function solve lll(F, V)

α← u.a.r. from {0, 1}V ;

while 9C 2 F : C violated under α do

C← the lexi
ographi
ally �rst violated 
lause in F;

locally correct(C);

return α;

To see this, let us look at the re
ursive lo
al 
orre
tion pro
edure. We

want to establish that when this pro
edure returns on the topmost invo
a-

tion level, then it has made a genuine improvement to the assignment, in

terms of the number of violated 
lauses.

Lemma 2*.2 Let α 2 {0, 1}V be any assignment and C 2 F a 
lause vio-

lated under α. Suppose we 
all lo
ally 
orre
t(C) with α as the assign-

ment to start from. If this pro
edure ever returns, then the assignment

α 0

it has 
onstru
ted satis�es all 
lauses whi
h were a�e
ted by any


hanges made, i.e.

8D 2 F : (9x 2 vbl(D) : α(x) 6= α 0(x)) → α 0

satis�es D

and in parti
ular, α 0

satis�es C.

Proof. Let V 0 := { x 2 V | α(x) 6= α 0(x) } and let D 2 F be any 
lause that


ontains at least one variable from V 0

. Consider the variable x 2 vbl(D)

whi
h is the last one to be resampled among all variables o

urring in D.

This resampling happens inside some re
ursive 
all of lo
ally 
orre
t(E)

for some 
lause E 2 F with x 2 vbl(E). When that re
ursive 
all returns,
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D, being a member of Γ+
F (E), must be satis�ed. Ever after, none of the

variables o

urring in D 
hange there value anymore.

From the lemma we 
an 
on
lude that if a 
all to lo
ally 
orre
t() ever

returns, then the set of 
lauses violated under α 0

is a stri
t subset of the

set of 
lauses violated under α, sin
e the 
lause we initially 
alled the

pro
edure for was violated and is now satis�ed, and no new violated 
lauses


an appear. Therefore, the outer loop in solve lll() 
annot be repeated any

more than |F|, that is, a linear number of times. It remains to prove that

the total number of re
ursive 
alls to lo
ally 
orre
t() 
annot be
ome too

large.

Exercise 2*.2 Fewer top-level invo
ations

For simpli
ity, we only stated the weakest fa
t ne
essary, i.e. that at

most |F| top-level invo
ations are being made. Prove that in reality,

the number of su
h invo
ations is even bounded by n/k, where n is the

number of variables.

Exercise 2*.3 Even fewer top-level invo
ations

Following up on the last exer
ise, prove that on average, no more than

n
8k

top-level invo
ations are made.

Exercise 2*.4 The pro
edure stops

Before reading on, try to prove (or at least �nd a plausible argument)

that the probability for the algorithm to run inde�nitely is zero.

2*.2 A bit of information theory

The proof of a strong bound on the number of re
ursive invo
ations bases on

one of the simplest prin
iples in information theory, namely that uniformly

random data is not e�e
tively 
ompressible. In order to formalize this

intuition, we have to say what it means to e�e
tively 
ompress. Suppose

we �x two integers t, t 0 2 N su
h that t 0 < t. Now we 
onsider a 
ompression

fun
tion C : {0, 1}t → ({0, 1}t
0

[ {’no’}) that takes as input a string of length

t and outputs either a string of shorter length t 0 or the failure message

’no’. Its 
ounterpart is a de
ompression fun
tion D : {0, 1}t
0

→ {0, 1}t that

takes a 
ompressed bitstring of length t 0 and de
odes the longer string of

length t. What we require for soundness is that whenever C(s) 6= ’no’ for
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some s 2 {0, 1}t, then D(C(s)) = s. For pra
ti
al 
ompression, we would of


ourse not allow the mapping to 'refuse' 
ompressing and we would require

many more things, e.g. that C and D be eÆ
iently 
omputable. Here, su
h

aspe
ts do not matter. The following lemma states the simple observation

that there is no perfe
t 
ompression.

Lemma 2*.3 Let t, t 0 2 N with t 0 < t and let C : {0, 1}t → ({0, 1}t
0

[ {’no’})

and D : {0, 1}t
0

→ {0, 1}t be arbitrary mappings su
h that

8s 2 {0, 1}t : C(s) 6= 'no' ⇒ D(C(s)) = s.

If S 2 {0, 1}t is distributed uniformly at random among all bitstrings of

length t, then

Pr(C(S) = ’no’) � 1− 2t
0−t.

Proof . The proof is by simple 
ounting. There 
annot be any two

distin
t strings s, s 0 2 {0, 1}t for whi
h C(s) = C(s 0) 6= 'no' be
ause that

would imply D(C(s)) = D(C(s 0)) and thus D(C(s)) 6= s or D(C(s 0)) 6= s 0.

But sin
e there are 2t strings of length t and only 2t
0

strings of length t 0, at

most 2t
0

of the input strings 
an be mapped to an output other than 'no'.

Therefore, if S is 
hosen u.a.r. from {0, 1}t, the probability that C(S) 6= ’no’

is at most 2t
0−t
, as 
laimed.

In the last se
tion, we will apply this lemma to bound the expe
ted

running time of our algorithm. The idea will be that we de
orate the

algorithm with a few extra statements that en
ode the random bits it uses

in a 
ompa
t fashion. Then we prove that either the algorithm solves our

formula qui
kly, or else it e�e
tively 
ompresses the random bits it has

re
eived.

2*.3 Bounding the recursion

Suppose we want to re
ord, as our algorithm runs, a 
ompa
t log of whi
h


lauses are being 
orre
ted at what time. We 
ould write down the index

of ea
h 
lause of whi
h we reassign the variables. However, doing this in

a trivial way wastes a 
ertain amount of information: if there are m = |F|


lauses in total, then we need dlog(m)e bits to represent a 
lause. But if

a 
lause C is 
orre
ted �rst and then re
ursively a 
lause D 2 Γ+
F (C), then
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identifyingD should need substantially fewer bits sin
e Γ+
F (C) 
ontains only

a small number of 
lauses.

The following extended version of the algorithmmakes use of this fa
t to

produ
e a log in the form of a string s 2 {0, 1}� do
umenting its a
tions. As

for notation, if F 0 � F is a set of 
lauses and C 2 F 0 some 
lause in that set,

we denote by bincode(C, F 0) the binary en
oding of the index of C in F 0,

that is the number of 
lauses in F 0 that o

ur before C in the lexi
ographi


ordering, padded with zeroes in su
h a way that the length of ea
h 
ode

is dlog(|F 0|)e. Moreover, we use the operator Æ to denote the 
atenation of

binary strings and we assume that the fun
tion append to log(..) is some

arbitrary means of output.

Whenever a re
ursive 
all is made for 
orre
tion of a 
lauseD 2 Γ+
F (C) in

the neighbourhood of a previously 
orre
ted 
lause C, we write the index of

D in Γ+
F (C) to the log. We prepend this index by a single '1'-bit indi
ating

that a deeper re
ursion level is being 
reated. Let us 
all this a message

of type I. Whenever lo
ally 
orre
t() �nds that all 
lauses in the 
urrently

inspe
ted neighbourhood are satis�ed and thus returns 
ontrol to a higher

re
ursion level, we append a single '0'-bit to the log to represent this fa
t.

We 
all this a message of type II.

On a global s
ale, whenever the outermost loop starts a new re
ursive


orre
tion pro
ess, we write the index of the 
lause C 
orre
ted on the

topmost re
ursion level to the log. As there is no previous information

available as to whi
h 
lause this 
ould be, we have to use a full en
oding of

C in F. We 
all this amessage of type III. As the re
ursion depth before the

top-level 
all 
an be re
onstru
ted by 
ounting previous messages of types

I and II, no extra bit is needed to indi
ate the type of message appended.

Note that the top-level 
all, too, will automati
ally output a

00 0-bit in the

end to indi
ate termination.

Let us pre
isely quantify the number of bits that are needed to store

the log being output. A message of type I needs dlog(2k−3)e = k − 3 bits

for en
oding the 
lause to be 
orre
ted next and one additional bit being

prepended. A message of type II needs exa
tly one bit. A message of

type III needs dlogme bits. In order to fa
ilitate the 
al
ulation, let us

note that messages of type II always o

ur paired up with messages of

type I or III, whi
h are uniquely asso
iated with a spe
i�
 invo
ation of

the lo
al 
orre
tion pro
edure. Therefore ea
h top-level invo
ation in
urs a

total of dlogme+1 bits of output, ea
h re
ursive invo
ation then produ
es
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an additional (k− 3) + 2 = k− 1 bits of output to the log.

function lo
ally 
orre
t(C)

repla
e in α the values for vbl(C) with new samples u.a.r.

while 9D 2 Γ+F (C) : D violated under α do

D← the lexi
ographi
ally �rst violated 
lause in Γ+F (C);

append to log( 01 0 Æ bincode(D, Γ+F (C)));

locally correct(D);

append to log( 00 0);

function solve lll(F, V)

α← u.a.r. from {0, 1}V ;

while 9C 2 F : C violated under α do

C← the lexi
ographi
ally �rst violated 
lause in F;

append to log(bincode(C, F));

locally correct(C);

return α;

Suppose the algorithm makes a total of t invo
ations of the 
orre
tion

pro
edure, in
luding the top-level 
alls (of whi
h a maximum of m 
an be

done a

ording to Lemma 2*.2). Then the size of the log we produ
e is

smaller than m(dlogme+1)+(k−1)t. Note that we are very generous here

and the top-level 
alls are being over
ounted.

It is very easy to see that from the log output, it is possible to un-

ambiguously re
onstru
t the entire history of 
lause 
orre
tions. Now, the

key point of the proof follows. By just looking at the log produ
ed, we


an therefore also re
onstru
t histories of random values for ea
h variable

o

uring in 
orre
ted 
lauses. Let C be the �rst 
orre
ted 
lause. The


lause was 
orre
ted be
ause it was violated in the beginning, therefore we

know the initial values that all variables in vbl(C) were assigned before any


orre
tions. Suppose D is the next 
orre
ted 
lause, i.e. D was violated
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after the 
orre
tion of C. D might have some variables in 
ommon with C

and some variables not en
ountered yet. For those not yet en
ountered, we


an re
onstru
t their initial values, for the other ones we 
an now re
on-

stru
t the repla
ement values they re
eived when 
orre
ting C. Continuing

in this way, ea
h entry of the 
lause 
orre
tion log allows us to re
onstru
t

the respe
tive next values of the k variables in the 
lause. After reading

the whole log, we will have re
onstru
ted for ea
h variable x 2 V, all the

values it has re
eived during the pro
edure, ex
ept for its �nal value as our

re
onstru
tion always lags behind by one.

We now 
laim that for any t 2 N, the probability that the algorithm does

not terminate before making t invo
ations of the lo
al 
orre
tion pro
edure

is at most 2m(dlogme+1)−t
. From this it immediately follows that the expe
ted

number of su
h invo
ations the algorithm makes is O(m logm).

Fix some t 2 N. We in
orporate our algorithm into a 
ompression

s
heme 
onsisting of fun
tions

C : {0, 1}n+tk → ({0, 1}n+(mdlogme+1)+t(k−1)
[ {’no’})

and

D : {0, 1}n+m(dlogme+1)+t(k−1) → {0, 1}n+tk.

The 
ompression C of a string s 2 {0, 1}n+tk
is de�ned as follows: run

the algorithm solve lll(F, V), using s to repla
e the randomness, i.e. the

�rst n bits of s are used as the initial assignment and the remaining bits

are used, in 
hunks of k bits ea
h, for repla
ing values within the lo
al


orre
tion pro
edure. We let the algorithm go on for up to t 
alls to

lo
ally 
orre
t(C). If it has not �nished its job by then, we interrupt it

and make C output the log produ
ed so far, whi
h we know has size at

most m(dlogme+1)+ t(k−1), followed by n bits representing the 
urrent

value of α when the algorithm was interrupted. If ne
essary, we 
an pad

the string with zeroes for it to have the required length. If, however, the

algorithm is su

essful in �nding a satisfying assignment before rea
hing t

invo
ations of the 
orre
tion pro
edure, then we let C output

0no 0. This

way, either the solver is su

essful or the 
ompression is.

The de
ompression D does the reverse. As we have des
ribed above,

ea
h of the t 
alls to lo
ally 
orre
t(C) we have re
orded in our log allows

for the re
onstru
tion of k bits at determined positions from s. As further

des
ribed, the only bits we have not re
onstru
ted this way are the �nal
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values of ea
h variable in α. But sin
e C(s) has the n bits des
ribing α

appended to its end, we know these values too. Finally, we have re
on-

stru
ted all n + tk bits from s 
orre
tly and thus whenever C(s) 6= ’no’,

we have D(C(s)) = s.

Sin
e this is a 
ompression s
heme satisfying the 
onditions in 2*.3, the

probability that C(s) = ’no’ if s is 
hosen uniformly at random has to be

at least 1−2m(dlogme+1)−t
. But those are exa
tly the 
ases when a satisfying

assignment is output, 
on
luding the proof of Theorem 2*.1. ✷

Note 2*.1 The �rst algorithmi
 versions of the Lov�asz Lo
al Lemma were found

in breakthrough papers by Be
k in [Be
91℄ and Alon in [Alo91℄. Further progress

was made in various publi
ations over time ([MR98℄, [CS00℄, [Mos06℄, [Sri08℄,

[Mos08℄). The proof des
ribed in this 
hapter has �rst been given in a slightly

di�erent form in [Mos09℄. After publi
ation, it be
ame apparent that arguments of

this sort were previously known under the name of the 'in
ompressibility method'

and had even been applied in amazingly similar fashions to Lo
al Lemma type

problems (
f., e.g., [S
h09℄) however without the realisation of their important

algorithmi
 
onsequen
es. Finally, in [MT09℄, generalizations of the method are

provided that allow making almost all known appli
ations of the Lo
al Lemma

beyond satis�ability 
onstru
tive and that get rid of the remaining 
onstant gap

left open here. Very re
ently, it has been demonstrated that the method 
an be

derandomized (see [CGH09℄).

Exercise 2*.5 An more 
on
ise log

Prove that the fa
tor of logm 
an be gotten rid of, i.e. that the expe
ted

running time is in fa
t O(m), by en
oding the 
lauses for whi
h top-

level 
alls are made in a more 
ompa
t fashion.

Exercise 2*.6 An even more 
on
ise log

Think of ways in whi
h the log 
an be further 
ompressed! Where is

the des
ription still somewhat wasteful? Consider expressing logs by

obje
ts other than binary strings. If you �nd the right formalism, it is

possible to prove that the algorithm also works for formulas with 2k/e

in
lusive neighbors per 
lause and that in fa
t the re
ursive stru
ture

of the algorithm is not ne
essary: a single loop suÆ
es. You 
an also

read the solution in [MT09℄.
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Chapter 2**

Minimal Unsatisfiable Formulas

Chapter by Dominik S
heder.

A CNF formula is minimal unsatis�able if it is unsatis�able, but re-

moving any 
lause makes it satis�able. Clearly, every unsatis�able formula

has a minimal unsatis�able subformula. For example, the formula

{{x1}, {�x1, x2}, {�x1, �x2}, {x2, x3, x4, x5}}

is unsatis�able, but not minimal unsatis�able, be
ause we 
an remove the

last 
lause and obtain

{{x1}, {�x1, x2}, {�x1, �x2}} ,

whi
h is still unsatis�able. This formula, however, is minimal unsatis�-

able. In this 
hapter we will investigate minimal unsatis�able formulas.

We introdu
e some notation. For a CNF formula F and a literal u, we will

write

o

F(u) := |{C 2 F | u 2 C}| ,

and for a variable x, degF(x) := o

F(x)+o

F(�x), i.e. the number of 
lauses


ontaining x, irrespe
tive of its sign.

2**.1 Matchings and Formulas

Definition 2**.1 (Clause-Variable Incidence Graph) Let F be a CNF formula.

The 
lause-variable in
iden
e graph is a bipartite graph on the vertex set

F[ var(F), where we 
onne
t a 
lause C and a variable x if x 2 var(C).

53
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{{x}, {x̄, y}, {x̄, ȳ, z}, {z̄}}

x y z

Figure 2**.1: The bipartite 
lause-variable in
iden
e graph between a CNF

formula F and var(F).

{{x1}, {x̄1, x̄2, x3}, {x̄3, x̄4}, {x̄1, x4}}

x1 x2 x3 x4

Figure 2**.2: A formula with a saturating mat
hing. Mat
hing edges are

drawn bold.

A mat
hing in a graph is a set M of edges su
h that ea
h vertex is in
ident

to at most one of them. If a vertex is in
ident to one of them it is mat
hed,

otherwise it is unmat
hed. We also say "a mat
hing in F" as a short-hand

for "a mat
hing in the 
lause-variable in
iden
e graph of F". If G is a

subformula of F and a mat
hing M mat
hes every 
lause in G, we say it

saturates G. If it mat
hes every 
lause in F, we simply say it is saturating.

The following observation makes the 
onne
tion with satis�ability.

Observation 2**.2 If a CNF formula F has a saturating mat
hing, it is

satis�able. See Figure 2**.2.

Proof . Let F = {C1, . . . , Cm}. Sin
e there is a mat
hing saturating all


lauses of F, there arem distin
t variables x1, . . . , xm su
h that xi 2 var(Ci).

We de�ne a (possibly partial) assignment α by either (i) setting xi to 1, if

xi 2 Ci, or (ii) setting xi to 0, if �xi 2 C, for all 1 � i � m. This assignment

satis�es F.

The 
ondition in Observation 2**.2 is, of 
ourse, only suÆ
ient, not ne
es-

sary. Take for example the formula

{{x, y}, {�x, y}, {�x, z}, {�x, �y, �z}} ,

whi
h does not admit a saturating mat
hing, but still is satis�able.
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There is an elegant 
hara
terization for when a formula has a mat
hing

that mat
hes all 
lauses. Although this 
hara
terization holds for general

bipartite graphs, we state it in terms of CNF formulas.

Theorem 2**.3 (Hall’s Theorem in SAT terms) A CNF formula F has a sat-

urating mat
hing if and only if for all subformulas G � F, it holds

that

| var(G)| � |G| . (2**.1)

It is easy to see that 
ondition (2**.1) is ne
essary for the existen
e of su
h

a mat
hing. That it is also suÆ
ient requires a proof, whi
h we do not

give here. Also note that the naive approa
h to test whether 
ondition

(2**.1) holds, namely iterating over all subformulas, would take 2|F| steps.

Fortunately, there are eÆ
ient algorithms for �nding maximum mat
hings

in graphs, and thus determining whether a formula F has a mat
hing sat-

urating F, and also �nding su
h a mat
hing. Therefore, if F ful�lls the

pre
ondition of Observation 2**.2, we 
an eÆ
iently �nd a satisfying as-

signment.

This dis
ussion motivates some de�nitions. For a CNF formula F, we


all δ(F) := |F| − | var(F)| the de�
ien
y of F, and δ�(F) := maxG�F δ(G)

the maximum de�
ien
y of F. Observation 2**.2 
an now be re-stated as

follows: Every CNF formula F with δ�(F) � 0 is satis�able. What does δ(F)

tell us about satis�ability? At �rst sight, pretty little. Take for example

the formula

{{x1}, {�x1, x2}, {�x1, �x2}, {x2, x3, x4, x5}} . (2**.2)

Its de�
ien
y is 4−5 = −1, but still it is unsatis�able. Sure, it 
ontains the

subformula { {x1}, {�x1, x2}, {�x1, �x2} }, whi
h is unsatis�able (and has de�
ien
y

1). Does every unsatis�able formula F 
ontain an unsatis�able subformula

G � F with δ(G) > 0? The answer turns out to be yes.

Lemma 2**.4 If F is a minimal unsatis�able CNF formula, then for

every proper subformula G ( F, it holds that δ(G) � δ(F) − 1.
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F

var(F )

G
H

var(H) \ var(G)var(G)

Figure 2**.3: Illustration of the proof of Lemma 2**.4

Proof . Suppose this does not hold, i.e. F is minimal unsatis�able,

and there exists a formula G ( F with δ(G) � δ(F). Choose G to be

in
lusion-wise maximal with this property. Consider any H � F \ G. See

Figure 2**.3 for an illustration. If H ( F \G, then by maximality of G we


on
lude δ(G [H) � δ(F) − 1. If H = F \ G, then δ(G [H) = δ(F). Hen
e

in any 
ase δ(G [H) � δ(F). We 
an now 
al
ulate:

δ(F) � δ(G [H) = |G [H| − | var(G [H)| =

= |G| + |H| − | var(G)| − | var(H) \ var(G)|

= δ(G) + |H| − | var(H) \ var(G)| .

Sin
e δ(G) � δ(F), we 
on
lude that | var(H) \ var(G)| � |H| for all H �

F \G. By Hall's Theorem, this means we 
an �nd a mat
hing in F that (i)

mat
hes all 
lauses of F\G and (ii) only mat
hes variables that do not o

ur

in G. We 
an thus de�ne a partial assignment α : var(F) \ var(G)→ {0, 1}

that satis�es F \G. Sin
e F is minimal unsatis�able, G is satis�able, hen
e

let β : var(G) → {0, 1} satisfy G. Sin
e α and β are de�ned over disjoint

sets of variables, we 
an 
ombine them to obtain a satisfying assignment

for F. This is a 
ontradi
tion.

We 
on
lude that for any minimal unsatis�able formula F, it holds that

δ(F) = δ�(F) � 1. Are there minimal unsatis�able formulas with de�
ien
y

1? A
tually, we have already seen one: {{x1}, {�x1, x2}, {�x1, �x2}}. There is an

even simpler one: {✷}. We introdu
e some notation: We denote by MU

the 
lass of all minimal unsatis�able formulas, and de�ne MU(k) := {F 2

MU | δ(F) = k}. By the above results, we see that MU(0), MU(−1), MU(−2)
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and so on are all empty. It turns out that formulas in MU(1) have very

interesting properties, besides having the smallest possible de�
ien
y.

2**.2 Strongly Minimal Unsatisfiable Formulas

Removing 
lauses from a formula makes the formula "more satis�able" in

the following sense: If it was satis�able before, it is still satis�able after-

wards. Conversely, adding 
lauses makes it "less satis�able". Now suppose

we pi
k some 
lause in the formula, and add some new literal to it. Surely,

the resulting formula is more satis�able: If the old one was satis�able, the

new one is as well. Similarly, removing literals makes a formula only less

satis�able. Let us make this very vague dis
ussion more pre
ise.

Definition 2**.5 Let F be a CNF formula. A CNF formula F 0 is 
alled

an extension of F if there is a surje
tive fun
tion Φ : F→ F 0 su
h that

8 C 2 F : C � Φ(C) .

If F 0 6= F, we say F 0 is a proper extension of F, otherwise it is a trivial

extension.

Example. Consider the two formulas

F = {{x}, {�x, y, z}, {�x, �y, �z}}

F 0 = {{x, y}, {�x, y, z}, {�x, �y, �z}}

Here, F 0 is an extension of F, and, as it happens, both are satis�able. We

justify the above statement that an extension is always "more satis�able"

than the old formula by the following observation.

Observation 2**.6 Let F 0 be an extension of F. Any assignment α satis-

fying F also satis�es F 0.

The fun
tion Φ in De�nition 2**.5 need not be inje
tive. In fa
t, by

adding literals to 
lauses, two 
lauses 
an be
ome the same. Consider for

example

F = {{x}, {y}, {�x, �y}}

F 0 = {{x, y, z}, {�x, �y}} .
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F 0 is an extension of F, but by adding the literals y and z to the 
lause {x}

and the literals x and z to {y}, these two 
lauses be
ome the same in F 0. In

general, for a CNF formula F and an extension F 0 of it, it holds that

|F| � |F 0|

var(F) � var(F 0) ,

and both inequalities 
an be stri
t, as the above example shows. However,

under 
ertain 
ir
umstan
es we will have equality.

Lemma 2**.7 Suppose F is minimal unsatis�able and F 0 is an extension

of F. If F 0 is unsatis�able, then

|F| = |F 0| (2**.3)

var(F) = var(F 0) . (2**.4)

Proof . Let F be minimal unsatis�able, and F 0 be an extension of F. To

show (2**.3), we assume that |F 0| < |F| and show that F 0 is satis�able. Let

Φ : F → F 0 be as in De�nition 2**.5. For every 
lause C 0

2 F 0, pi
k one


lause C 2 F with C 0 = Φ(C). Colle
t those 
lauses in a CNF formula G.

It holds that G � F and |G| = |F 0|. Sin
e |F 0| < |F| this means that G ( F.

But F is minimal unsatis�able, so G is satis�able. Observe that F 0 is also

an extension of G, via the same fun
tion Φ, and by Observation 2**.6,

F 0 is satis�able. To show (2**.4), assume that var(F) ( var(F 0) and let

x 2 var(F 0) \ var(F). We will show that F 0 is satis�able. There is a 
lause

C 0

2 F 0 with x 2 var(C 0). We 
hoose a truth value b 2 {0, 1} as follows:

If x 2 C 0

, we let b = 1, and if �x 2 C 0

, let b = 0. In any 
ase, setting x

to b satis�es C 0

. We observe that F 0[x 7→b]
is an extension of some proper

subformula G ( F. Hen
e G is satis�able, and by Observation 2**.6, F 0 is.

Definition 2**.8 A CNF formula is 
alled strongly minimal unsatis�able

if it is unsatis�able, but every proper extension of it is satis�able.

The term "strongly minimal unsatis�able" suggests that a strongly

minimal unsatis�able CNF formula is automati
ally minimal unsatis�able.

This is indeed the 
ase, and we will prove it in a minute. We denote
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by SMU the 
lass of all strongly minimal unsatis�able formulas. Again,

SMU(k) denotes those SMU-formulas with de�
ien
y k.

Example. F1 = {{�x}, {x, �y}, {x, y, z}, {x, y, �z}}.

We 
laim that F1 is minimal unsatis�able (in fa
t, it is in SMU(1)). We


ould do this by a detailed 
ase analysis, but there is a mu
h more elegant

way. We evaluate

∑

C2F1

2−|C| =
1

2
+

1

4
+

1

8
+

1

8
= 1 .

If F 01 is a proper extension of F1, it is immediate that

∑
C 0

2F 0
1
2|C

0| < 1, and

by Theorem 2.2, F 01 is satis�able. Be warned though that the above sum

does not in general evaluate to 1 for SMU formulas. For example,

F2 = {{�x1, x2}, {�x2, x3}, {�x3, x4}, {�x4, x1}, {x1, x2, x3, x4}, {�x1, �x2, �x3, �x4}}

is strongly minimal unsatis�able (on a rainy saturday afternoon, you should


he
k this), but

∑
C2F2

2−|C| = 9
8
.

Observation 2**.9 Every strongly minimal unsatis�able formula is also

minimal unsatis�able. In other words, the term strongly minimal is

justi�ed.

Proof . Let F be strongly minimal unsatis�able. We will show that for

any C 2 F, the formula F \ {C} is satis�able. Let x be a new variable, i.e.,

x 62 var(F), and de�ne F 0 := F\{C}[ {C[ {x}}. Sin
e F 0 is a proper extension

of F, it is by assumption satis�able. Furthermore, F\{C} is satis�able, sin
e

it is a subformula of F 0

Every minimal unsatis�able CNF formula F has a strongly minimal

unsatis�able extension F 0. To see this, we de�ne a sequen
e F1, F2, . . . of

extensions of F as follows: Start with F1 = F. If Fi is SMU, it is a strongly

minimal unsatis�able extension of F. Otherwise, there is a proper extension

of Fi that is unsatis�able. Let Fi+1 be that formula. By Lemma 2**.7,

var(Fi) = var(F) for all i. Sin
e there are only �nitely many formulas over

var(F), the pro
ess terminates eventually. We summarize this argument:
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Observation 2**.10 Every minimal unsatis�able CNF formula F has a

(not ne
essarily unique) strong minimal unsatis�able extension F 0.

Furthermore, |F| = |F 0| and var(F) = var(F 0) for any su
h extension.

If F is an unsatis�able formula, and x 2 var(F), then 
learly F[x 7→0]
and F[x 7→1]

are both unsatis�able. Now suppose F is minimal unsatis�able. Are F[x 7→0]

and F[x 7→1]
also minimal unsatis�able? Unfortunately, this is not the 
ase:

For example, the formula

{{x}, {�x, �y}, {y}}

is minimal unsatis�able. When we set x to 0, we obtain {✷, {y}}, whi
h

is 
learly not minimal unsatis�able. For 
onsolation, we do however have

following lemma.

Lemma 2**.11 Let F be a strongly minimal unsatis�able CNF formula,

x 2 var(F), and b 2 {0, 1}. Then F[x 7→b]
is minimal unsatis�able.

Proof . Assume b = 0, the other 
ase is similar. Clearly that F[x 7→0]
is

unsatis�able. We will show that for any C 2 F[x 7→0]
, F[x 7→0] \{C} is satis�able.

There is a 
lauseD 2 F su
h that C = D[x 7→0]
, so eitherD = C orD = C[{x}.

In the �rst 
ase, 
onsider F 0 := F\{D}[ {D[ {�x}}. This is a proper extension

of F, hen
e it is satis�able, so at least one of F 0[x 7→0]
or F 0[x 7→1]

is satis�able.

Note that F 0[x 7→1] = F[x 7→1]
, whi
h is unsatis�able. Hen
e F 0[x 7→0]

is satis�able

(in other words, if adding literal u to a 
lause makes F satis�able, then every

satisfying assignment must also satisfy u). But F 0[x 7→0] = F[x 7→0] \ {C}, so the

latter is satis�able. In the other 
ase, D = C [ {x}. Consider F 00 := F \ {D}.

Sin
e F is, by Observation 2**.9, minimal unsatis�able, F 00 is satis�able,

and again at least one of F 00[x 7→0]
and F 00[x 7→1]

is satis�able. The latter equals

F[x 7→1]
, whi
h is unsatis�able, thus F 00[x 7→0]

is satis�able. But this equals

F[x 7→0] \ {C}.

We will now prove a surprising fa
t that, as it turns out, will 
ompletely

des
ribe the stru
ture of MU(1) formulas.

Theorem 2**.12 Let F be an MU(1) formula. Then either F = {✷}, or

there exists a variable x su
h that o

F(x) = o

F(�x) = 1.

Proof . We will �rst prove the theorem for the 
ase that F is SMU(1).

Choose a variable x 2 var(F) that minimizes dF(x). We 
laim that

var

�

F[x 7→0]
�

= var(F) \ {x} . (2**.5)
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In fa
t, suppose this is not the 
ase, and let y 2 var(F) \ {x} \ var

�

F[x 7→0]
�

.

How 
an it happen that y appears in F but not in F[x 7→0]
? The only possi-

bility is that every 
lause 
ontaining y or �y also 
ontains �x, and is satis�ed

and disappears when setting x to 0. This implies

dF(y) � o

F(�x) < dF(x) ,


ontradi
ting the 
hoi
e of x. The latter inequality 
omes from the fa
t

that in a minimal unsatis�able formula 
ontains no pure literals, i.e. if �x

o

urs, then x o

urs as well. We 
on
lude that (2**.5) holds. Now the

proof is just a 
al
ulation (we will explain all inequalities afterwards):

1 � δ(F[x 7→0]) (2**.6)

= |F[x 7→0]|− | var
�

F[x 7→0]
�

|

= |F|− o

F(�x) − | var(F)| + 1 (2**.7)

= 2− o

F(�x)

⇒ o

F(�x) = 1

Inequality (2**.6) 
omes from the fa
t that F[x 7→0]
is minimal unsatis�able

(Lemma 2**.11) and that minimal unsatis�able formulas have de�
ien
y at

least one (Lemma 2**.4). Equality (2**.7) 
omes from (2**.5) 
ombined

with the observation that the only 
lauses that disappear when setting x

to 0 are those 
ontaining �x, and that, in a minimal unsatis�able formula,

no two 
lauses "
ollapse", i.e., be
ome identi
al, when setting a variable.

We 
on
lude that o

F(�x) = 1. A similar argument shows that o

F(x) = 1.

Hen
e we have showed the theorem for strongly minimal unsatis�able for-

mulas.

If F is minimal unsatis�able, but not strongly minimal unsatis�able,

let F 0 be a strongly minimal unsatis�able extension of F. By the above

argument, there exists a variable x 2 var(F 0) with o

F 0(x) = o

F 0(�x) = 1.

By Observation 2**.10, var(F 0) = var(F), thus x 2 var(F). Sin
e o

F(u) �

occF 0(u) for any literal u, and x is not pure in F, it follows that o

F(x) =

o

F(�x) = 1.
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2**.3 More On Resolution

We have already seen resolution as a 
omplete and 
orre
t method for deter-

mining unsatis�ability of formulas. Let F be a CNF formula and C,D 2 F

be two 
lauses. If there is a unique literal u with u 2 C and �u 2 D, then

the resolvent of C and D is de�ned to be res(C,D) := (C \ {u})[ (D \ {�u}),

and var(u) is 
alled the resolved variable. It is easy to 
he
k that F �

F [ {res(C,D)}, in the sense that any total assignment α : var(F) 7→ {0, 1}

satis�es F if and only if it satis�es F[ {res(C,D)}. A resolution refutation

of a formula F is de�ned to be a sequen
e C1, . . . , Cm with Cm = ✷ su
h

that for every 1 � j � m, either Cj 2 F, or there are indi
es i, i 0 < j su
h

that Cj = res(Ci, Ci 0). Su
h a refutation 
an naturally be represented as a

tree.

Definition 2**.13 Let F be a CNF formula. A resolution tree of F is a


omplete binary tree T in whi
h ea
h node a is labeled with a 
lause

Ca su
h that

� if a is a leaf of T , then Ca 2 F,

� if a has 
hildren b and c, then Ca is the resolvent of Cb and Cc.

If the root of T is labeled with 
lause C, we say T ends in C.

Further, ea
h inner node a of T is naturally asso
iated with a variable:

If b and c are the 
hildren of a, and Ca = (Cb \ {u})[ (Cc \ {�u}), we say the

variable var(u) is resolved at node a. We write xa to denote that variable.

Observation 2**.14 A CNF formula F is unsatis�able if and only if it has

a resolution tree ending in ✷.

2**.3.1 Davis-Putnam Resolution

We introdu
e variant of resolution, 
alled Davis-Putnam resolution. Let

F be a CNF formula, and let x 2 var(F). Write r := o

F(x) and s := o

F(�x)

and let C1, . . . , Cr be the 
lauses of F 
ontaining the positive literal x, and

let D1, . . . , Ds be the 
lauses of F 
ontaining �x. For 1 � i � r and 1 � j � s,

we de�ne

Bij := Ci \ {x} [Dj \ {�x} ,
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the resolvent of Ci and Dj. Note that it is possible that Bij 
ontains 
om-

plementary literals, for example if y 2 Ci and �y 2 Dj for some y 6= x. In

this 
ase we say Bij is trivial. We obtain a formula DPx(F) by removing all

Ci and Dj and adding all non-trivial resolvents Bij. Formally,

DPx(F) := F \ {C1, . . . , Cr, D1, . . . , Ds}

[ { Bij | 1 � i � r, 1 � j � s, Bij non-trivial} (2**.8)

We say we obtain DPx(F) from F by applying Davis-Putnam resolution with

respe
t to x. Contrary to resolution as we are used to, we do not only add

the resolvents, but remove the original 
lauses. This is justi�ed by the

following fa
t:

Lemma 2**.15 (Correctness of Davis-Putnam resolution) F �
SAT

DPx(F).

Proof . One dire
tion is easy. Suppose α satis�es F. As we already know,

α satis�es all possible resolvents, hen
e satis�es DPx(F). For the other

dire
tion, suppose α satis�es DPx(F). Sin
e x 62 DPx(F), we assume α does

not assign any value to x. We 
laim that at least one of the following holds:

(i) α satis�es all 
lauses Ci \ {x}, 1 � i � r, or (ii) α satis�es all 
lauses

Dj \ {�x}, 1 � j � s. Indeed, if this were not the 
ase, then there would

be i and j su
h that α does not satisfy Bij. This Bij is non-trivial, sin
e

α satis�es every trivial resolvent. Hen
e Bij 2 DPx(F), 
ontradi
ting the

assumption that α satis�es DPx(F). So if (i) holds, then the 
ombination

α[x 7→ 0] satis�es F. If (ii) holds, then α[x 7→ 1] satis�es F.

Exercise 2**.1 Use Lemma 2**.15 to give an alternative proof of the


ompleteness of resolution (of resolution, not DP-resolution).

Exercise 2**.2 Convin
e yourself that Lemma 2**.15 holds as well for

the extreme 
ases where o

F(x) = 0 and/or o

F(�x) = 0.

Exercise 2**.3 Give an example of a CNF formula F with x 2 var(F)

su
h that F and DPx(F) are not equivalent, i.e. satV(F) 6= satV(DPx(F))

for V = var(F).

There is an even more spe
ial kind of resolution: Suppose o

F(x) = 1

or o

F(�x). In this 
ase, |DPx(F)| < |F|. We say DPx(F) is obtained from F

by singular resolution.
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Lemma 2**.16 Suppose F is a CNF formula, u a literal with o

F(u) = 1.

Let x = var(u) and F 0 := DPx(F). Then F 2 MU if and only F 0 2 MU

and |F 0| = |F| − 1. Further, if F 2 MU, then δ(F) = δ(F 0).

Proof . Let s := o

F(�u) and write F = {C,D1, . . . , Ds}[R, u 2 C, �u 2 Dj

for 1 � j � s, and R is the \rest", i.e. the 
lauses neither 
ontaining u nor

�u. We set

Bj := C \ {u} [Dj \ {�u} ,

su
h that

F 0 := {Bj | 1 � j � s, Bj not trivial} [ R .

For the \only if" dire
tion, suppose F 2 MU. We already know from

Lemma 2**.15 that F 0 is unsatis�able. We will show that |F 0| = |F| − 1

holds. We 
laim that (i) all Bj are nontrivial, (ii) all Bj are distin
t, and

(iii) Bj 62 R, for all 1 � j � s. If (i) is violated, then some Bj is trivial.

If (ii) is violated, then there are j 6= j 0 with Bj = Bj 0. If (ii) is violated,

then there is some j with Bj 2 R. In any 
ase, there is some Bj su
h that

F �

SAT

DPx(F) = DPx(F \ {Bj}) �SAT

F \ {Bj}, whi
h is a 
ontradi
tion,

sin
e a CNF formula in MU 
annot be SAT-equivalent to a subformula.

It remains to show that every proper subformula of F 0 is satis�able. Let

E 0

2 F 0 be a 
lause. We show that F 0 \ {E 0} is satis�able. If E 0 = Bj for

some j, de�ne E := Dj. If E 0

2 R, de�ne E := E 0

. In any 
ase E 2 F, and

F 0 \ {E 0} � DPx(F \ {E}) �SAT

F \ {E}. The latter formula is satis�able, sin
e

F is minimal unsatis�able. The in
lusion � is a
tually an equality, whi
h

follows from points (i), (ii) and (iii) above. The equivalen
e �

SAT

follows

from Lemma 2**.15.

For the \if" dire
tion, suppose F 0 2 MU, and |F 0| = |F| − 1. The latter

implies that all Bj are nontrivial, distin
t, and not in R. We will show that

F 2 MU. Let E 2 F be a 
lause. If E 2 R, then F \ {E} �
SAT

DPx(F \ {E}) =

DPx(F) \ {E}. The last equality holds sin
e E 6= Dj, for any j. The lat-

ter formula is a proper subset of F 0, hen
e satis�able. If E = Dj, then

F \ {Dj} �SAT

DPx(F \ {Dj}) = DPx(F) \ {Bj}, where in the last equality we

use the fa
t that all Bj are non-trivial, distin
t, and not in R. The latter

formula is a proper subset of DPx(F), thus satis�able, hen
e F\{Bj} is satis�-

able, too. Finally, F\{C} is easily seen to be satis�able: In this formula, �u is

a pure literal. We satisfy it, and arrive at the formula R, whi
h is satis�able.
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{x, y} {x̄, z}

{z} {z̄}

{y, z} {ȳ, z} {z̄, ū}{z̄, u}

Figure 2**.4: A stri
t resolution tree of the formula

{{x, y}, {�x, z}, {�y, z}, {�z, u}, {�z, �u}}.

Finally, we show that F 2 MU implies δ(F) = δ(F 0). We already know

that |F 0| = |F| − 1. Sin
e every Bj is non-trivial, no variable \gets lost", i.e.

var(F 0) = var(F) \ {x}. Therefore δ(F) = δ(F 0).

Exercise 2**.4 Show that the assumption o

F(u) = 1 in Lemma 2**.16

is ne
essary: Give an example of a CNF formula F 2 MU with o

F(x) =

o

F(�x) = 2, su
h that DPx(F) 62 MU.

To go one step further, an even more restri
ted version of Davis-Putnam

resolution 
ould require that o

F(x) = o

F(�x) = 1. Of 
ourse, Lemma 2**.16


overs this, as well. In this 
ase, we say F 0 = DPx(F) has been obtained

from F by applying (1, 1)-resolution and F→1
DP

F 0.

We de�ne a type of "espe
ially beautiful" resolution trees that are


losely related to (1, 1)-resolution. Re
all that in a resolution tree T , every

inner node a 
orresponds to the variable xa that is resolved at that node.

Definition 2**.17 Let T be a resolution tree ending in 
lause C. We say

T is stri
t if no variable is resolved at more than one node of T , and

no variable of C is resolved in T (See Figure 2**.4).

Clearly, if T ends in the empty 
lause, then the se
ond 
ondition in De�ni-

tion 2**.17 is void.
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Exercise 2**.5 Show that in a stri
t resolution tree, no two nodes 
an be

labeled with the same 
lause.

2**.3.2 The Structure of MU(1)-Formulas

We will show a 
onne
tion between stri
t resolution trees, (1, 1)-resolution

and MU(1)-formulas: These three notions are (almost) equivalent.

Theorem 2**.18 The following are equivalent for any CNF formula F.

(i) F is minimal unsatis�able, and there is a sequen
e

F = F1 →1
DP

F2 →1
DP

. . .→1
DP

Fm = {✷} .

(ii) There is a stri
t resolution tree T ending in ✷ su
h that F is

exa
tly the set of 
lauses appearing as labels at the leaves of T .

(iii) F 2MU(1).

Proof . We �rst show (iii) ⇒ (i), whi
h is the most surprising fa
t. We

pro
eed by indu
tion on | var(F)|. If this is 0, then F = {✷}, and we are

done. By Theorem 2**.12, there is a variable x with o

F(x) = o

F(�x) = 1,

and we let F 0 := DPx(F). By Lemma 2**.16, F 0 2 MU, and δ(F 0) = δ(F),

therefore F 0 2 MU(1). By indu
tion, there is a sequen
e F 0 = F2 →1
DP

. . .→1
DP

Fm = {✷}, and the 
laim follows.

To show (i) ⇒ (ii), we use indu
tion on m, the length of the sequen
e.

If m = 1, then F = {✷} and an isolated root vertex labeled with ✷ will

serve as T . Otherwise, indu
tion yields a stri
t resolution tree T2 for F2.

Let C 2 F2 be the 
lause obtained by singular resolution from D1, D2 2 F1,

and let x be the resolved variable. Exa
tly one leaf of T2 is labeled by C.

We append two 
hildren to it and label them with D1 and D2, respe
tively.

This new tree is a stri
t resolution tree for T1, sin
e x 62 var(F2) and thus

does not appear in T2.

To show (ii) ⇒ (iii), we use indu
tion on the size of T . If T 
onsists

of the root only, we are done. Otherwise, pi
k a node in T both whose


hildren are leaves. Let those 
hildren be labeled with C and D. Their
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parent is labeled with res(C,D). Let x be the resolved variable. Sin
e T

is stri
t, x 
annot appear at any other nodes, and o

F(x) = o

F(�x) = 1.

Therefore F →1
DP

DPx(F) =: F 0. By removing these two leaves from T , we

obtain a stri
t resolution tree T 0

for F 0. By indu
tion, F 0 2 MU(1), and


learly |F 0| = |F|− 1. By Lemma 2**.16, F 2MU(1), too.

This gives us an eÆ
ient algorithm for de
iding whether a given CNF

formula F is in MU(1): Apply (1, 1)-resolution as long as possible. If the

de�
ien
y does not stay 1 throughout this pro
ess, F is not MU(1). Other-

wise, F is MU(1) if and only if the pro
ess terminates in {✷}.

2**.4 Short Resolution Proofs

A resolution refutation of a CNF formula F is a proof that F is unsatis�able.

Sin
e we believe (but do not know) that NP 6= 
oNP, we 
annot expe
t

every unsatis�able CNF formula to have a small resolution refutation. In

fa
t, although we 
annot yet prove that NP 6= 
oNP, one 
an prove that


ertain formulas require exponentially large resolution refutations. In this

se
tion we will show that MU(k)-formulas have short resolution refutations.

More pre
isely, we want to prove the following theorem:

Theorem 2**.19 Every CNF formula F 2 MU(k) has a resolution refuta-

tion of size O(|F|22k−1). More generally, every unsatis�able CNF for-

mula F has a resolution refutation of size O
�

|F|22δ
�(F)−1

�

.

Please re
all the de�nition δ�(F) = maxG�F δ(F). The se
ond statement

follows immediately from the �rst: If F is unsatis�able, there is some min-

imal unsatis�able G � F. Clearly δ(G) � δ�(F), and by the �rst statement,

G has a resolution refutation of size O
�

n22δ(G)−1
�

. This is also a refutation

for F. Using the methods we have developed so far, the proof of the theo-

rem is not diÆ
ult.

Proof of Theorem 2**.19. Let us denote by res-size(F) the smallest m

su
h that there is a resolution refutation C1, . . . , Cm su
h that Cm = ✷ of

F. We will show that if F 2 MU(k), then res-size(F) � 2k−1|F|2. We use

indu
tion on |F| and k. If k = 1, then F 2 MU(1) and has a stri
t resolu-

tion tree. This translates into a resolution proof of size 2|F|− 1. So assume
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F 2 MU(k) for some k � 2. We distinguish two 
ases:

Case 1. If F 
ontains a literal u with o

F(u) = 1, let s := o

F(�u). Let

C be the unique 
lause 
ontaining u, and D1, . . . , Ds the 
lauses 
ontaining

�u. We 
an apply singular resolution and obtain F 0. By Lemma 2**.16,

F 0 2 MU(k). It is smaller than F, hen
e by indu
tion there exists a res-

olution refutation C 0

1, . . . , C
0

m = ✷ for F 0, with m � 2k−1|F 0|2. The se-

quen
e C,D1, . . . , Ds, C
0

1, . . . , C
0

m is a resolution refutation of F of length

m+ s+ 1 � 2k−1|F 0|2 + |F| � 2k−1|F|2.

Case 2. This is the more interesting 
ase. Suppose there is no literal

u with o

F(u) = 1. We let F 0 be a strongly minimal extension of F. As

we know, |F 0| = |F| and var(F) = var(F 0), hen
e F 0 2 SMU(k). Further-

more, there does not exist any literal u with o

F 0(u) = 1. We 
laim that

res-size(F) � res-size(F 0). An exer
ise below asks you to verify this. The

theorem will follow in a straightforward manner from the following lemma:

Lemma 2**.20 Let F 2 SMU(k) for k � 2, and suppose o

F(u) 6= 2 for

any literal u. Then for a variable x 2 var(F) minimizing degF(x) and

for any b 2 {0, 1}, it holds that F[x 7→b]
is minimal unsatis�able and

δ(F[x 7→b]) < k.

Applying this lemma to F 0, the strongly minimal unsatis�able extension

of F, we see that F0 := F 0[x 7→0]
and F1 := F 0[x 7→1]

are both minimal unsatis�able,

and δ(F0), δ(F1) < k. By indu
tion, we obtain two resolution refutations

of F0 and F1 of length at most 2k−2(|F| − 2)2 ea
h. The term |F| − 2 
omes

from the fa
t that |F0|, |F1| � |F| − 2. These refutations translate into reso-

lution derivations of the 
lauses {x} and {�x}, respe
tively (as in the proof of


ompleteness of resolution). We 
ombine those two derivations, add a last

resolution step to obtain ✷. This is a refutation of size at most 2k−1|F|2.. It

remains to prove the above lemma.

Proof of Lemma 2**.20. We already know from Lemma 2**.11 that

F[x 7→b]
is minimal unsatis�able. It remains to show that its de�
ien
y is

stri
tly smaller than that of F. We pro
eed in a similar fashion as in the

proof of Theorem 2**.12. Assume without loss of generality that b = 0.

First note that var

�

F[x 7→0]
�

= var(F)\{x}: If there were a variable y 6= x with

y 2 var(F) \ var

�

F[x 7→0]
�

, then degF(y) � o

F(�x) < degF(x), 
ontradi
ting
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the 
hoi
e of x. We 
al
ulate:

δ(F[x 7→0]) = |F[x 7→0]| − | var
�

F[x 7→0]
�

| =

= |F| − o

F(�x) − | var(F)|+ 1 =

= δ(F) − o

F(�x) + 1 .

Sin
e o

F(�x) � 2 by assumption, the 
laim follows.

This also �nishes the proof of Theorem 2**.19.

Exercise 2**.6 Let F be minimal unsatis�able, and let F 0 be a strongly

minimal unsatis�able extension of F. Show that res-size(F) � res-size(F 0).

Exercise 2**.7 Prove the following fa
t impli
itly used in the last para-

graph of the proof of Theorem 2**.19: Let F be a CNF formula,

x 2 var(F). If F[x 7→0]
has a resolution derivation of length m of the


lause C, then F has a resolution derivation of of C [ {x} of length at

most m.

2**.5 Universal Patterns For Unsatisfiability

Consider the formula F1 = {{x, y}, {�x, z}, {�y, z}, {�x, �w}}, whi
h is satis�able.

You might agree that the formula F2 = {{a, b}, {�a, c}, {�b, c}, {�a, �d}} is, in

some way, the same as F1. Sure, we simply renamed x by a, y by b and so

on. Clearly, when doing so, we should be 
onsistent, meaning renaming �x

by �a. Also, the formula

F3 = {{�x, b}, {x, c}, {�b, c}, {x, �d}}

is not really di�erent. We renamed a by �x and 
onsequently �a by x. No-

body will be surprised that all those formulas have the same number of


lauses, variables, and even the same number of satisfying assignments.

What happens if we rename b by x in F3, but keep all other names? Let

us see:

F4 = {{�x, x}, {x, c}, {�x, c}, {x, �d}} .

You may protest that this is not even a proper CNF formula, sin
e {�x, x}

is not even a real 
lause! But being pragmati
, we will soon see that we

bene�t from admitting 
lauses like {�x, x} to the party. So let us agree that in
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this se
tion, 
lauses are allowed to 
ontain 
omplementary literals. Surely,

F4 is di�erent from F3. It has, for example, one variable less than F3. Now

we repla
e c and d by x as well:

F5 = {{�x, x}, {x, x}, {�x, x}, {x, �x}} = {{�x, x}, {x}} .

This is indeed a very simple formula. In parti
ular, it is satis�able. In fa
t

it turns out that a formula F is satis�able if and only if its variables 
an be

renamed (in the above sense) to obtain the formula {{�x, x}, x}. Let us make

this pre
ise.

Let V and V 0

be sets of variables. By

�V and

�V 0

we denote the set of

negated variables. A renaming is a map Φ : V → V 0

[

�V 0

. It naturally

extends to

�V via Φ(�x) := Φ(x). It extends to 
lauses over the variables

V via Φ(C) = {Φ(u) | u 2 C} and to whole CNF formulas via Φ(F) =

{Φ(C) | C 2 F}. Let us start to justify why these de�nitions do not 
ome

out of the blue.

Lemma 2**.21 Let F be a CNF formula and Φ : var(F)→ V 0

[

�V 0

be some

renaming. If Φ(F) is satis�able, then F is as well.

Proof . Write G := Φ(F) and let α : var(G)→ {0, 1} satisfy G. Then the

assignment α ÆΦ satis�es F. In other words, we de�ne β : var(F) → {0, 1}

via

β(x) := α(Φ(x)) .

β satis�es every 
lause C 2 F: α satis�es some literal in Φ(C). This literal

is of the form Φ(u) for some u 2 C. Thus β(u) = α(Φ(u)) = 1, and β

satis�es C.

Corollary 2**.22 A CNF formula F is satis�able if and only if there is a

renaming Φ su
h that Φ(F) � {{�x, x}, {x}}.

Proof . The \if" dire
tion follows from Lemma 2**.21. For the \only if"

dire
tion, assume that F is satis�able and let α be a satisfying assignment.

De�ne Φ : var(F)→ {x, �x} by

Φ(y) :=

{
x if α(x) = 1 ,

�x else.

In every 
lause of F, at least one literal evaluates to 1 under α. Hen
e Φ(C)

is either {x} or {�x, x}.
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Theorem 2**.23 A CNF formula F is unsatis�able if and only if there

exists an MU(1)-formula G and a renaming Φ su
h that Φ(G) � F.

Furthermore, the minimum number of 
lauses in su
h a formula G

equals the minimum number of leaves of a resolution tree of F ending

in ✷.

Proof . For the \if" dire
tion, suppose G 2 MU(1), and Φ(G) � F for

some renamingΦ. By Lemma 2**.21, Φ(G) is unsatis�able, and so is F. We

now show that F has a resolution tree with |G| leaves. By Theorem 2**.18,

there is a stri
t resolution tree TG for G, having |G| leaves. We 
an extend Φ

to operate on resolution trees as well: For a resolution tree T , we let Φ(T)

be the same tree, but we repla
e every 
lause label C by Φ(C). Clearly, if T

is a resolution tree of some formula F ending in C, then Φ(T) is a resolution

tree of Φ(F) ending in Φ(C).1 In our 
ase, Φ(G) � F, and therefore Φ(TG)

is a resolution tree for F ending in the empty 
lause, having |G| many leaves.

For the \only if" dire
tion, let F be unsatis�able, and let T be a reso-

lution tree of F with a minimum number of leaves. We will 
onstru
t an

MU(1)-formula G having as many 
lauses as T has leaves. We prove a more

general statement:

Lemma 2**.24 Let T be a resolution tree ending in 
lause C. Then there

exists a stri
t resolution tree T 0

ending in 
lause C, and a renaming Φ

su
h that Φ(T 0) = T and Φ(x) = x for any x 2 var(C).

Proof . We pro
eed by indu
tion on the size of T . If T 
onsists of the

root only, labeled with 
lause C, it is already stri
t, and we are done, by

letting Φ be the identity on var(C). Otherwise, suppose the root is labeled

with 
lause C, and its two 
hildren with D1[ {x} and D2[ {�x}, respe
tively,

su
h that C = D1 [D2. Let T1, T2 be the two resolution trees rooted at the


hildren of the root. By indu
tion, there are stri
t resolution trees T 0

1 and

T 0

2 ending in D1 [ {x} and D2 [ {�x}, respe
tively. By renaming variables, we


an make sure that the only variables o

uring in both T 0

1 and T 0

2 are the

variables D1[ {x} and D2[ {�x}. Also by indu
tion, there are renamings Φ1,

Φ2 with Φ1(T
0

1) = T1 and Φ2(T
0

2) = T2. Sin
e they are the identity fun
tion

1

Some 
lauses appearing as labels in T might be
ome trivial under Φ(C), i.e. possibly

u, �u 2 Φ(C). It is not diÆ
ult to get rid of these trivial 
lauses in T without making the

tree larger.
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on the variables var(D1)[ var(D2)[ {x}, there is a \big" renaming Φ doing

the job for both. We 
onstru
t T 0

by glueing T 0

1 and T 0

2 to a new root, whi
h

we label with C. This is the desired stri
t tree.

Apply the lemma to the minimum size resolution tree T of F ending in

✷. We obtain a stri
t resolution tree T 0

with the same number of leaves.

Colle
t all 
lauses appearing as labels of leaves of T 0

in a formula G. By


onstru
tion, T 0

is a stri
t resolution tree for G, ending in ✷. By Theo-

rem 2**.18, this means that G 2 MU(1).

Exercise 2**.8 Show the limits of Lemma 2**.11: Give an example of

an SMU formula F su
h that F[x 7→0]
is MU, but not SMU.

Exercise 2**.9 Prove the following \splitting theorem":

Theorem 2**.25 If F 2 MU(1), then either F = {✷}, or there exists a

variable x 2 var(F) and a partition F = F0 ℄ F1 su
h that

� var(F0) \ var(F1) = {x},

� F
[x 7→0]
0 2 MU(1) and F

[x 7→1]
1 2 MU(1).

Exercise 2**.10 Prove the following theorem for SMU(1)-formulas:

Theorem 2**.26 Let F 2 SMU(1). Then either F = {✷}, or there exists a

variable x 2 var(F) su
h that x 2 var(C) for every C 2 F, and F[x 7→0]
and

F[x 7→1]
are both again in SMU(1), and

∑

C2F

2−|C| = 1 .

Further, for any two distin
t 
lauses C,D 2 F, it holds that C and D

have a 1-
on
i
t, i.e. |C \D| = 1, where D = {�u | u 2 D}.

Exercise 2**.11 We 
all a CNF formula monotone if all 
lauses 
ontain

either only positive or only negative literals. A monotone (k,ℓ)-CNF

formula 
onsists of positive k-
lauses and negative ℓ-
lauses.
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1. Give an example of a monotone (2,2)-CNF formula in MU(1).

2. Show that any monotone (k,ℓ)-CNF formula in MU(1) has at

least

�

k+ℓ−1
k

�

+
�

k+ℓ−1
ℓ

�


lauses. Hint: use Theorem 2**.25

3. Show that this is tight. Give a 
onstru
tion of monotone (k,−ell)-

CNF formulas in MU(1) with exa
tly

�

k+ℓ−1
k

�

+
�

k+ℓ−1
ℓ

�


lauses.

Note 2**.1 Aharoni and Linial [1℄ were the �rst to investigate MU formulas us-

ing mat
hing arguments. However, they attribute the fa
t that δ(F) � 1 for all

F 2 MU to an unpublished result of Mi
hael Tarsi. Also, strongly minimal un-

satis�able formulas as well as Theorem 2**.26 are from [1℄. Theorem 2**.25 and

Theorem 2**.12 were �rst proven by Davydov, Davydova and Kleine B�uning [3℄.

However, their proof does not use strongly minimal formulas, and is rather 
om-

pli
ated. Hoory and Szeider [5℄ state that a proof of Theorem 2**.25 \is impli
itly

present in" [1℄, and by this they probably mean that Theorem 2**.12 follows

rather painlessly on
e proven for SMU(1)-formulas. Theorem 2**.19 was origi-

nally proved by Kleine B�uning [2℄. The 
onne
tion between \renamings", resolu-

tion trees and MU(1)-formulas we des
ribed in Se
tion 2**.5 was �rst investigated

by Szeider [7℄.

There is mu
h more to be said about MU(k)-formulas. As we have seen, de
id-

ing membership in MU(k) is in NP, sin
e we 
an give short resolution proofs. It

turns out that they 
an a
tually be found eÆ
iently (Kullmann [6℄ and Fleis
hner,

Kullmann and Szeider [4℄), for any 
onstant k. The �rst paper works by some-

how "guessing" the stru
ture of the resolution proof, while the latter one gives a

general algorithm for de
iding satis�ability in time

�n
k

�

poly(n), where n = | var(F)|

and k = δ�(F). However, even for moderate values of δ�(F), say δ�(F) = 10, this

is of order n10 or larger. One would like to have an algorithm with running time

f(k)poly(n), where the degree of the polynomial in n does not depend on k. Su
h

an algorithm has indeed been given by Szeider [8℄, and this one again works more

by using resolution.
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Chapter 3

Algorithms for 2-SAT

A major part of the 
ourse will investigate the k-SAT problem

1

for k 2 N,
whi
h reads as follows.

k-SAT

Input: A (�k)-CNF formula F.

Output: `Yes', if F is satis�able. And `No', otherwise.

Note that we do not expli
itly require a satisfying assignment in 
ase of

`Yes', but that's the way it goes with de
ision problems. Along the result

from Se
tion 2.2 we are quite aware that this may indeed make a di�er-

en
e

2

|but see Exer
ise 3.1.

In this se
tion we fo
us on 2-SAT. For a starter we observe that if two

(�2)-
lauses have a resolvent, then this resolvent is still a (�2)-
lause. So

if we keep adding resolvents to a (�2)-CNF formula F over n variables, the

resulting formulas are still (�2)-CNF formulas over n variables. It follows

that at most 1+ 2n+ 4
�

n
2

�

= 2n2 + 1 
lauses 
an ever o

ur in the pro
ess

(see Exer
ise 1.17), and thus the pro
ess terminates adding at most O(n2)

resolvents. If we en
ounter the empty 
lause, then F is not satis�able; if not,

1

You may argue, that this should a
tually be 
alled (� k)-SAT problem. I do agree.

On the other hand, the notion of k-SAT has been pretty mu
h established|although not

even that 
onsistently|in the way I present it now.

2

A prominent example of that type is the question whether a number is 
omposite.

This 
an be de
ided in polynomial time, while nobody knows how the fa
tors of a large


omposite number 
an be found eÆ
iently|and we, as a more and more 
rypto-dependent

so
iety, hope that it stays this way.

77
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it is. Hen
e, resolution is a polynomial method for (� 2)-CNF formulas

and the polynomial time solvability of 2-SAT is established.

It seems like we are done with 2-SAT. Nevertheless we will spend the

whole 
hapter on the topi
. First we will present another simple algorithm

for 2-SAT, whi
h will o�er a 
han
e to dis
uss unit 
lause redu
tion. Then

we introdu
e a randomized algorithm for 2-SAT that is interesting from

several points of view, sin
e it 
omes as a very natural pro
edure, and

sin
e it is a good (and smooth) introdu
tion to randomized algorithms for

k-SAT, k > 2, to be treated later in this 
ourse. Finally, we will present

a method that is not only polynomial, but a
tually linear in the number

of 
lauses. It will for
e us (quite opposed to the randomized algorithm)

to really understand the stru
ture of (�2)-CNF formulas. Finally, we will

tou
h a few examples where we 
an exploit the polynomiality of 2-SAT.

Exercise 3.1 De
ision vs. Constru
tion

Show that if we 
an de
ide satis�ability of CNF formulas in polynomial

time, then we 
an a
tually �nd a satisfying assignment of satis�able

CNF formulas in polynomial time.

Exercise 3.2 Provide a 
on
rete asymptoti
 bound in terms of n for an

implementation of the resolution method for 2-SAT. Can you �nd an

implementation that is faster than O(n3)?
Remark: By an `implementation' I do not mean an a
tual program that runs

on a 
omputer, rather I mean a more spe
i�
 des
ription of the algorithm with

data stru
tures that allow a detailed analysis of the asymptoti
 running time. It

is part of the exer
ise to develop a good representation of a CNF formula. After

having said this, let me emphasize that there is nothing wrong with writing a
tual

programs and running experiments with them. In fa
t, I en
ourage you to do so.

Exercise 3.3 Satis�able with many Clauses

What is the maximum number of 
lauses in a satis�able (� 2)-CNF

formula over n variables?

3.1 Unit Clause Reduction

This se
tion builds on the following observation. If a CNF formula F 
on-

tains some 1-
lause {u} then in order to satisfy F (if at all possible) we

have no 
hoi
e other than assigning 1 to u. So we may as well do so, that
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is, we 
onsider satis�ability of the smaller CNF formula F[u 7→1]
. In fa
t,

even the number of satisfying assignments is preserved in this way (see

Observation 1.2).

Observation 3.1 Let F be a CNF formula over V 
ontaining a 1-
lause

{u}. Then |satV(F)| = |satV\vbl({u})
�

F[u 7→1]
�

|. In parti
ular, F is satis�able

i� F[u 7→1]
is satis�able.

Clearly, we 
an iterate this step, 
alled unit 
lause rule until no 1-
lause

remains, as done in pro
edure u
(). If we ever en
ounter the empty 
lause

in the pro
ess, we may 
on
lude unsatis�ability of the formula we started

with. Otherwise, other measures have to be taken.

V variables, F

CNF formula over V.

Post
ondition:

returns U � V and

G = F[α], for some

α 2 {0, 1}V\U, without

1-
lauses s.t.

|satV(F)| = |satU(G)|.

function u
(F, V)

G← F; U← V ;

while 9 1-
lause in G do

{u}←
some 1−
lause in G;

G← G[u 7→1];

U← U \ vbl({u});

return (G,U);

What we have des
ribed so far is true for all CNF formulas, so let us now

spe
ialize to a (�2)-CNF formula F. If we apply u
() to F, then we get ba
k

G whi
h either 
ontains ✷|whi
h lets us 
on
lude unsatis�ability|, or G

has 2-
lauses only. The following lemma suggests how to further pro
eed

with a 2-CNF formula.

Lemma 3.2 Let F be a 2-CNF formula over V and let x 2 V. Let G be

the formula returned by u
(F[x 7→1], V \ {x}).

(i) In 
ase ✷ 62 G: F is satis�able i� G is satis�able.

(ii) In 
ase ✷ 2 G: F is satis�able i� F[x 7→0]
is satis�able.

Proof . For (ii), we re
all that by the nature (and post
ondition) of

pro
edure u
(), CNF formulaG is satis�able i� F[x 7→1]
is satis�able. Hen
e, if

✷ 2 G, F[x 7→1]
is not satis�able, and along Observation 1.2(ii), F is satis�able

i� F[x 7→0]
is satis�able.

3

3

Note that (ii) does not rely on F being a 2-CNF formula.
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For (i), let us �rst observe that u
() impli
itly builds up an assignment

α on (V \{x})\U so that G = F[x 7→1][α]
. The key observation is that if ✷ 62 G,

then G has to be a 2-CNF formula, and G � F.

Therefore, if F is satis�able, then G is satis�able and \⇒" is shown.

Note that α satis�es F[x 7→1] \G. So to show \⇐", let β be an assignment

on vbl(G) � U (this is disjoint from V \ U) that satis�es G. Then x 7→ 1,

α and β 
an be 
ombined to an assignment that satis�es F.

As important as understanding the proof, it is to understand why it fails

for a general CNF formula: in general, we 
annot 
on
lude G � F in 
ase

of ✷ 62 G, and thus it may indeed happen that G 63 ✷ is not satis�able,

while F is.

V variables,

F CNF formula over V .

Pre
ondition:

F is (�2)-CNF.

Post
ondition:

returns `Yes', if F is

satis�able, and `No',

otherwise.

function u
 2s(F, V)

(F, V)← u
(F, V);

if ✷ 2 F then return `No';

elseif F = {} then return `Yes';

else

x←
some in

V ;

(G,U)← u
(F[x 7→1], V \ {x});

if ✷ 62 G then return u
 2s(G,U);

else return u
 2s(F[x 7→0], V \ {x});

We are ready to des
ribe u
 2s(), whi
h exploits the 
laims of Lemma 3.2

for an eÆ
ient satis�ability test for (�2)-CNF formulas. Note that the work

done in the pro
edure 
an be performed in polynomial time, and there is

just one re
ursive 
all to u
 2s(), where the se
ond argument (the variable

set) de
reases by one element at least. Hen
e, the pro
edure is polynomial

for (�2)-CNF formulas.

The algorithm of this se
tion 
an be found in [Lewis, Papadimitriou, 1998,

Se
tion 6.3℄.

Exercise 3.4 Apply u
() to (the set version of) CNF formula

(x1 ∨ x2)∧ (x2 ∨ x3)∧ . . .∧ (xn−1 ∨ xn)∧ (xn ∨ x1)∧ (x1) ,

with variable set {x1, x2, . . . , xn}.
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Exercise 3.5 Given a CNF formula F over V, pro
edure u
(F, V) returns

in polynomial time a pair (G,U), su
h that G is a CNF formula over

U without 1-
lauses, |U| � |V |, and |satU(G)| = |satV(F)|. Provide an

alternative polynomial time pro
edure, that in addition to the above

properties guarantees that no two 2-
lauses have the same variable

set.

Hint: If there are four 2-
lauses with the same variable set, the formula is not

satis�able, and we 
an safely return ({✷}, ;). If there are three 2-
lauses with

the same variable set, then the values of the involved variables are determined

in a satisfying assignment, and we 
an simplify. But what 
an we say about the

variables involved, if two 2-
lauses have the same variable set?

Exercise 3.6 Provide an example for the 
laim made after the proof of

Lemma 3.2. That is, you have to �nd a satis�able CNF formula F over

some variable set V and a variable x 2 V, so that for the formula G

returned by u
(F[x 7→1], V \ {x}) we have ✷ 62 G and G is not satis�able.

Exercise 3.7 Given what you have seen in this se
tion, any ideas for

(further) improvements on 
ounting the number of satisfying assign-

ments of a (�2)-CNF formula?

3.2 A Randomized Algorithm

Suppose we are 
onfronted with a CNF formula whi
h we are promised

4

to

be satis�able. In order to �nd su
h an assignment, [Papadimitriou, 1991℄

suggested the following simple and natural approa
h.

\Start with any truth assignment. While there are

unsatis�ed 
lauses, pi
k any one, and 
ip a random

literal in it."

A more formal des
ription of the method is given via pro
edure rf().

Note here the �ne distin
tion between the \←
some

"- and the \←
u.a.r."-

assignment. While in the �rst one we allow even an adversary to make the


hoi
e (as bad as it may be for the su

ess of the pro
edure), the latter

allows for probabilisti
 reasoning as done below. Also, the post
ondition

has to be understood with 
are: it is not 
lear that the pro
edure ever �nds

4

Even without trust to an authority, we may know of the existen
e of a satisfying

assignment without having one in our hands, see Theorem 2.3 and Exer
ise 2.7.
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V variables, F CNF

formula over V .

Pre
ondition:

F is satis�able.

Post
ondition:

returns assignment α

on V satisfying F, if it

terminates.

function rf(F, V)

α←
some in

{0, 1}V ;

while α does not satisfy F do

C←
some unsatis�ed in

F;

u←
u.a.r. in C;


ip assignment for u in α;

return α;

a satisfying assignment, and it will be the goal of this se
tion to show that

for a satis�able (�2)-CNF formula this is indeed the 
ase with probability

1, and the expe
ted time that elapses till then is bounded by a polynomial.

For the analysis of rf(F, V) for a satis�able (� 2)-CNF formula we �x

some satisfying assignment α� 2 {0, 1}V and observe theHamming distan
e

dH(α, α
�) := |{x 2 V | α(x) 6= α�(x)}| between α and α�.

� dH(α, α
�) � n := |V |, always.

� At any step before termination, dH(α, α
�) in
reases or de
reases by 1,

with the probability of de
rease at least

1
2
. This holds, sin
e α has to

disagree with α� in at least one literal v in the 
hosen 
lause C|after

all, α does not satisfy C while α� does. Be
ause C is a (� 2)-
lause,

we 
hoose v with probability at least

1
2
and in that 
ase the Hamming

distan
e de
reases.

� The algorithm stops when dH(α, α
�) = 0 the latest (but possibly

before that, sin
e there may be satisfying assignments other than

α�).

So the Hamming distan
e moves in {0..n} with step size 1, always has a

tenden
y towards 0 of probability at least

1
2
and the pro
ess has stopped

when it is 0 the latest. For an analysis of this pro
ess we re
apitulate

symmetri
 random walks.

3.2.1 Symmetric Random Walks

A symmetri
 random walk on Z \moves" in state spa
e Z with the rule

that in ea
h step, the 
urrent number (state) will be in
reased or de
reased

with equal probability

1
2
, independently from the history of the motion.
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More formally, if we let Wt 2 Z denote the state of the pro
ess at time

t 2 N0, then (Wt)t2N0 is a homogeneous Markov 
hain (see Appendix A.3)

with W0 2 Z and

Pr (Wt = i+ 1 |Wt−1 = i) = Pr (Wt = i− 1 |Wt−1 = i) =
1

2

for all t 2 N, i 2 Z.
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Figure 3.1: Symmetri
 random walk.

Lemma 3.3 (Wt)t2N0 as above, a, b, s 2 Z, a � s � b.

E(min{t | Wt 2 {a, b}} |W0 = s), the expe
ted number of steps up to the

�rst en
ounter of a or b provided W0 = s, is (s− a)(b− s).

Proof (sket
h). For a, b �xed, let us denote the expe
tation under


onsideration by es, s 2 Z. It observes

es =

{
0 if s 2 {a, b}, and

1+ 1
2
(es−1 + es+1) otherwise.

(3.1)

And es = (s− a)(b− s) does ful�ll these identities.

For a full proof we would have to argue that for a � s � b the equations

(3.1) have a unique solution, and that es is indeed �nite.

5

For n 2 N0, a symmetri
 random walk re
e
ting at n is a homogeneous

Markov 
hain (Rt)t2N0 with state spa
e Z
�n := {i 2 Z | i � n} and transition

probabilities

Pr (Rt = i+ 1 |Rt−1 = i) = Pr (Rt = i− 1 |Rt−1 = i) =
1

2

for all i < n, t 2 N, and Pr (Rt = n − 1 |Rt−1 = n) = 1 for all t 2 N.

5

If you dismiss su
h s
rutiny as mathemati
al pedantry, have a look at what happens

for s = a − 1. (3.1) holds for all s, and also es = (s − a)(b − s) satis�es it for all s 2 Z.
Therefore ea−1 = −(b − a+ 1), or what?
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Lemma 3.4 n, (Rt)t2N0 as above, s 2 N0, s � n.

E(min{t | Rt = 0} |R0 = s), the expe
ted number of steps up to the �rst

en
ounter of 0 provided R0 = s, is s(2n − s).

Proof. Note that if (Wt)t2N0 is a symmetri
 random walk on Z, then
(n − |Wt|)t2N0 is a symmetri
 random walk re
e
ting at n. It starts at

n− |W0| whi
h equals s for W0 = n− s, and it rea
hes 0 i� Wt 2 {−n,+n}.

Due to Lemma 3.3 it follows that the expe
ted number of steps until this

happens is ((n− s) − (−n))(n− (n− s)) = s(2n− s).

Intuition suggests that rf() terminates at least as fast as (Rt)t2N0 rea
hes

0. But how 
an we produ
e a stri
t argument 
omparing two random

pro
esses?

3.2.2 Coupling

Theorem 3.5 If F is a satis�able (� 2)-CNF formula over V, n := |V |,

then rf() �nds a satisfying assignment in an expe
ted number of at

most n2
iterations of its while-loop.

Proof. We employ a sequen
e (Si)i2N of mutually independent random

variables with Pr (Si = −1) = Pr (Si = +1) = 1
2
for all i 2 N.

On the one hand, let R̂0 2 Z
�n and for t 2 N

R̂t :=

{
n − 1 if R̂t−1 = n, and

R̂t−1 + St otherwise.

Then (R̂t)t2N0 is a symmetri
 random walk re
e
ting at n.

On the other hand, we let the random variables St from the above

sequen
e steer the random 
hoi
e of the literal u from Ct, where Ct is

the 
lause 
hosen for C in the tth iteration of the while-loop of pro
edure
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rf(). We �rst �x some assignment α� satisfying F and some ordering of the

literals in V [ V.

If Ct is a 1-
lause, u is determined. If Ct is a 2-
lause and St = −1,

we let u be the smaller of the literals in Ct for whi
h α� and the 
urrent

assignment α disagree (there may be one or two). If St = +1, we let u be

the other literal in Ct. Note that indeed u is 
hosen u.a.r. from Ct, sin
e

St is u.a.r. from {−1,+1}.

Let T be (the random variable for) the number of iterations of rf(). Let

D0 denote the Hamming distan
e between the �xed satisfying assignment

α� and the initial 
hoi
e of α, and for 1 � t � T let Dt denote the Hamming

distan
e between α� and α after the tth iteration of the while-loop. We have

D0 2 {0..n} and

Dt =

{
Dt−1 − 1 if 8v 2 Ct : α(v) 6= α�(v), and

Dt−1 + St otherwise.

It follows by indu
tion that if

6 R̂0 = D0, then R̂t � Dt for all 0 � t �

T and thus T � min{t 2 N0 | R̂t = 0}. (It is essential for this proof to

observe that if R̂0 = D0, then R̂t − Dt is always even, and thus R̂t = n

and Dt = n − 1 
annot o

ur.) With the help of Lemma 3.4 we 
on
lude

E(T) � max

n
s=0 s(2n − s) = n2

.

The method used in this proof is 
alled 
oupling. We have generated a

sequen
e ((R̂t, Dt))t2N0 of 2-dimensional random variables, both 
omponents

based on the same random experiment (Si)i2N. The proje
tion to the �rst


omponent is the well understood symmetri
 walk re
e
ting at n, and the

se
ond 
omponent represents the pro
ess we want to analyze. And we

have used the 
arefully implemented 
orrelation between the two for the

analysis.

Note 3.1 Can we use the pro
ess des
ribed in this se
tion to de
ide satis�ability

of an (� 2)-CNF formula? The answer is yes, if we are willing to a

ept some

error probability.

We let F be (� 2)-CNF formula. We drop the pre
ondition in rf() that F is

satis�able. Let T be the random variable for the number of iterations of the while-

loop in rf()|it is∞, if F is not satis�able. If F is satis�able, we know that E(T) �

n2
, and thus, by Markov's Inequality Pr

�

T � 3n2
�

�

1
3
(see Appendix A.4). In

6

We really need equality here, R̂0 � D0 is not suÆ
ient to make the 
on
lusion. Con-

sider R̂0 = n and D0 = n− 1.
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other words, the probability that we go through more than 3n2
iterations while

the formula is satis�able is at most

1
3
. Or, if we 
laim unsatis�ability after not

su

eeding within 3n2
steps, then we fail to be right with probability at most

1
3 .

1
3
may not be suÆ
iently assuring, so we allow more iterations: λn2

iterations

let the error probability goes down to

1
λ . However, we may start anew for r

rounds, in ea
h round waiting for 3n2
iterations. The probability of never �nding

a satisfying assignment, even though there is one, is at most (13 )
r
, while having

gone through 3rn2
iterations of the while-loop altogether. So for the expense of

λn2
iterations we get an error probability of at most

�

1
3

�

bλ/3

. For λ = 9 this gives

1
27


ompared to

1
9
. And for λ = 40, this is already less than

1
1 0000 0000

.

We have des
ribed here a general prin
iple (see also [Alt et al., 1996℄ or Exer-


ise 3.13). Clearly the 
on
rete problem at hand allows for several alternatives.

An algorithm as we have developed it here is 
alled Monte Carlo algorithm .

It is a randomized algorithm whose output may be erroneous with some error

probability. In our 
ase the error is one-sided : Answer \satis�able" is guaranteed

to be 
orre
t, while \unsatis�able" has a small error probability. We will see

another example in Se
tion 3.4.2 shortly.

Note 3.2 An issue that may be troubling you in the proof of Theorem 3.5 is

that we refer to a satisfying assignment α� even though su
h an assignment is not

available to rf()|after all, it is the goal of the algorithm to �nd some satisfying

assignment. However, α� is used only by us as external observers of the pro
ess,

and all we need is that a satisfying assignment exists. It is the great advantage of

randomized algorithms that they 
an do things like \moving towards an unknown

obje
t." It also be
omes 
lear that derandomization of the pro
edure along the

ideas from Se
tion 2.1 is impossible.

Perhaps even more puzzling is how we use α� for steering the random 
hoi
es

of literals in 
lauses. Here it is important to realize that for an outside observer

the 
hoi
e is indeed random in the required sense, as long as the sequen
e (Si)i2N
is a sequen
e of independently and uniformly 
hosen bits.

Note 3.3 What if we start with an assignment α u.a.r. in {0, 1}V? Then, for a

�xed satisfying assignment α�,

Pr (dH(α
�, α) = s) =

�n
s

�

2−n
for all s 2 {0..n}.

Hen
e, the expe
ted time until a satisfying assignment is rea
hed is bounded by
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∑n
s=0 s(2n − s)

�n
s

�

2−n
. We derive

n∑

s=0

s(2n − s)

 

n

s

!

=

n∑

s=1

s(2n − s)n!

s!(n − s)!

=

n∑

s=1

(n + n− s)n!

(s− 1)!(n − s)!

=

n∑

s=1

n2(n − 1)!

(s− 1)!(n − s)!
+

n−1∑

s=1

n(n − 1)(n − 2)!

(s− 1)!(n − s− 1)!

= n2
n∑

s=1

 

n− 1

s− 1

!

+ n(n − 1)

n−1∑

s=1

 

n− 2

s− 1

!

= n2 2n−1 + n(n − 1) 2n−2

=
3n2 − n

4
2n ,

and a bound of

3n2−n
4 is established|admittedly, a modest improvement by roughly

a fa
tor

3
4
.

For an estimate there is an easier way as follows. Observe that we want to

analyze E(S(2n − S)) where S 2 {0..n} is a random variable with Pr (S = s) =
�n
s

�

2−n
. Now

E(S(2n − S)) = 2nE(S) − E

�

S2
�

� 2nE(S) − E(S)2 = 2n
n

2
−

�

n

2

�2

=
3

4
n2

Here we have used E(S) = n
2
whi
h follows from its distribution, and

E

�

S2
�

� E(S)
2
, whi
h follows from Jensen's Inequality.

Exercise 3.8 Complete the proof of Lemma 3.3.

Exercise 3.9 Show that for a symmetri
 random walk on Z, return to the

starting state is guaranteed with probability 1, but it takes an in�nite

number of steps on the average to do so, i.e.

Pr(9t 2 N : Wt = 0 |W0 = 0) = 1 and

E(min{t 2 N | Wt = 0} |W0 = 0) = ∞ .

Exercise 3.10 For t 2 N0, determine E

�

(Wt)
2 |W0 = 0

�

for a symmetri


random walk (Wt)t2N0 on Z.
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Hint: For a sequen
e (Si)i2N of mutually independent random variables with

Pr (Si = −1) = Pr (Si = +1) = 1
2
for all i 2 N, show that (

∑t
i=1 Si)t2N0 is a sym-

metri
 random walk on Z.

Exercise 3.11 Analyze the expe
ted number of 
ips pro
edure rf() takes

for

{{x1, x2}, {x2, x3}, . . . , {xn−1, xn}, {xn, x1}}

until a satisfying assignment is rea
hed, (i) when started with an as-

signment with ℓ 1's, 0 � ℓ � n, and (ii) when started with an assign-

ment u.a.r. in {0, 1}n.

Exercise 3.12 Prove that the bound in Theorem 3.5 is tight for all n 2 N.
That is, you are required to des
ribe for every n 2 N a satis�able (�2)-

CNF formula Fn over a set Vn of n variables, an initial assignment

αn and a strategy for 
hoosing the 
lauses in the while-loop, so that

the expe
ted number of iterations of the while-loop implied by a 
all

rf(Fn, Vn) is exa
tly n2
.

Exercise 3.13 Optimal Patien
e

In Note 5.1, you may have wondered why we de
ided to restart after

3n2
rounds, rather than 2n2

or 10n2
rounds. Good point, so what would

you suggest instead?

Here is the set-up. We have a randomized algorithm that �nds a

desired obje
t|provided it exists|in T steps, T a random variable. We

know an upper bound b on the expe
tation of T and we have to de
ide

upon some δ, su
h that restarting a new in
arnation of the algorithm

after δb unsu

essful steps, provides us with a small error probability

for the 
laim of non-existen
e of the obje
t, in 
ase we never �nd one

within r rounds. The 
ost is rδb, and the goal is to get the smallest

error probability for the given 
ost.

Exercise 3.14 Dwelling at n

For n 2 N0, a symmetri
 random walk dwelling on n is a homogeneous

Markov 
hain (Dt)t2N0 with state spa
e {i 2 Z | i � n} and for all t 2 N

Pr(Dt = i+ 1 |Dt−1 = i) = Pr(Dt = i− 1 |Dt−1 = i) =
1

2
if i < n, and

Pr(Dt = n− 1 |Dt−1 = n) = Pr(Dt = n |Dt−1 = n) =
1

2
.
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For s 2 N0, s � n, determine E(min{t | Dt = 0} |D0 = s), the expe
ted

number of steps up to the �rst en
ounter of 0 provided D0 = s.

Hint: Consider

�

n−
�

�

�

Wt +
1
2

�

�

�

+ 1
2

�

t2N0
, (Wt)t2N0 a symmetri
 random walk on Z;

but, of 
ourse, there are other (more dire
t) ways.

3.3 A Linear Time Algorithm

In this se
tion let F be an (�2)-CNF formula, ✷ 62 F, over variables V.

Re
all that

(u∨ v) � u→ v � v→ u ,

and we also have

(u) � u→ u .

This \impli
ation" information of the 
lauses in F will be 
olle
ted in a

dire
ted graph (digraph) D = DF with

� vertex set V(D) := V [ V, and

� edge set E(D) := {(u, v) | {u, v} 2 F}.

Note that ea
h 
lause {u, v} with u 6= v gives rise to two edges, while a unit


lause {u} leads to one edge (u, u). D has 2|V | verti
es and at most 2|F|

dire
ted edges.

With slight (but as we have seen, 
onsistent) abuse of notation, we write

u→ v if (u, v) 2 E(D), and we write u ❀ v if there is a dire
ted path

u = w0 → w1 → . . .→ wℓ = v, ℓ 2 N0,

from u to v in D.

Observation 3.6 u, v 2 V [ V.

(i) u ❀ v implies that every satisfying assignment setting u to 1 has

to set v to 1 as well.

(ii) If u ❀ v ❀ u, then every satisfying assignment sets u and v to

the same value.

(iii) If u ❀ u, then every satisfying assignment sets u to 0.
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(iv) u ❀ v i� v ❀ u.

Lemma 3.7 F is not satis�able i� there is a variable x 2 V su
h that

x ❀ x ❀ x.

Proof. Sin
e x ❀ x for
es x to be set to 0 in a satisfying assignment,

and x ❀ x for
es x to be 0, 
learly x ❀ x ❀ x ex
ludes the existen
e

of a satisfying assignment. We are left to produ
e a satisfying assignment

otherwise.

Consider the equivalen
e relation

u ∼ v :⇔ u ❀ v ❀ u

on V [V . The equivalen
e 
lasses [u], u 2 V [V, of ∼ are the strongly 
on-

ne
ted 
omponents of the digraph D, i.e. the maximal (w.r.t. set in
lusion)

subsets of mutually rea
hable verti
es.

Re
all that our presumption means that no equivalen
e 
lass 
ontains

both x and x for an x 2 V. Hen
e, [u] := {v | v 2 [u]} is disjoint from [u].

Note that [u] = [u].

De�ne a partial order on the equivalen
e 
lasses by

[u] � [v] :⇔ u ❀ v .

If [u] is a minimal element with respe
t to that partial order, then [u] is

maximal, sin
e

u ❀ v ⇒ v ❀ u

PSfrag repla
ements

x1

x1x2 x2x3

x3x4 x4

x5

x5

Figure 3.3: The dire
ted graph D for the satis�able 2-CNF formula

{{x1, x2}, {x2, x3}, {x3, x4}, {x4, x1}, {x5, x3}, {x5, x1}} with its strongly 
on-

ne
ted 
omponents. Note, e.g., [x2] � [x5] and [x1] � [x5].
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PSfrag repla
ements

xx

y

y

zz

Figure 3.4: The dire
ted graph D for the unsatis�able 2-CNF formula

{{x, y}, {x, y}, {z, y}, {z, y}}. The whole graph forms one strongly 
on-

ne
ted 
omponent.

and so [v] = [u] (be
ause of minimality) and therefore [u] = [v]. We set now

u 0

7→ 0 and u 0

7→ 1 for all u 0

2 [u]. Then, 
learly every 
lause 
ontaining u 0

,

where u 0

2 [u], is satis�ed. A 
lause {u 0} 
annot exist, sin
e then u 0 ❀ u 0


ontradi
ts the minimality of [u]. For a 
lause {v, u 0}, v 6= u 0

, we have

v→ u 0

, hen
e v 2 [u] (be
ause of minimality of [u]) and thus v is set to 1

and also {v, u 0} is satis�ed. We 
an therefore remove all 
lauses 
ontaining

u 0

or u 0

for u 0

2 [u]. The remaining 
lauses are satis�ed by an indu
tive

argument.

It follows that for de
iding the satis�ability of F we have to 
onstru
t a

digraph with 2n verti
es and at most 2m edges, n := |V |, m := |F|, then


ompute the strongly 
onne
ted 
omponents, and de
ide whether one of

them 
ontains both x and x for a variable x. All of this 
an be done in time

O(n + m) by standard graph algorithms, see e.g. [Cormen et al., 1990,

Se
tion 23.5℄. Finally, if there is a satisfying assignment, the pro
edure

indi
ated in the proof above 
an produ
e a satisfying assignment in time

O(n+m) as well.

Theorem 3.8 ([Aspvall et al., 1979]) The satis�ability of a (� 2)-CNF for-

mula over n variables with m 
lauses 
an be de
ided in time O(n+m).

Within the same time bound a satisfying assignment 
an be found,

provided it exists.

Note 3.4 In fa
t, [Aspvall et al., 1979℄ show that the satis�ability of quanti�ed

(�2)-CNF formulas 
an be de
ided in linear time.

Note 3.5 Here is an alternative Proof of Lemma 3.7 via resolution. Consider

the resolvent {u, v} of {x, u} and {x, v}. This 
lause introdu
es the edges u→ v and
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v→ u to the graph D. But sin
e v→ x→ u and u→ x→ v were present in the

original graph, the new edges do not alter the relation ❀. In fa
t, if F 0 is the CNF

formula obtained after adding resolvents as long as possible, in the resulting graph

DF 0 , we have u → v i� u ❀ v and u 6= v (verify!). This 
learly proves now the


laim, sin
e F is unsatis�able i� F 0 � {{x}, {x}} for some x 2 V , whi
h is equivalent

to x→ x→ x in the digraph of F 0, whi
h|in turn|is equivalent to x ❀ x ❀ x in

the graph of F.

While somewhat more 
on
ise, this proof has the drawba
k, that it does not

tell us how to obtain a satisfying assignment eÆ
iently.

Exercise 3.15 Dependen
y Bounds for 2-CNF

Improve on Theorem 2.3 for k = 2. That is, �nd the largest b 2 N su
h

that the following is true: Every 2-CNF formula where every 
lause

depends on at most b other 
lauses is satis�able.

3.4 Examples

3.4.1 Solving 3-SAT in less than 2n Steps

Consider an (� 3)-CNF formula F over n variables. A subset G of 
lauses

in F is 
alled independent , if any two 
lauses in G are stri
tly disjoint.

Consider now a maximal set G of independent 3-
lauses in F, i.e. any

other 3-
lause in F shares a variable with at least one of the 
lauses in G.

Observation 3.9 If G is a maximal set of independent 3-
lauses in F, then

� |G| � n
3
,

� for any assignment α 2 {0, 1}vbl(G)
, F[α] is a (� 2)-CNF formula,

and

� the number of assignments in {0, 1}vbl(G)
satisfying G is 7|G|

� 7n/3.

In order to de
ide satis�ability of F, we simply go through all assignments

α 2 {0, 1}vbl(G)
satisfying G, and 
he
k satis�ability of (� 2)-CNF formula

F[α].

Theorem 3.10 Satis�ability of a (� 3)-CNF formula 
an be de
ided in

time O(
3
p

7
n
poly(n)) = O(1.913n).
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This bound will be signi�
antly improved upon. In fa
t, your solution to

Exer
ise 1.20 may have already suggested a better bound even for 
ounting

the number of satisfying assignments in a (�3)-CNF formula. Nevertheless,

we will 
ome ba
k to the basi
 idea used here.

Exercise 3.16 4-SAT, First Bound

Derive a bound of O(cnpoly(n)), for some c < 2, for de
iding satis�a-

bility of a (�4)-CNF formula over n variables.

3.4.2 Coloring Graphs

For k 2 N, a proper k-
oloring of a graph G = (V, E) is a mapping χ :

V −→ {1..k} su
h that χ(u) 6= χ(v) for all edges {u, v} 2 E. The problem of

de
iding whether a graph has a proper k-
oloring is NP-
omplete for k � 3.

Here we 
on
entrate on

Proper 3-Coloring

Input: A graph G.

Output: `Yes', if G has a proper 3-
oloring. And `No', oth-

erwise.

If n is the number of verti
es of G, a trivial algorithm 
he
ks all 3n 
olorings

χ : V → {1, 2, 3} and tests ea
h one, whether it is proper. This gives

a 
omplexity of

7 O(3npoly(n)). We will des
ribe a simple Monte Carlo

algorithm that improves on that bound.

It is easily seen that de
iding the existen
e of a proper 2-
oloring of a

graph G 
an be done in linear time. We 
onsider the following generaliza-

tion: Let γ be a mapping that assigns to every vertex v in V a set γ(v) of

two 
olors. We want to �nd a proper 
oloring that assigns to every vertex v

one of the two 
olors in γ(v) { we 
all su
h a 
oloring a proper list 
oloring

of G 
onsistent with γ. This problem is equivalent to the satis�ability of

the following 2-CNF formula over the variables {xv,i | v 2 V, i 2 γ(v)}

^

v,i,j: v2V, {i,j}=γ(v)

(xv,i ∨ xv,j)∧
^

v,w,i: {v,w}2E, i2γ(v)\γ(w)

(xv,i ∨ xw,i)

and thus 
an be solved in time O(|V | + |E|).

7

This 
an be immediately improved to O(2npoly(n)) by a ba
ktra
king algorithm.
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We employ this pro
edure for 3-
oloring. Suppose G does indeed have a

proper 3-
oloring χ, and we 
hoose for ea
h vertex v a γ(v) u.a.r. in
�

{1,2,3}
2

�

.

Then, for all v, Pr (χ(v) 2 γ(v)) = 2
3
and, hen
e,

Pr (8v 2 V : χ(v) 2 γ(v)) =

 

2

3

!n

.

Consequently, given that there exists a proper 3-
oloring of G,

Pr(9 a proper 
oloring 
onsistent with γ) �

 

2

3

!n

,

and, if we repeatedly try random mappings γ, then the expe
ted number

of attempts until we �nd a proper 3-
oloring in this way is at most

�

3
2

�n
.

Note that, provided a proper 3-
oloring exists, we fail to �nd one despite

of r attempts with probability at most

 

1−

 

2

3

!n!r

< e−(2/3)n r = e−λ
for r = λ

�

3
2

�n
.

Theorem 3.11 (1) There is a randomized algorithm that �nds a proper

3-
oloring of an n-vertex graph in expe
ted time O(
�

3
2

�n
poly(n)), pro-

vided su
h a 
oloring exists.

(2) For every positive real number λ (possibly dependent on n),

there is a randomized algorithm that delivers a proper 3-
oloring of an

n-vertex graph or 
laims that no su
h 
oloring exists in time

O(λ

 

3

2

!n

poly(n)) .

In the latter 
ase, the probability that a proper 3-
oloring exists is at

most e−λ
.

This algorithm is of the same type as the one from Note 5.1|a Monte Carlo

algorithm: The result 
laimed by the algorithm may fail to be 
orre
t with

some (small) error probability. In our 
ase the error is one-sided|an error


an o

ur only if the existen
e of a proper 3-
oloring is denied.

The ideas for this se
tion 
an be found in [Beigel, Eppstein, 1995℄. The-

orem 3.11 is not the end of the story for 3-
oloring. Improvements follow.
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Exercise 3.17 Deterministi
 3-
oloring

Design a deterministi
 algorithm that de
ides the existen
e of a proper

3-
oloring of an n-vertex graph in time O(cnpoly(n)) for some c < 2.

Exercise 3.18 Save Variables

In the above des
ription we have shown that the problem of proper list


oloring of an n-vertex graph 
onsistent with 2-element lists 
an be

solved via a 2-CNF formula over 2n variables. Can you �nd a 2-CNF

formula over n (instead of 2n) variables to serve the purpose (perhaps

even with the extra bene�t that the number of satisfying assignments

for this formula is exa
tly the number of 
onsistent 
olorings for the

graph)?

Exercise 3.19 Covering all 3-Colorings

Let V be a �nite set, |V | = n 2 N. Now 
onsider a set Γ of mappings

V →
�

{1,2,3}
2

�

. We 
all Γ exhaustive, if for every mapping χ : V → {1, 2, 3}

there is a mapping γ 2 Γ su
h that χ(v) 2 γ(v) for all v 2 V (we say

that every χ 2 {1, 2, 3}V is 
overed by some γ 2 Γ).

Show that there is an exhaustive set of mappings of size at most

l

(ln 3) � n �
�

3
2

�nm

.

Hint: Take Γ as a random set obtained by drawing d(ln 3)�n�(32 )
n
e times an element

u.a.r. from

�{1,2,3}
2

�V
(with repla
ement). And 
onsider the expe
ted number of

mappings in {1, 2, 3}V not 
overed by su
h a Γ .

Exercise 3.20 No Mono
hromati
 Triangles

Suppose we are given a graph G = (V, E) with a proper 3-
oloring χ 2

{1, 2, 3}V, whi
h we don't know, though. This implies that there is a

2-
oloring of the verti
es so that no triangle is mono
hromati
 (i.e. if

three verti
es are pairwise adja
ent, then they are not all assigned the

same 
olor); for example, take v 7→ χ(v) if χ(v) 2 {1, 2}, and v 7→ 1,

otherwise.

Design a randomized algorithm that �nds su
h a 2-
oloring with-

out mono
hromati
 triangles in expe
ted polynomial time, provided a

proper 3-
oloring exists (but is not known to the algorithm).

Hint: Do the obvious: Start with an arbitrary 2-
oloring in {1, 2}V ; v 7→ 1, say.

As long as there is a mono
hromati
 triangle, swit
h the 
olor of a random vertex

u.a.r. among the three in the triangle. And analyze with the help of the proper

3-
oloring, whi
h we were promised to exist.
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Chapter 4

SAT and the Class NP

to

\A good proof is easy to verify|and

it is easy to falsify, in 
ase it is wrong."

This

1

is one of the themes of this 
hapter, although in the end we aim at

demonstrating that

SAT

Input: A boolean formula f in propositional logi
.

Output: `Yes', if f is satis�able. And `No', otherwise.

is a

2

most diÆ
ult problem in a whole family of problems (the 
lass NP),

in the sense that all problems in this family allow polynomial time solutions

1

The statement may sound a bit strange, so let me illustrate this by an everyday

example. By the end of ea
h month we get a

ount statements, telling us the end of

month balan
e. In order to substantiate this number a bit, we also get the list of a

ount

movements. So this is a `proof' we 
an 
he
k.

What happens though if all movements are plausible but the �nal balan
e is wrong?

You 
all your 
ustomer 
onsultant and 
omplain. You'll hear: \You typed the wrong

numbers into your 
al
ulator!" or similar. One way out is to ask for a better proof, where

after ea
h movement the resulting balan
e is displayed. Then a mistake 
an be pointed

out lo
ally.

As it goes, I realized that the a

ount statements I get in Switzerland do implement

this better type of proof, while this used not to be the 
ase in Germany or Austria. So

\Swiss banks supply better proofs", in 
ase it needed any proof that they are better!

2

Talking about `a ' most diÆ
ult problem sounds perhaps a bit awkward, but that's

be
ause everyday language (at least for those languages I know) is not prepared for an

extremum to o

ur more than on
e.

97
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if and only if SAT does.

3

The key 
on
ept is that of a (polynomial time)

redu
tion, whi
h 
omes with a number of interesting insights on the side.

A problem with outputs `Yes' or `No' is 
alled a de
ision problem.

Given any problem, a possible input to the problem is 
alled an instan
e

of the problem. In a de
ision problem, the instan
es mapped to `Yes' are


alled Yes-instan
es.

4.1 Verifying and Falsifying

We start with the following re
ently en
ountered 
ombinatorial problem,

and investigate how its time 
omplexity relates to that of SAT.

Proper Coloring

Input: k 2 N0 and a graph G = (V, E).

Output: `Yes', if G has a proper k-
oloring, i.e. a mapping

χ 2 {1..k}
V
su
h that χ(u) 6= χ(v) for all {u, v} 2 E. And `No',

otherwise.

Lemma 4.1 There is a polynomial time algorithm that, given an instan
e

(k,G) of Proper Coloring, produ
es a formula PropCol(k,G) su
h that

G has a proper k-
oloring i� PropCol(k,G) is satis�able.

Proof. Let ℓ 2 N0. Given a sequen
e x = (xi)
ℓ
i=1 = (x1, x2, . . . , xℓ) of ℓ

boolean variables, we 
onsider

OneIsOneℓ(x) :=

 

ℓ
_

i=1

xi

!

∧
^

1�i<j�ℓ

¬(xi ∧ xj) . (4.1)

An assignment satis�es this formula i� it is total and it assigns 1 to exa
tly

one variable in {xi}
ℓ
i=1. For a graph G = (V, E) and k 2 N0, k � |V |, let

PropCol(k,G) :=
^

v2V

OneIsOnek((xv,i)
k
i=1) ∧

^

{u,v}2E, i2{1..k}

¬(xu,i ∧ xv,i) .

This formula over k � |V | variables has size polynomial in |V | and it 
an be


onstru
ted in polynomial time.

3

This will serve as a perfe
t ex
use for the poor (exponential) time bounds we will

derive for the problem.
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If χ is a proper k-
oloring of G, then the assignment xv,i 7→ [χ(v) = i]

yields a satisfying assignment for the formula. And if α is a satisfying

assignment, then for every v 2 V there is a unique i 2 {1..k}with α(xv,i) = 1;

this is guaranteed by the OneIsOne-subexpressions. Assign this 
olor i

to v, and the resulting 
oloring is proper, as assured by the remaining

subexpressions.

If k > |V |, we de�ne PropCol(k,G) := true.

Here are �rst immediate 
on
lusions from the lemma and its proof.

4

If SAT 
an be solved in polynomial time

then Proper Coloring 
an be solved in polynomial time.

Moreover, if k � |V |, the number of assignments on {xv,i | v 2 V, i 2

{1..k}} satisfying PropCol(k,G) equals5 the number of proper k-
olorings of

G. Consequently,

If the number of satisfying assignments of a boolean formula 
an be


ounted in polynomial time

then the number of proper k-
olorings of a graph 
an be 
ounted in

polynomial time.

Similar to the situation for SAT, we 
an easily prove that a graph has

a proper k-
oloring by supplying su
h a 
oloring. To be more pre
ise: If a

graph G has a proper k-
oloring, then there is a 
erti�
ate (namely a proper

k-
oloring) with the help of whi
h we 
an verify proper k-
olorability in

polynomial time (we ignore the issue of �nding the 
erti�
ate). The proof

of Lemma 4.1 suggests a 
lean binary format for su
h a 
erti�
ate, namely

a satisfying assignment α for PropCol(k,G), i.e., assuming a vertex set

V := {1..n}, the string
�

(α(xj,i))
k
i=1

�n

j=1
. Veri�
ation is easy: the formula is

a 
onjun
tion of subexpressions, and we simply 
he
k whether all of them

are satis�ed.

But now let us assume that we are 
onfronted with a wrong 
erti�
ate,

how do we falsify it: we point at a subset of the bits whi
h are in 
ontra-

di
tion with one of the subexpressions. This may be either 2 or k bits. If

4PropCol(2,G) 
an be written as an equivalent (� 2)-CNF formula, and thus proper

2-
olorability 
an be de
ided in polynomial time due to the results in Chapter 3. This 
an

be derived mu
h easier in a more dire
t fashion, though.

5

You may observe that we 
ould have repla
ed `OneIsOnek((xv,i)
k
i=1)' in PropCol(k,G)

by the shorter expression `

Wk
i=1 xv,i' while still yielding the assertion of the lemma. How-

ever, we 
ould no longer make this 
laim about the number of satisfying assignments.
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we prefer to remain with a 
onstant number of bits, we 
an go ba
k to The-

orem 1.1, whi
h lets us transfer f := PropCol(k,G) to a (�3)-CNF formula

f 0 su
h that f 0 is satis�able i� f is satis�able. In fa
t, in our 
ase it suÆ
es

to repla
e the OneIsOnek((xv,i)
k
i=1)-subexpressions by

OneIsOne 0k((xv,i)
k
i=1) := (cv,0 ↔ 0)

∧
k̂

i=1

(cv,i ↔ (xv,i ∨ cv,i−1))

∧ (cv,k ↔ 1)

∧
^

1�i<j�k

¬(xv,i ∧ xv,j)

with auxiliary variables {cv,i}
k
i=0. (If you think about it, this follows exa
tly

the idea we advo
ated in Footnote 1 for bank a

ount statements). For the


erti�
ate we still have to agree upon some order of the variables involved,

e.g.

(cj,0, xj,1, cj,1, xj,2, cj,2, . . . , xj,k, cj,k)
n

j=1
.

The length of the 
erti�
ate is (2k+ 1)n, i.e. polynomial in the size of the

underlying graph, and it 
an be falsi�ed by exhibiting at most 3 bits. Note

that this fa
t immediately implies that the 
erti�
ate 
an be 
he
ked in

polynomial time, sin
e there are at most ℓ+
�

ℓ
2

�

+
�

ℓ
3

�

subpatterns to 
he
k,

with ℓ the length of the 
erti�
ate.

Proper Coloring has a polynomial size 
erti�
ate format that 
an

be falsi�ed by exhibiting at most 3 bits.

After having dis
ussed all the wonderful impli
ations of our ability to ex-

press Proper Coloring in terms of SAT, there is still hope that Proper

Coloring 
ould be mu
h easier to solve than SAT. Not so, as the following

lemma shows.

Lemma 4.2 There is a polynomial time algorithm that, given a 3-CNF

formula F, produ
es a graph 3ColGraph(F) su
h that F is satis�able i�

3ColGraph(F) has a proper 3-
oloring.

Proof. Let V := vbl(F). For 3ColGraph(F) we 
hoose a graph G = (VG, EG)

with vertex set VG := {t, c}[V[V [
S

C2F{aC,1, aC,2, aC,3, bC,1, bC,2, bC,3}. For

the edge set we refer to Figure 4.1. All edges indi
ated there are in EG and

no edges other than indi
ated exist. Note that |VG| = 2 + 2|V | + 6|F| and
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PSfrag repla
ements

u1

u2

u3x x

t

t

c

c

bC,1

bC,2

bC,3

aC,1

aC,2

aC,3

base gadget

variable gadget,

for ea
h x 2 V


lause gadget, for ea
h

C = {u1, u2, u3} 2 F

Figure 4.1: The edges in 3ColGraph(F) for 3-CNF formula F.

|EG| = 1 + 3|V | + 12|F|. The size of G is polynomial in |V | + |F|, and it 
an

be generated from F in polynomial time.

First we show that a proper 3-
oloring χ of G implies a satisfying as-

signment for F. We de
ide to use 
olors {0, 1, 2}, and w.l.o.g. we assume

that χ(t) = 1 and χ(c) = 2 (be
ause of the base gadget, see Figure 4.1,

t and c must re
eive distin
t 
olors, and by permuting the 
olors we may

assume that these are 1 and 2, resp.). Then χ(u) 2 {0, 1} and χ(u) 6= χ(u)

for all literals u be
ause of the variable gadgets. So that's a good start:

The restri
tion αχ of χ to V [ V is an assignment, and it remains to verify

that every 
lause C 2 F is satis�ed. To this end 
onsider the 
lause gadget

of C = {u1, u2, u3}. One of the verti
es aC,i, i 2 {1, 2, 3}, must be 
olored by

2. But then bC,i has to be 
olored 0, sin
e it is adja
ent to aC,i and t. And

then ui must be 
olored 1, sin
e it is adja
ent to bC,i and c. Therefore, αχ

satis�es C.

Se
ondly and �nally, we show that a satisfying assignment α for F 
an

be translated to a proper 3-
oloring of G. In this 
oloring let t 7→ 1, c 7→ 2,

and u 7→ α(u) for all literals u. In this way we have no 
on
i
ts with edges

in the base or the variable gadgets. We extend further to the 
lause gadget

of C = {u1, u2, u3} as follows. Some ui must be assigned 1 by α, w.l.o.g.,

let it be u1. Then bC,1 7→ 0, bC,2 7→ 2, bC,3 7→ 2, aC,1 7→ 2, aC,2 7→ 0,

and aC,3 7→ 1 
onstitutes an extension to a proper 3-
oloring of the 
lause

gadget, no matter whi
h 
olors from {0, 1} are assigned to u2 and u3.
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Suppose now we want to de
ide satis�ability of a boolean formula f (an

instan
e of SAT). We 
an �rst employ Theorem 1.1 to generate a 3-CNF

formula F 0 (an instan
e of 3-SAT that is satis�able i� f is). Then we 
an


he
k satis�ability of F 0 by 
he
king whether 3ColGraph(F 0) has a proper 3-


oloring. In other words, if proper 3-
olorability is de
idable in polynomial

time, then SAT is as well. Note, that via a 
hain of three steps, we have

a
tually shown that polynomial 3-
olorability implies a polynomial solution

for Proper Coloring in general. We summarize:

Among the problems SAT, 3-SAT,

Proper Coloring, and Proper 3-Coloring,

either all have a polynomial time solution or none.

Exercise 4.1 Hamiltonian Path

Consider the problem

6

Hamiltonian Path

Input: A graph G = (V, E).

Output: `Yes', if G has a Hamiltonian path, i.e. there is

an ordering v1, v2, . . . , vn, n := |V |, of the verti
es in V, su
h

that {vi, vi+1} 2 E for all i 2 {1..n− 1}. And `No', otherwise.

Show that there is a polynomial time algorithm that, given a graph G,

produ
es a boolean formula HamPath(G) su
h that G has a Hamiltonian

path i� HamPath(G) is satis�able.

Che
k whether your solution guarantees that the number of satisfy-

ing assignments of HamPath(G) gives the number of Hamiltonian paths

in G. (For n � 2, v1, v2, . . . , vn and vn, vn−1, . . . , v1 are 
ounted as two

distin
t paths.)

Exercise 4.2 Short Path Orientations of Edges

The format of a 
erti�
ate is by no means determined by a problem,

although the problem statement sometimes suggests a parti
ular one.

For the problem Proper Coloring �rst show that a graph G has a

proper k-
oloring, i� there is an orientation of the edges so that the

longest dire
ted path 
ontains at most k verti
es. Use this 
hara
teri-

zation to reprove Lemma 4.1 for the 
ase that k is a �xed 
onstant.

6

William Roger Hamilton, 19th 
entury.
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Exercise 4.3 Suppose, the number of proper k-
olorings of a graph G =

(V, E) 
an be 
ounted in polynomial time, provided k � |V |. Based on

this, dis
uss the issue of 
ounting the number of proper k-
olorings

in 
ase k > |V |. Can it be done in polynomial time (under the initial

supposition)?

4.2 The Class NP and Relatives

For a further dis
ussion of the 
on
epts we observed in the previous se
tion

we swit
h to the following framework.

The Class P . An alphabet Σ is a �nite set of symbols. Σ� denotes the set of

all �nite strings of symbols in Σ (in
luding the empty string ε). Elements

w in Σ� are sometimes 
alled words, and the length of a word w 2 Σ� is

denoted by |w|. For words u and w, the 
on
atenation of u followed by w

is denoted by uw. A language is a (possibly in�nite) subset of Σ� for some

alphabet Σ.

Let A be an algorithm that maps every w 2 Σ� to `Yes' or `No'. In the

former 
ase we say A a

epts w, in the latter A reje
ts w.

Every de
ision problem 
an be represented by a language (a
tually in

several ways): We agree on some en
oding of the inputs over some alphabet

Σ, and we asso
iate with every problem the language of en
odings of all

Yes-instan
es.

For example a graph G = ({1..n}, E) 
an be en
oded by the {0, 1}-string

bin(G) := (([{i, j} 2 E])
n
i=1)

n

j=1
of length n2

. An integer k 2 N0 
an be en
oded

by its shortest binary representation bin(k) (whi
h is of length dlog2(k+1)e;

0 is en
oded by the empty string ε).

Now the problem Hamiltonian Path 
an be represented by the lan-

guage

{bin(G) | G has a Hamiltonian path} � {0, 1}�

Proper Coloring by

{bin(k)$bin(G) | G has a proper k-
oloring} � {0, 1, $}� .

Via an appropriate binary en
oding of �nite alphabets, it suÆ
es to


onsider languages over a binary alphabet {0, 1}, so we will assume all lan-

guages to 
on�ne to this for the rest of this se
tion.
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The 
lass P (of polynomially re
ognizable languages) is the set of allP

languages L over {0, 1} su
h that there is a polynomial time algorithm AL

with

L = {w | AL a

epts w} .

`Polynomial time' means that there is a polynomial pA su
h that A termi-

nates on any input w in at most pA(|w|) steps.

Polynomial Verifiers (Good Proofs). A veri�er for a language L is an algo-

rithm V su
h that

L = {w | 9c 2 {0, 1}� : V a

epts hw, ci} .

If V a

epts hw, ci, then c is 
alled a 
erti�
ate (or proof) for membership

of w in L. A falsi�er for a language L is an algorithm F su
h that

{0, 1}� \ L = {w | 8c 2 {0, 1}� : F reje
ts hw, ci} .

Some moments of re
e
tion reveal

7

that every veri�er for L is also a

falsi�er for L, and vi
e versa, but let us a

ept this notational redundan
y

for the time being. A veri�er (or falsi�er) is 
alled a polynomial veri�er

(falsi�er, resp.), if it runs in time polynomial in |w| on input hw, ci (thus

it 
an inspe
t at most a polynomial number of positions in c).

NP is

8

the 
lass of all languages with a polynomial veri�er. Clearly,NP

P � NP. It is easy to see that also

9

SAT and Proper Coloring are

in NP, while we do not know of a polynomial time algorithm for these

problems.

10

7

At least under the assumption that we 
onsider algorithms that terminate on all

inputs.

8

NP stands for `nondeterministi
 polynomial time', from an equivalent de�nition via

nondeterministi
 Turing ma
hines.

9

Note that we identify the de
ision problems with their respe
tive languages. However,

the en
oding is not unique. Still, for our purposes, this is not an issue as long as we use

an en
oding whose length is polynomial in the most su

in
t en
oding. For example, for

numbers a binary en
oding will do, or for SAT any en
oding whose size is polynomial in

the number of variables and operator o

urren
es ful�lls the requirement. If an en
oding

deviating from this requirement is presumed|like unary en
odings of numbers|this 
alls

for expli
it mention.

10

It is by no means 
lear that the 
omplement of a language in NP is also in NP|take,

e.g., the language of unsatis�able formulas. Hen
e, besides NP also the 
lass 
o-NP :=

{{0, 1}� \ L | L 2 NP } is 
onsidered.
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Polynomial Constant Falsifiers (Even Better Proofs). Let k 2 N0. A k-falsi�er

for L is an algorithm F su
h that

Σ� \ L = {w | 8c 2 {0, 1}� 9S � N : |S| � k and F reje
ts hw, cS, Si} ,

where cS is the substring of c of symbols at positions in S\{1..|c|} (positions

ex
eeding the length of c are simply ignored). Note that we 
ould have

equivalently written

L = {w | 9c 2 {0, 1}� 8S � N with |S| � k : F a

epts hw, cS, Si} .

If F a

epts hw, cS, Si for all S with |S| � k, then we 
all c an F-
erti�
ate

for membership of w in L. That is, F 
an reje
t a 
erti�
ate by exhibiting

at most k bits (knowing also their positions in the 
erti�
ate). F is a

polynomial k-falsi�er if there are polynomials pF and p̂F su
h that, on

input hw, a, Si, it terminates in at most pF(|w|) steps, and it always a

epts

if S 6� {1..p̂F(|w|)} (hen
e the falsi�er ignores positions in a 
erti�
ate that

ex
eed p̂F(|w|)).

For k 2 N0, FPk is the 
lass of languages with a polynomial k-falsi�er. FPk

We observe that

P � FPk−1 � FPk � NP

for all k 2 N. `FPk � NP' follows, sin
e a polynomial k-falsi�er F 
an be

transformed to a polynomial veri�er V by letting

V a

epts hw, ci i�

F reje
ts hw, cs, Si for no S � {1..p̂F(|w|)} with |S| � k .

Sin
e there are only O(p̂F(|w|)k) sets S to 
onsider, V 
an do its 
omputa-

tions in polynomial time based on F being polynomial.

Some 
onsiderations for small k are instru
tive. A 0-falsi�er will never

be given a 
han
e to have a look at the string c, so it is of no help, and

the falsi�er has to do its 
omputations based on w only. Therefore, if it is

polynomial, it 
an re
ognize L in polynomial time|we have FP0 = P.

Now 
onsider a 1-falsi�er F and some input w. There is an F-
erti�
ate

i� there is an m � p̂F(|w|) su
h that F a

epts hw, ε, {i}i for all i > m and

F a

epts hw, 0, {i}i or hw, 1, {i}i for all i � m. FP1 = P follows.
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Theorem 4.3

(1) FPk = P for all k � 2.

(2) FPk = FP3 for all k � 3.

(3) FP3 = P i� SAT2 P.

Proof. Let L 2 FPk, and let F be a polynomial k-falsi�er for L. We will

show that, given a word w and m � p̂F(|w|), we 
an produ
e in polynomial

time|assuming the help of F|a (�k)-CNF formula Gm(w) whi
h is sat-

is�able i� there is an F-
erti�
ate of length m. Then an F-
erti�
ate exists

i�

Formula(w) :=

p̂F(|w|)
_

m=0

Gm(w)

is satis�able. That is, w 2 L i� Formula(w) is satis�able.

Let us �rst assume the validity of this 
laim and see how the assertions

of the theorem are implied.

Assertion (1) follows readily: If k � 2 we 
an de
ide satis�ability of

Formula(w) in polynomial time by 
he
king whether one of the (�2)-CNF

formulas Gm(w), 0 � m � p̂F(|w|), is satis�able.

For (2), let us assume k � 4. We derive a polynomial 3-falsi�er F 0

from F: First F 0 
onstru
ts Formula(w) as above, and then it 
onstru
ts

in polynomial time a (� 3)-CNF formula G 0

over some variable set U :=

{xi}
ℓ
i=1 su
h that G 0

is satis�able i� Formula(w) is satis�able. Now the

F 0-
erti�
ates for w are the strings (α(xi))
ℓ
i=1 for assignments α satisfying

G 0

. Sin
e G 0

is a (�3)-CNF formula, su
h a 
erti�
ate 
an be falsi�ed by

exhibiting at most 3 bits.

A proof of (3) is now also straightforward. On the one hand we 
an

de
ide w 2 L by 
he
king satis�ability of Formula(w), so the dire
tion `⇐'

is established. On the other hand, for `⇒' we invoke on
e more Theorem 1.1

and the fa
t that 3-SAT is in FP3.

We are left with the a
tual 
onstru
tion of Gm(w). We employ a variable

set {xi}
m
i=1. For all a � b � k, all {ij}

b
j=1 � N with

1 � i1 < i2 < . . . < ia � m < ia+1 < ia+2 < . . . < ib � p̂F(|w|)

and all γ : {ij}
a
j=1 → {0, 1} we test whether F reje
ts

hw, γ(i1)γ(i2) . . . γ(ia), {ij}
b
j=1i.
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If so, we add the 
lause {uij}
a
j=1 to Gm(w), where

uij :=

{
xij if γ(ij) = 0, and

xij otherwise.

Now it is easy to see that c = (ci)
m
i=1 2 {0, 1}m is an F-
erti�
ate i� xi 7→ ci is

a satisfying assignments for Gm(w). Finally, Gm(w) is a (�k)-CNF formula

over m � p̂F(|w|) variables, and thus its size is polynomial in |w| (sin
e k

is a 
onstant), and it 
an be 
onstru
ted in polynomial time.

Polynomial Reductions. A language L1 is polynomial time redu
ible to lan-

guage L2, in symbols L1 �P

L2, if there is a polynomial time 
omputable �

P

fun
tion f : {0, 1}� → {0, 1}� su
h that w 2 L1 i� f(w) 2 L2.

We have seen a number of su
h polynomial redu
tions. Lemma 4.1

des
ribes a polynomial redu
tion from Proper Coloring to SAT (via

the polynomial fun
tion PropCol), and Lemma 4.2 gave a redu
tion from

3-SAT to Proper Coloring (via 3ColGraph).

Theorem 4.3 provided polynomial time redu
tions from all languages in

FPk to SAT (via Formula). We drew 
on
lusions whi
h we now reformulate

in this abstra
t setting.

Lemma 4.4
(1) If L1 �P

L2 and L2 �P

L3 then L1 �P

L3

(2) If L1 �P

L2 and L2 2 P, then L1 2 P.

(3) Let L be a 
lass of languages with a language L 2 L su
h that

all languages in L are polynomial time redu
ible to L (we 
all su
h a

language L-
omplete). Then L � P i� L 2 P. L-
omplete

In fa
t, the proof of Theorem 4.3 employed a redu
tion from any problem

in FPk to SAT and then to 3-SAT. Sin
e this will be the main insight

used in the next se
tion, it deserves a lemma.

Lemma 4.5 SAT and 3-SAT are FP3-
omplete (and thus 
omplete in in

S

k2N0 FPk, 
f. Theorem 4.3(2)).

It may appear that FP3 is very mu
h tuned towards 3-SAT and 
on�ned to

a few 
ombinatorial problems, where a solution (
erti�
ate) 
an be falsi�ed

in a 
onstant number of pla
es whileNP allows more elaborate 
al
ulations.

But . . .
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Exercise 4.4 Con
i
t Free Responsibilities in CNF

Observe that a CNF formula is satis�able, if we 
an de
lare one literal

in ea
h 
lause `responsible', so that for no variable x both x and x

are made responsible. Exploiting this, dedu
e an alternative 
erti�
ate

format (other than a satisfying assignment) for 3-SAT.

Exercise 4.5 Three Symbol Certi�
ates

k, l 2 N0. Let FP

(ℓ)
k be de�ned in the same way as FPk with the ex-


eption that a 
erti�
ate c for a word w is a string over an ℓ-symbol

alphabet.

Show that (i) FP

(3)
k = P for k = 0, 1 and (ii) 3-SAT 2 FP

(3)
2 .

Remark: This shows that the de�nition of FPk is sensitive to the size of 
erti�
ate-

alphabets.

Exercise 4.6 Many Symbol Certi�
ates

Show that

S

k,ℓ2N0 FP
(ℓ)
k = FP3.

Hint: For ℓ > 2, show FP

(ℓ)
k � FPkdlog2 ℓe

.

Exercise 4.7 FP3-Chara
terization

Show that L �
P

SAT i� L 2 FP3.

Exercise 4.8 FP

(3)
2 -Chara
terization

Show that L �
P

SAT i� L 2 FP
(3)
2 (that is, given Exer
ise 4.7, FP3 =

FP

(3)
2 ).

Exercise 4.9 Let FP2|1 be de�ned the same as FP3 ex
ept that the position

sets S are further restri
ted to {i, i+ 1, j} for i, j 2 N. Show that 3-SAT

2 FP2|1.

Exercise 4.10 Vertex Cover

Show that the problem

Vertex Cover

Input: k 2 N0 and a graph G = (V, E).

Output: `Yes', if G has a vertex 
over of size at most k, i.e.

there is a subset U of V with |U| � k su
h that e \U 6= ; for

all e 2 E.

is in FP3.
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4.3 SAT is NP-complete

We want to prove that SAT is NP-
omplete, i.e. that L �

P

SAT for all

L 2 NP. We will do so by proving NP �

S

k2N0
FPk whi
h suÆ
es due to

Lemma 4.5. This means that we have to be able to rewrite 
erti�
ates that


an be veri�ed in polynomial time as 
erti�
ates that 
an be falsi�ed by

a polynomial k-falsi�er, for some k 2 N0. The 
ru
ial idea is to write out

the whole `proto
ol' of the (polynomial) 
omputation of the veri�er as the

new 
erti�
ate. Due to the `�nite nature' of algorithms, the proto
ol will

be falsi�able by exhibiting a 
onstant number of entries in the proto
ol.

So far we are la
king a model of algorithms in order to make formal state-

ments about all polynomial veri�ers. The model we 
hoose is that of a

Turing

11

ma
hine. It is generally a

epted that anything that is 
omputable

by an algorithm (in any reasonable model of 
omputation) is 
omputable

by a Turing ma
hine (the Chur
h-Turing thesis). Moreover, anything that

is 
omputable by an algorithm in polynomial time is 
omputable by a Tur-

ing ma
hine in polynomial time|a working thesis that has so far proven

to be true, although it rests on shaky grounds in view of quantum 
om-

puting, for example. This, however, should not lead to the impression that

NP-
ompleteness of SAT is a matter of taste, or su
h like, rather the re-

sult ought to be read with appropriate 
are: Based on the model of Turing

ma
hines for algorithms, this fa
t is a theorem, and it will stay a valid

theorem even if the thesis should ever be refuted.

12

The following two-page introdu
tion to Turing ma
hines is in prin
iple

self-
ontained, but it may be a bit 
on
ise for a �rst en
ounter. We will

see that the preparation of the set-up is the major part of our proje
t, the

�nal 
on
lusion will turn out to be a relatively simple observation.

11

Alan Turing, 1912-1954

12

Let us go on even further with the mumbling: The fa
t that the whole theory of

algorithms and NP-
ompleteness rests on a thesis should not be a

ounted for as a weak

point of the theory. Rather, the theory has 
learly identi�ed the link to `reality' (whatever

that may be), and has thus supplied all means to falsify it. Any exa
t s
ien
e that wants

to say something about the real world needs su
h theses (was this another thesis?), and

the 
ollapse of a thesis is usually not a disaster for s
ien
e, rather more often than not

these are the most ex
iting moments in s
ien
e.
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4.3.1 Turing Machines

A Turing ma
hine is a 7-tuple M = (Q,Σ, Γ, δ, q
start

, q
Yes

, q
No

), where Q,

Σ and Γ are all �nite sets and Q is the set of states, Σ is the input alphabet,

Γ � Σ is the tape alphabet 
ontaining the spe
ial blank symbol t 62 Σ,

δ : (Q \ {q
Yes

, q
No

})� Γ −→ Q� (Γ \ {t})� {−1,+1}

is the transition fun
tion, q
start

2 Q is the start state, q
Yes

2 Q the

a

epting state, and q
No

2 Q the reje
ting state.

The Turing ma
hine operates on a bi-in�nite tape that|at any point

of time|
ontains some 
urrent word w 2 (Γ \ {t})� and t's otherwise. It

has a (read/write) head that resides at some 
ell of the tape within the

range of w or at the blank 
ell to the left or to the right of w. It is in

some 
urrent state in Q. Let q be this state and let a be the symbol at

the position of the head. If q 2 {q
Yes

, q
No

} the ma
hine halts. Otherwise,

the next step is pres
ribed by δ(q, a) = (q 0, b, σ): Symbol a is repla
ed by

b, the head moves one position to the right if σ = +1, moves one position

to the left if σ = −1, and it 
hanges its state to q 0

. The Turing ma
hine

a

epts a word w 2 Σ�, if|when started in state qstart with w on the tape

and the head positioned at the �rst symbol of w|the ma
hine eventually

halts in state q
Yes

. Similarly, it reje
ts w if it halts in state q
No

. Note that

there is a third possibility of never terminating.

Configurations. For a formal des
ription, we assume the tape to be indexed

by Z. A 
on�guration of M is a tuple (q, �w, ℓ, h), q 2 Q, �w := twt for

w 2 (Γ \{t})�, ℓ 2 Z, and h 2 {ℓ..(ℓ+ | �w| − 1)} (with the interpretation that

the word w o

upies the 
ells ℓ + 1 to ℓ + |w| on the tape, all other 
ells

hold t, and M is in state q with the head positioned at 
ell h).

If q 2 {q
Yes

, q
No

}, 
on�guration (q, �w, ℓ, h) is 
alled a halting 
on�gu-

ration of M. Otherwise, let us write �w as uav with u, v 2 Γ �, a 2 Γ and

|u| = h − ℓ (i.e. a is the symbol at the position of the head). Given this

and

13 (q 0, b, σ) := δ(q, a), we de�ne

(q, �w, ℓ, h) `M






(q 0,tbv, ℓ− 1, h+ σ) if h = ℓ,

(q 0, ubt, ℓ, h+ σ) if h = ℓ+ | �w|− 1, and

(q 0, ubv, ℓ, h+ σ) otherwise.

13

Note that a

ording to our de�nition, b 6= t.
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We say that the left-hand 
on�guration dire
tly yields the right-hand 
on-

�guration.

14

`

�

M is the transitive and re
exive 
losure of relation `M on the

set of 
on�gurations, and if C `

�

M C 0

, we say that 
on�guration C yields


on�guration C 0

.

Accept, Reject, Recognize, Decide. The Turing ma
hineM a

epts (reje
ts)

a word w if (q
start

,twt,−1, 0), the starting 
on�guration with input w,

yields a halting 
on�guration in state q
Yes

(in state q
No

, resp.). The set

of all words in Σ� a

epted by M is the language L(M) re
ognized by M.

The Turing ma
hine de
ides L � Σ� if L = L(M) and the ma
hine halts on

all inputs in Σ�.

If M a

epts w, there is a sequen
e of 
on�gurations (Ci)
t
i=0, with C0 =

(q
start

,twt,−1, 0), q
Yes

being the state of Ct, and C0 `M C1 `M . . . `M Ct.

t is 
alled the number of steps (the time, if you like) it takes for M to

a

ept w, and (Ci)
t
i=0 is 
alled the proto
ol of the a

eptan
e of w.

Assuming our initial thesis about polynomial algorithms versus polyno-

mial Turing ma
hines, the 
lass NP is the set of all languages L � {0, 1}�

su
h that there is a Turing ma
hine M and a polynomial pM with

L = {w | 9c 2 {0, 1}� : M a

epts w$c in at most pM(|w|) steps}. (4.2)

($ serves here as an auxiliary symbol that lets us write the pair hw, ci as a

string.) We will now write the proto
ol of a

eptan
e of w$c in a format

that 
an be falsi�ed by a polynomial k-falsi�er, for some k depending on

M.

4.3.2 Representing Computations for k-Falsifiers

For 
on�guration C = (q, �w, ℓ, h) and m � max{−h, h,−ℓ, ℓ+ | �w| − 1}, the

m-representation of C is the string

✄
m+h q ✁

m−h
t

m+ℓ
�wt

m−ℓ−|�w|+1

of length 4m + 2 over Q [ Γ [ {✁,✄}. (As usual, we write ai
for the

sequen
e of a's of length i.) Obviously, the m-representation fully en
odes

a 
on�guration, and it is best visualized by writing the se
ond half of the

14

Hopefully, the reader �nds this formulisti
 �rework in a

ordan
e with the previously

supplied intuitive des
ription.
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string aligned below the �rst half, see Figure 4.2. Then the state q ends

up exa
tly above the symbol in �w as pres
ribed by the position of the

head de�ned by the 
on�guration C. Note also that given m, we 
an easily

✄ ✄ q ✁ ✁ ✁ ✁

t 1 0 1 0 t t

✄ q 0

✁ ✁ ✁ ✁ ✁

t 1 1 1 0 t t

q ✁ ✁ ✁ ✁ ✁ ✁

t 1 1 1 0 t t

Figure 4.2: The 3-representation of (q,t1010t,−3,−1) followed by the

3-representations of the next two (yielded) 
on�gurations, assuming

δ(q, 0) = (q 0, 1,−1) and δ(q 0, 1) = (q, 1,−1).

falsify a string as not being the m-representation of some 
on�guration by

exhibiting at most 3 positions of it. In fa
t, we 
an do so by as
ertaining

that

� a symbol in position i is not in Q [ {✁,✄} for some i 2 {1..2m+ 1},

� position 1 
ontains ✁, or position 2m+ 1 
ontains ✄,

� there is ✄✁ or ✁✄ or q✄ or ✁q or qq 0

for q, q 0

2 Q in 
onse
utive

positions in the range {1..2m+ 1},

� a symbol in position i is not in Γ for some i 2 {2m+ 2..4m+ 2},

� a symbol other than t is in positions 2m+ 2 or 4m+ 2, or

� there is a (not ne
essarily 
ontiguous) subsequen
e a . . . t . . . b for

a, b 2 Γ \ {t} in the range {2m+ 2..4m+ 2}.

Now let M and pM be as employed as a veri�er for some language L

in NP , see (4.2). Given a word w 2 L, there is a 
erti�
ate c so that

|w$c| � pM(|w|) and w$c is a

epted in at most pM(|w|) steps. For ea
h

su
h c we let ~c be the 
on
atenation of them-representations in the proto
ol

of a

eptan
e of w$c, for m := 1 + pM(|w|). If t is the number of steps it

takes for M to a

ept w$c, ~c is a string of length t(4m + 2). We have to
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show that we 
an falsify a string whi
h does not 
ome from su
h a proto
ol

by exhibiting at most k positions; in fa
t, 3 will suÆ
e.

First we have already dis
ussed how to falsify, if a string is not an m-

representation of a 
on�guration, and we 
an apply this to substrings in

positions 1 + i(4m + 2) to (i + 1)(4m + 2, i 2 {0..t}. It is also easy to

falsify by exhibiting one position, that the �rst 
on�guration is a starting


on�guration for w$c, for some c 2 {0, 1}�. We also dete
t if the state of

the last 
on�guration is not q
Yes

.

It remains to ensure that ea
h 
on�guration apart from the last one

dire
tly yields the next 
on�guration. For that it suÆ
es to 
onsider the

symbols in positions i(4m+2)+j and i(4m+2)+(2m+1)+j for i 2 {0..t− 1}

and j 2 {1..2m+ 1}. Two su
h symbols entail one or two symbols later in

the string as indi
ated in Figure 4.3. Again this refers to the situation

✁

a

�

a

✄

a

�

a

� q

� a

q 0

�

� b

q �

a �

� q 0

b �

Figure 4.3: The top two symbols for
e the other symbols, un
ondi-

tioned in the �rst two patterns, in 
ase of δ(q, a) = (q 0, b,−1) in the

third pattern, and in 
ase of δ(q, a) = (q 0, b,+1) in the fourth pattern.

Exhibiting three positions suÆ
es to show violations of these rules.

where we write the string ~c in rows of length 2m + 1 aligned above ea
h

other. Violations to these rules 
an be 
he
ked by a 3-falsi�er, and any

string that satis�es the rules 
omes from a proto
ol of a 
omputation as

above.

We are done, ex
ept that the derived 
erti�
ate for the 3-falsi�er uses

an alphabet other than {0, 1} whi
h we assumed in our de�nition of the

FPk's. However, we 
an employ a binary en
oding whi
h then leads to a

k-falsi�er for some k > 3 depending on the sizes of the alphabets of the

Turing ma
hine M (see Exer
ise 4.6).

Theorem 4.6 NP = FP3 and SAT is NP-
omplete.

Note 4.1 The fa
t that SAT is in P i� NP = P was �rst proved by [Cook, 1971℄

and independently by [Levin, 1973℄. The full impa
t of the result was realized
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after [Karp, 1972℄ supplied a whole list of NP-
omplete problems, mainly from


ombinatorial optimization. A 
ompendium of NP-
omplete problems 
an be

found in [Garey, Johnson, 1979℄, whi
h|amazingly enough|is still pretty mu
h

up-to-date.

Stri
tly speaking, Cook did not prove NP-
ompleteness in the sense we de�ned

it here via polynomial redu
tions|these were introdu
ed by Karp in his seminal

paper. This point deserves a short dis
ussion. Note that we use L1 �

P

L2 to


on
lude that if L2 2 P then L1 2 P. But for that, we did not have to restri
t

ourselves to the stri
t proto
ol `w 2 L1 ⇔ f(w) 2 L2'; note that this proto
ol does

not allow to ask two questions about membership in L2, or to de
ide on w 2 L1
based on f(w) /2 L2. Consequently, in general, we do not have {0, 1}� \ L �

P

L,

although de�nitely {0, 1}� \L 2 P i� L 2 P. A more powerful redu
tion is that of a

Turing redu
tion. Here we say that L1 is polynomial time Turing redu
ible to L2,

if there is a polynomial time bounded Turing ma
hine that de
ides membership

in L1, but whi
h is also allowed to ask membership in L2 at unit 
ost; we say, the

ma
hine uses a membership ora
le for L2.



Chapter 5

The Cube

Mehr Li
ht!

Johann Wolfgang von Goethe

1

, famous last words

More stru
ture!

Mathemati
s, �rst words

Cubes in 3-spa
e generalize to any dimension. On the real line these are

intervals and in the plane these are squares. 4-Dimensional 
ubes are per-

haps the most frequently \seen" 4-dimensional obje
ts, see Figure 5.1.

Figure 5.1: Hand-
rafted 4-


ube.

Although terminology (and original moti-

vation) for 
ubes 
omes from geometry,

they are frequently used as a tool in dis-


rete mathemati
s for the sake of adding

stru
ture|so will we. The treatment of


ubes in this se
tion relates to satis�abil-

ity in that we re
onsider fa
ts from previous


hapters in the 
ube setting|hopefully with

extra insight|, and we prepare the ground

for 
hapters to 
ome.

Often the graph of an n-dimensional

hyper
ube, here n-
ube for short, is de�ned

as the graph with vertex set {0, 1}n, and with

an edge between ea
h pair of sequen
es that di�er in exa
tly one position

(i.e. have Hamming distan
e 1).

1

Johann Wolfgang von Goethe, 1749{1832

115
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Given its de�ning parameter n, this graph has 2n verti
es ea
h of whi
h

has degree n. Thus the number of edges is n2n/2 = n2n−1
. The diameter

(i.e. the largest distan
e between any two verti
es) is n. This is easily seen,

sin
e the distan
e between two verti
es u and v in {0, 1}n is the Hamming

distan
e between the two {0, 1}-sequen
es|thus at most n; and this bound

is attained by the pair 0n and 1n. Su
h pairs at distan
e n, there are2 2n−1

of them, are 
alled antipodal verti
es.

The fa
t that the n-
ube is a graph with few edges while it has small

diameter is one of its highly appre
iated properties in appli
ations (e.g.

for networks). Set N = 2n; then all verti
es have degree log2 N and the

diameter is log2 N.

Another advantageous feature of the n-
ube is its 
onne
tivity: Clearly,

removing the n edges in
ident to a vertex makes the graph dis
onne
ted;

but removal of any n − 1 edges leaves the graph 
onne
ted (the graph is

n-edge 
onne
ted). Already the proof of this simple fa
t 
alls for extra

insight, the fa
ial stru
ture of 
ubes.

5.1 Faces

We employ a small adaption of our 
ube de�nition. For a set A, we let the

A-
ube be the graph with the vertex set {0, 1}A (all mappings A −→ {0, 1})

and with an edge between α and β i� α(v) 6= β(v) for exa
tly one v 2 A;

we label the edge with this unique v. The dimension of the A-
ube is |A|.

We observe that two 
ubes are isomorphi
 (ignoring the edge labels)

i� they agree in dimension. This \new" de�nition is in perfe
t agreement

with the one above

3

. And in this setting the link to assignments be
omes

even more apparent. We keep using n-
ube short for the {1..n}-
ube, the

generi
 representative of all 
ubes of dimension n.

To every mapping ϕ : A −→ {0, 1, �} we asso
iate the set of verti
es

Vϕ := {α 2 {0, 1}A | α|B = ϕ|B} with B := ϕ−1({0, 1}).

(So these are all mappings that agree with ϕ on the elements that are

mapped to 0 or 1 by ϕ.) The subgraph of the A-
ube indu
ed by Vϕ is

2

If you think about it, 05 = 00000, 15 = 11111, and 25 = 32, . . . sometimes it is better

not to think about it.

3

After all {0, 1}n is just a shorthand for {0, 1}{1..n}
. We will identify the two without

further expli
it mention.
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alled the ϕ-indu
ed fa
e of the A-
ube. This fa
e is isomorphi
 to a 
ube:

The mapping

Vϕ 3 α 7→ α|A\B 2 {0, 1}A\B


onstitutes an isomorphism to the (A \ B)-
ube, as 
an be easily veri�ed.

Hen
e, the dimension of the ϕ-indu
ed fa
e is |ϕ−1(�)|, \the number of �'s

in ϕ."

The 0-dimensional fa
es of the A-
ube are its verti
es, the 1-dimensional

fa
es are the edges

4

, and the (n− 1)-dimensional fa
es, n := |A|, are 
alled

the fa
ets. Note that theA-
ube is a fa
e of itself, the unique n-dimensional

fa
e (indu
ed by the 
onstant map to �).

Figure 5.2: Building the 4-


ube, in two of many ways (how

many?).

For every a 2 A, the removal of all

a-labeled edges 
reates two 
onne
ted


omponents of the A-
ube. These are

the fa
ets indu
ed by ϕ 0

and ϕ 00

, resp.,

with ϕ 0(a) = 0, ϕ 00(a) = 1, and

ϕ 0(b) = ϕ 00(b) = � for b 2 A\{a}. This

suggests also an instru
tion for build-

ing an n-dimensional 
ube indu
tively:

A 0-dimensional 
ube is a single ver-

tex. An n-dimensional 
ube 
an be ob-

tained from two isomorphi
 
opies of an

(n − 1)-dimensional 
ube with \
orre-

sponding" verti
es 
onne
ted, see Fig-

ure 5.2.

Connectivity. We are ready to settle the


onne
tivity of the n-
ube.

Lemma 5.1 n 2 N. Removal of at most n − 1 edges from the n-
ube

leaves the graph 
onne
ted.

Proof. The statement is trivial for n = 1.

Now let n � 2. If at most n − 1 edges are removed, there must be

an i 2 {1..n} su
h that all edges labeled i are still present. These edges

partition the n-
ube into two fa
ets ϕ 0

and ϕ 00

, isomorphi
 
opies of the

4

Stri
tly speaking, a

ording to our de�nition a 0-dimensional fa
e is a graph ({v}, ;)

(and not a vertex v) and a 1-dimensional fa
e is a graph ({u, v}, {{u, v}}) (and not an edge

{u, v}).
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(n − 1)-
ube. If all removed edges lie in just one 
opy , ϕ 0

say, the other


opy ϕ 00

is still 
onne
ted and thus the whole graph is still 
onne
ted sin
e

every vertex in ϕ 0

is 
onne
ted to a vertex in ϕ 00

via an i-labeled edge.

Otherwise, in ea
h of the two fa
ets at most n−2 edges are removed whi
h

leaves them 
onne
ted by the indu
tion hypothesis|and they are mutually


onne
ted by the i-labeled edges.

Faces in Cubes and Clauses in CNF Formulas. Let F be a CNF formula over

V. If C = {u1, u2, . . . , uk} is a 
lause of F, then all assignments with ui 7→ 0,

for all i 2 {1..k}, will not satisfy formula F, no matter what they do to the

remaining variables. The set of all su
h total assignments on V (whi
h we

denoted by satV(C)) forms the vertex set of an (n− k)-dimensional fa
e of

the V-
ube. It is indu
ed by

V 3 x 7→






0 if x 2 C,

1 if x 2 C, and

� otherwise.

With this relation in mind, k-SAT 
an be equivalently formulated as

k-Codim Cube Non
over

Input: n 2 N, and a set F of fa
es (given as sequen
es in

{0, 1, �}n) of the n-
ube, ea
h of dimension at least n − k.

Output: `Yes', if there is a vertex of the n-
ube that lies in

none of the fa
es in F. And `No', otherwise (i.e. if the fa
es

in F 
over the whole n-
ube).

Previous 
omplexity results 
an now be read as follows: It 
an be de-


ided in polynomial time whether a set of (n− 2)-fa
es5 
overs the n-
ube.

And it is NP-
omplete to de
ide whether a set of (n − 3)-fa
es does not


over the n-
ube.

This fresh view allows several (now) easy observations.

Consider the formula f = x1� x2 � . . .� xn (and re
all Exer
ise 1.9). A

total assignment on {x1, x2, . . . , xn} satis�es f i� it maps an odd number of

variables to 1. In `
ube'-language it means that no unsatisfying assignment

is adja
ent to any unsatisfying assignment. Thus the set of unsatisfying

5(n − 2)-Fa
es are sometimes 
alled ridges.
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assignments 
ontains no edges and does not 
ontain all verti
es of any

(n − k)-fa
e for k < n. Therefore no CNF formula over {xi}
n
i=1 with a k-


lause for some k < n 
an be equivalent to f. In fa
t, there is a unique

CNF-formula equivalent to f: An n-CNF formula with 2n−1

lauses.

For another observation re
all that at some point (Exer
ise 1.12) we

asked whether every 3-variable formula has an equivalent CNF-formula

with at most 4 
lauses. In the 
ube setting this is easy to see: Consider the

3-
ube with some of its verti
es marked as `unsatisfying'. Our goal is to


over them with few fa
es, without 
overing any of the other verti
es. For

that take four disjoint edges of the 
ube (a perfe
t mat
hing), 
hoose for

ea
h of them the subfa
e of marked verti
es, and we are done. We exploit

here the fa
t that all nonempty

6

subsets of verti
es of a 1-dimensional fa
e

form fa
es; this is pe
uliar to at most 1-dimensional fa
es.

Figure 5.3 displays the answer to Exer
ise 2.5 in the 
ube setting.

PSfrag repla
ements

000 000

001001

010010

011011

100100

101 101

110110

111 111
01�

00�00�
10� 10�

11�

�11

�10

Figure 5.3: Two ways of 
overing the verti
es of a 3-
ube with four

edges. Or two unsatis�able 2-CNF formulas with four 
lauses (an-

swering Exer
ise 2.5): {{x, y}, {x, y}, {x, y}, {x, y}} 
orresponds to the left

pi
ture, {{x, y}, {x, y}, {y, z}, {y, z}} to the right one.

Packing and Covering the Cube with Faces. Let us re
all two trivialities,

whi
h are pre
ious assets, nonetheless. Consider a family M of subsets

of some �nite ground set U. (1) If

S

M2M

M = U (M is a 
over of U)

then

∑
M2M

|M| � |U|. (2) If the sets in M are pairwise disjoint (M is a

pa
king in U) then
∑

M2M

|M| � |U|.

Observation (1) about 
overs applied to sets of fa
es of a 
ube yields

the following lemma, a rein
arnation of Theorem 2.2.

6

Sometimes, also the empty fa
e is introdu
ed whi
h 
omes handy here and there (see

also Exer
ise 5.1).



120 CHAPTER 5. THE CUBE

Observation 5.2 n,m 2 N0. Let {ϕ1, ϕ2, . . . , ϕm} be a set of fa
es of the

n-
ube, with ϕi of dimension di. If

∑m
i=1 2

di < 2n (or, equivalently,∑m
i=1 2

−(n−di) < 1), these fa
es do not 
over the whole n-
ube and there

is a vertex whi
h appears in none of the fa
es.

Sometimes it takes some extra e�ort to see that a statement amounts to a

simple observation about 
overs or pa
kings. Two illustrating fa
ts follow.

They will 
ome handy in forth
oming se
tions.

Lemma 5.3 (Kraft Inequality) Let S � {0, 1}�, �nite and pre�x-free (i.e. for

no s 2 S there exists s 0 2 S \ {s} and t 2 {0, 1}� su
h that s = s 0t.)

Then

∑
s2S 2

−|s|
� 1.

Proof. Set n := maxs2S |s| and de�ne Ŝ := {s�n−|s| | s 2 S} (i.e. every

sequen
e in S is extended to length n by appending �'s). The elements in Ŝ


an be interpreted as fa
es of the n-
ube in the obvious way, and due to the

pre�x-freeness of S, these fa
es are pairwise disjoint (form a pa
king). It

follows that

∑
s2S 2

n−|s|
� 2n whi
h|after division by 2n|is the assertion

of the lemma.

Lemma 5.4 Let S � {0, 1}n, nonempty. For s 2 S, let deg(s) be the

number of sequen
es in S that di�er from s in exa
tly one position.

Then

∑
s2S 2

−deg(s)
� 1.

Proof. Consider the elements in S as mappings in {0, 1}{1..n}, i.e. verti
es

of the n-
ube. For s 2 S we de�ne a ϕs 2 {0, 1, �}{1..n}: For i 2 {1..n}, if

the i-labeled edge in
ident to s leads to a neighbor not in S then we set

ϕs(i) := �; and ϕs(i) := s(i), otherwise. ϕs indu
es a fa
e of dimension

n − deg(s) of the n-
ube. If we 
an show that these fa
es 
over the 
ube,

then

∑
s2S 2

n−deg(s)
� 2n holds. The 
laim of the lemma readily follows.

Now 
onsider a vertex u in the n-
ube. We have to exhibit an s 2 S

so that the fa
e of ϕs 
ontains u. Choose s to be some element in S that

minimizes the Hamming distan
e to u (a nearest vertex in S, so to say).

The neighbors of s that are 
loser to u than s 
annot be in S by the 
hoi
e

of s. Thus, indeed, ϕs maps to � for every i for whi
h s and u di�er, and

therefore the fa
e indu
ed by ϕs 
ontains u.
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Exercise 5.1 Euler-Poin
ar�e

For i 2 {0..n} let fi be the number of i-dimensional fa
es of the n-
ube.

Show that

n∑

i=0

fi = 3n and

n∑

i=0

(−1)i fi = 1 .

Remark: The right identity holds for all 
onvex polytopes in n-spa
e, where fi
denotes the number of i-dimensional fa
es of the polyhedron. Often the empty

fa
e is introdu
ed, whi
h is a

ounted for by f−1 := 1. Then the formula reads∑n
i=−1(−1)i fi = 0.

Exercise 5.2 \Representing Satisfying Assignments" Revisited

Re
onsider Exer
ise 1.21.

Exercise 5.3 \Almost Satis�able" Revisited

Re
onsider Exer
ise 2.2.

Exercise 5.4 (1) Given two 
lauses C and D over variables V. What

property of C and D is equivalent to the fa
t that the two fa
es of the

V-
ube 
orresponding to C and D are disjoint?

(2) Explain resolution in terms of fa
es in a 
ube.

Exercise 5.5 Whi
h ternary boolean fun
tions have no equivalent CNF-

formula with at most 3 
lauses?

Exercise 5.6 Reformulate Theorem 2.4 about the ratio of satis�able 
lauses

in a 2-satis�able CNF sequen
e-formula in the 
ube setting.

Exercise 5.7 n 2 N, n � 3. Show that removal of n edges dis
onne
ts the

n-
ube i� the edges are in
ident to a 
ommon vertex.

Exercise 5.8 Show that in an n-
ube there are always n edge-disjoint

paths between any pair of distin
t verti
es. Argue that this also im-

plies Lemma 5.1. (A
tually, by Menger's Theorem, this statement is

equivalent to n-edge 
onne
tivity.)

Exercise 5.9 Vertex Conne
tivity of the Cube

n 2 N. Show that removal of at most n − 1 verti
es leaves the n-
ube


onne
ted.
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Exercise 5.10 Universal for Non-Satisfa
tion

Let V be a set of variables, n := |V |. We are interested in a set A of

assignments in {0, 1}V su
h that ea
h 2-
lause over V is not satis�ed

by some assignment in A.

(1) Spe
ify su
h a set A as small as you 
an get it (in terms of n).

(2) Rephrase the problem in the 
ube-setting.

Exercise 5.11 Large Degree For
es Many Verti
es

Show that an indu
ed subgraph of the n-
ube with minimum degree k

has at least 2k verti
es.
Hint: Lemma 5.4.

5.2 Hamming Balls

Every graph is equipped with a metri
: The distan
e between two verti
es

u and v is the length (number of edges) of a shortest path between the two

verti
es. In 
ubes we know that this distan
e is the Hamming distan
e,

dH(u, v), between the respe
tive verti
es.

And wherever there is a metri
, there are balls. The ball of radius r 2 R
with 
enter z 2 {0, 1}n in the n-
ube is de�ned as the set

{u 2 {0, 1}n | dH(z, u) � r} .

Note that given z and d 2 N0, we 
an `
reate' a vertex at distan
e d by


ipping exa
tly d positions in z; there are
�

n
d

�

ways to do so. Hen
e, the

number of verti
es in a ball of radius r in the n-
ube, we like to 
all this

its volume, is

7

vol(n, r) :=

r∑

i=0

 

n

i

!

(obviously independent from the 
enter due to the symmetry of the n-


ube).

It is worthwhile to try to understand this quantity vol(n, r), and that's

what we will do for the rest of this 
hapter. For a 
ouple of trivial ob-

servations, (i) vol(n, r) = vol(n, br
), (ii) vol(n, r) = 0 i� r < 0, (iii)

vol(n, 0) = 1, (iv) vol(n, r) = vol(n, n) = 2n for r � n, (v) vol(n, r) +

7

If r 62 Z, read
∑r

i=0 as

∑
br

i=0.
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vol(n, n − r − 1) = 2n for r 2 Z, and (vi) vol(n, n
2
) = 2n−1

if n is odd and

vol(n, n
2
) = 2n−1 + 1

2

�

n
n/2

�

if n is even.

Despite the exa
t formula we have for the volume, the sum involved

seems of little help in answering a number of questions. For example,

while we see that a ball of radius

n
2

overs roughly half of the 
ube, what

proportion of the 
ube is 
overed by a ball of radius

n
4
or of radius

n
2
−
p

n?

This 
alls for estimates in terms of fun
tions more `transparent' than a

sum of binomial 
oeÆ
ients. We will dis
riminate a

ording to how the

magnitude of radius and dimension relate to ea
h other.

Very Small Radius. Right from the de�nition of the binomial 
oeÆ
ient we

have

�

n
k

�

� nk
and thus an upper bound of (r + 1)nr

for vol(n, r) follows.

That is, for r 
onstant, the volume of balls is polynomial in the dimension.

We re�ne.

Lemma 5.5 n 2 N, r 2 R
+

, r � n. With the 
onvention

�

n
0

�0
= 1

 

n

br


!

br


� vol(n, r) <

�

en

r

�r

.

Proof. The lower bound is left as Exer
ise 5.12. For the upper bound,

let λ 2 R
+

, λ � 1. We get (with 1+ λ < eλ for λ 2 R \ {0} and the binomial

theorem)|driven by a magi
 hand|

enλ > (1+ λ)n =

n∑

i=0

 

n

i

!

λi
�

r∑

i=0

 

n

i

!

λi
�

r∑

i=0

 

n

i

!

λr . (5.1)

Setting λ := r
n
, we have established er > vol(n, r)

�

r
n

�r
whi
h yields the


laimed bound.

For r > 0.33 � n, the upper bound ex
eeds

8 2n and is of no help at all.

Radius Proportional to the Dimension. For the next bound we employ the

binary entropy fun
tion

8( e

0.33
)0.33 = 2.00543...

.
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PSfrag repla
ements
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Figure 5.4: Graphs of H(x) (lower

solid 
urve), of 1 − 2( 1
2
− x)2 ln 2

(upper 
urve ending in (0.5, 1)) and

x log2(e/x) (upper 
urve starting in

(0, 0))|see Note 5.2 below.

H(x) := −x log2 x−(1−x) log2(1−x)

for x 2 R, 0 < x < 1, with the 
on-

tinuous extensionH(0) := H(1) := 0.

The fun
tion is symmetri
 about

1
2
,

where H( 1
2
) = 1. It is in
reasing for

0 � x � 1
2
, see Figure 5.4.

Lemma 5.6 n 2 N, ρ 2 R
+

, ρ � 1
2
.

2n�H(ρ)
p

8nρ(1−ρ)
� vol(n, ρn) � 2n�H(ρ) .

Proof . The argument for

the lower bound is omitted, 
f.

[Ma
Williams, Sloane, 1977, Chap-

ter 10, Corollary 9℄. For the upper

bound we derive with reminis
en
e

of the previous proof

1 = (ρ+ (1− ρ))n

=

n∑

i=0

 

n

i

!

ρi(1− ρ)n−i
(binomial theorem)

=

n∑

i=0

 

n

i

!

(1− ρ)n
 

ρ

1− ρ

!i

�

ρn∑

i=0

 

n

i

!

(1− ρ)n
 

ρ

1− ρ

!i

(trun
ation of sum)

�

ρn∑

i=0

 

n

i

!

(1− ρ)n
 

ρ

1− ρ

!ρn

(

ρ
1−ρ

� 1 and i � ρn always)

=

ρn∑

i=0

 

n

i

!

︸ ︷︷ ︸
vol(n,ρ n)

� ρρn(1− ρ)(1−ρ)n

︸ ︷︷ ︸
2−n�H(ρ)

whi
h implies the desired inequality.
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For ρ 
onstant, we see that the upper bound is sharp up to a polynomial

fa
tor in n (of the order

1
p

n
). After 
al
ulating H( 1

4
) = 2 − 3

4
log2 3, we


on
lude that vol(n, n
4
) is roughly (4 � 3−3/4)n = 1.7548...

n
, a negle
table

fra
tion 
ompared to the overall number 2n of verti
es (the probability

that a vertex u.a.r. from the n-
ube falls in a given ball of radius

n
4
is

roughly 0.8774...
n
).

Again the estimate has its limits. We still have no 
lue of how fast the

volume de
reases as we de
rease the radius

n
2
a bit. For whi
h radii a ball


overs only a polynomially small fra
tion,

1
n2 say, of the n-
ube?

Radius Close to Half the Dimension. Before we pro
eed let us establish a

simple relation between vol(n, r) and a sequen
e of nmutually independent

head-tail experiments with a fair 
oin. For i 2 {1..n}, let Xi be the random

variable whi
h attains +1 if the ith experiment shows head, and −1 if it

shows tail; that is Pr (Xi = +1) = Pr (Xi = −1) = 1
2
. Then X =

∑n
i=1 Xi

tells us how many more heads than tails we en
ountered in the 
ourse of

the experiment. It is easily seen that E(X) = 0.

Lemma 5.7 n 2 N, λ 2 R. With X the random variable de�ned above

Pr(X � λ) =
vol(n, n−λ

2
)

2n
.

Proof. 2n � Pr (X � λ) is the number of sequen
es s in {−1,+1}n where

the number |s|
�

of +1's in s ex
eeds the number |s|
	

of −1's in s by λ at

least, i.e. |s|
�

− |s|
	

� λ, or equivalently, |s|
	

�

n−λ
2

(sin
e |s|
�

= n − |s|
	

).

Now if we substitute 1 for −1 and 0 for +1 then these are the verti
es of

the n-
ube in the ball of radius

n−λ
2


entered at 0n, the number of whi
h

we denoted by vol(n, n−λ
2
). The 
laimed relation is established.

We are ready for the next bound.

Lemma 5.8 (Chernoff Bound) n 2 N, δ 2 R
+

.

vol(n,
n

2
− δ) < e−2δ2/n

� 2n .

Proof. For X as above we show

9

Pr (X � λ) < e−λ2/(2n)
for any λ 2 R

+

whi
h will give the bound in the lemma via Lemma 5.7 (by setting λ := 2δ).

9

With an argument almost verbatim from [Spen
er, 1987℄.
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For t 2 R
+

and i 2 {1..n}, E
�

etXi

�

= 1
2
(et + e−t) < et

2/2
. In order to jus-

tify the inequality, we investigate the Taylor series of the terms involved.

10

1

2

�

et + e−t
�

=
1

2

∞∑

i=0

 

ti

i!
+

(−t)i

i!

!

=
1

2

∞∑

i=0

2
t2i

(2i)!
<

∞∑

i=0

t2i

2i i!
= et

2/2 .

Mutual independen
e of the Xi's allows the following estimate.

E

�

etX
�

= E

0

�

n∏

i=1

etXi

1

A =

n∏

i=1

E

�

etXi

�

<

n∏

i=1

et
2/2 = et

2n/2 .

It is time for Markov's Inequality.

Pr (X � λ) = Pr

�

etX � etλ
�

�

E

�

etX
�

etλ
< et

2n/2−tλ ,

for all t 2 R
+

. The parameter t 
an be 
hosen so that

t2n
2

− tλ is as small

as possible. This is attained for t = λ
n
, whi
h yields the inequality 
laimed

in the beginning of the proof.

We now 
an 
on
lude

vol(n,
n

2
− ν

p

n) < e−2ν2

2n

and

vol(n,
n

2
− ν

p

n lnn) < n−2ν2

2n .

For a radius of

n
4
the bound is

vol(n,
n

4
) = vol(n,

n

2
−

n

4
) < (e−1/82)n = 1.7649...

n

whi
h is a
tually 
lose to the right base of 1.7548...
we had derived earlier.

Note 5.1 For a 
omparison of the bounds in Lemmas 5.5 and 5.6 observe that

(5.1) a
tually shows that vol(n, r) �
(1+λ)n

λr =: f(λ) for all λ 2 R, 0 < λ � 1. With

λ = r
n the bound in Lemma 5.5 evolves, but a more ambitious atta
k will sear
h

for the λ whi
h minimizes f in the given range. This is easily done by setting the

�rst derivative f 0(λ) =
(1+λ)n−1

λr+1 ((n − r)λ − r) to 0 whi
h suggests λ = r
n−r = ρ

1−ρ

10(et + e−t) /2, also denoted as 
osh(t), hyperboli
 
osine.
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(for ρ = r
n
) as long as r � n

2
. This a
tually yields the bound of Lemma 5.6, whi
h

thus is always superior to the bound in Lemma 5.5.

Note 5.2 Let us relate the upper bounds of Lemmas 5.6 and 5.8. The �rst one

is vol(n, ρn) � (2H(ρ))n, the se
ond one we 
an rewrite as

vol(n, ρn) = vol(n,
n

2
− (

1

2
− ρ)n) <

�

21−2( 1
2
−ρ)2 ln 2

�n
.

(and, for the sake of 
ompleteness, the bound in Lemma 5.5 as (2ρ log2(e/ρ))n).

Therefore the relation of the fun
tions H(ρ) and 1 − 2(12 − ρ)2 ln 2 in the range

0 � ρ � 1
2
de
ides whether the �rst or the se
ond bound is better, see Figure 5.4

for their graphs. I leave it as an exer
ise to prove or disprove that the se
ond

fun
tion indeed majorizes the �rst one in this range as the �gure suggests.

Even if so, the Cherno� bound in Lemma 5.8 has its merits, be
ause we 
an

retrieve from it a better understanding for the volume when the radius is of the

form

n
2 − o(n).

Covering the Cube with Balls (Covering Codes). A 
ode C of length n is a

subset of {0, 1}n. The 
overing radius of C is the smallest radius r su
h

that the balls of radius r 
entered at the elements of C 
over all of {0, 1}n; or

equivalently, the smallest r su
h that every element of {0, 1}n is at distan
e

at most r from at least one of the elements in C, or simply

r := max

u2{0,1}n
min

v2C
dH(u, v) .

For example, the 
overing radius of the 
ode {0n, 1n} is
j

n
2

k

. The normalized


overing radius is ρ := r
n
.

For r the 
overing radius of C, we see that |C| �vol(n, r) has to be at least

2n, and so

|C| �
2n

vol(n, r)
� 2(1−H(ρ))n ,

with ρ the normalized 
overing radius. This 
onstitutes a lower bound on

the size of a 
ode with 
overing radius r or smaller. Up to a fa
tor of n

this bound 
an be a
hieved.

Lemma 5.9 n 2 N, r 2 N0. There exists a 
ode of length n of 
overing

radius at most r with at most

&

n � 2n

vol(n, r)

'

= O
�

2(1−H(ρ))n
poly(n)

�
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elements.

Proof. We 
hoose the elements of the 
ode u.a.r. from {0, 1}n with repla
e-

ment,

l

n�2n

vol(n,r)

m

of them, and we show that there is a positive probability

that this 
ode has 
overing radius at most r. This shows the existen
e of a


ode as 
laimed.

Let u be some element in {0, 1}n. The probability that it has distan
e

ex
eeding r from all elements in the randomly generated 
ode|we say u

is not 
overed|is

 

1−
vol(n, r)

2n

!

dn�2n/vol(n,r)e

� e−n.

Consequently, the probability that there is an element in {0, 1}n not 
overed

is at most 2ne−n
, and thus the probability that all elements are 
overed is

at least 1−
�

2
e

�n
> 0. In fa
t, the probability qui
kly tends to 1 as n grows.

Exercise 5.12 Lower Bound for Binomial CoeÆ
ient

For k, n 2 N, k � n, show that

�

n
k

�

�

�

n
k

�k
(thereby establishing the

lower bound in Lemma 5.5).

Exercise 5.13 Volume versus Boundary

k, n 2 N0, k � n
2
. Show that

 

n

k

!

�

k∑

i=0

 

n

i

!

�

 

n

k

! 

1+
k

n− 2k + 1

!

.

Exercise 5.14 Far from Home

We re
all the de�nition of a symmetri
 random walk (Wt)t2N0 on Z
from Chapter 3. For n, k 2 N, show that

Pr(|Wn| � k |W0 = 0) =
vol(n, n−k

2
)

2n−1
.

Is the identity true for k = 0?

Exercise 5.15 Prove or refute. For all 0 � x < 1
2
,

H(x) < 1− 2(
1

2
− x)2 ln 2 .
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Exercise 5.16 Ellipsoids in the Cubi
al World

Given k, n 2 N0 and verti
es u and v in the n-
ube, we let

ell(u, v, k) := {w 2 {0, 1}n | dH(w,u) + dH(w, v) � k} .

(1) What 
an you say about ell(u, v, dH(u, v))?

(2) What is the smallest k (in terms of n and dH(u, v)) su
h that

ell(u, v, k) 
omprises the whole n-
ube?

(3) In general, how many verti
es are in (what is the volume of)

ell(u, v, k)?

Exercise 5.17 Football Pools

(from [Cohen et al., 1997℄) Assume we wish to pla
e bets on the win-

ners of n football mat
hes. A bet is a predi
tion of the winners of

these n mat
hes|no ties allowed. We are interested in the smallest

number of bets needed to guarantee that at least one of them has at

most r in
orre
t predi
tions.

Hint: Relate this to 
overing 
odes.

Exercise 5.18 n 2 N0. n real numbers, i.e. points on the real line R indu
e

n + 1 intervals between these points, two of whi
h are in�nite (unless

n = 0). Show the generalizations to higher dimensions.

(1) The 
omplement of the union of n lines in R2
in general position

(i.e. no two parallel and no three through a 
ommon point) 
onsists of

1+n+
�

n
2

�


onne
ted 
omponents (
alled 
ells of the line arrangement).

(2) d 2 N. The 
omplement of the union of n hyperplanes in Rd
in

general position

11

(i.e. any d of them have a unique 
ommon point)


onsists of

∑d
i=0

�

n
i

�


onne
ted 
omponents (
ells of the hyperplane ar-

rangement).

Hint: Employ proof by indu
tion over number of hyperplanes and dimension.

When adding a hyperplane to n−1 hyperplanes, note that the interse
tion of this

new hyperplane with the old ones is an arrangement of dimension d− 1. And the


ells in this (d − 1)-dimensional arrangement a

ount exa
tly for the 
ells whi
h

get split by the newly added hyperplane.

11

The right de�nition of general position is: Any i � d of the hyperplanes interse
t in a

(d− i)-
at. This is the same as requiring that any d interse
t in a unique point (a 0-
at),
unless n < d.
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Exercise 5.19 And now Generalize

q 2 N. Consider the graph with vertex set {0..q− 1}
n
where two se-

quen
es are adja
ent if they disagree on exa
tly one position.

(1) What is the number of verti
es and edges of this graph? What is

the diameter? What is the 
onne
tivity?

(2) De�ne fa
es! How many are there?

(3) What is the volume of balls of radius r in this graph? Can you

derive estimates for this quantity?

(4) et
.



Chapter 6

Coding and k-SAT Algorithms

We start with the question \How eÆ
iently (in terms of number of bits

ne
essary) 
an we en
ode satisfying assignments of a given CNF formula?"

The \usual" en
oding agrees on some ordering of the variables V and repre-

sents a (satisfying) assignment by a sequen
e in {0, 1}n of length n, n := |V |.

A
tually, in general, there is no spa
e for improvement: First, the empty

CNF formula over V has 2n satisfying assignments. Se
ond, we have the

following fundamental information-theoreti
 fa
t.

Lemma 6.1 If e : S→ {0, 1}� is a pre�x-free en
oding (i.e. inje
tive), then

the average 
ode length

�∑
x2S |e(x)|

�

/|S| is at least log2 |S|.

Proof. The Kraft Inequality (Lemma 5.3) tells us that

∑
x2S 2

−|e(x)|
� 1.

Employ this in

− log2

 ∑
x2S 2

−|e(x)|

|S|

!

�

∑
x2S − log2 2

−|e(x)|

|S|
=

∑
x2S |e(x)|

|S|
(6.1)

and the lemma follows. The inequality in (6.1) is a 
onsequen
e of Jensen's

Inequality (see Lemma A.2) sin
e a 7→ − log2 a is a 
onvex fun
tion on R
+

.

So as long as we want to stay with pre�x-free 
odes, n bits are ne
essary

on the average and we are done. What we will do, though, is to show that

under a 
ertain 
ondition (that remains to be spe
i�ed) eÆ
ient en
odings

are possible. And if these 
onditions are not met, there will be many

satisfying assignments.

131
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These ideas will suggest the following for an algorithm. Either there

are many satisfying assignments, when it is easy to �nd one. Or there

are few, when we try to de
ode all \short" 
ode words to �nd a satisfying

assignment. The a
tual algorithm we will 
onsider will be simple and

natural|the 
hallenge is to supply an analysis for it.

The mysterious 
ondition states that there is a satisfying assignment

that has only few satisfying neighbors in the 
ube.

So mu
h for a rough outline, we will develop towards more spe
i�


de�nitions and fa
ts.

6.1 Encoding Satisfying Assignments

Along an example we start with a re�ned dis
ussion of the ideas we want

to pursue.

An Example. Consider the CNF formula with 
lauses

{x1, x2}, {x2, x3, x4}, {x1, x4}, {x1, x3} .

The sequen
e 0101 is a satisfying assignment (with the 
onvention that x1
gets assigned the �rst bit in the sequen
e, x2 the se
ond, and so on). If you

start telling this sequen
e to somebody else (who knows the formula, the

order of variables, and that the assignment is satisfying), she 
an 
on
lude

the se
ond bit after seeing the �rst bit: This is so, be
ause x1 7→ 0 leaves

x2 7→ 1 as the only possibility to satisfy 
lause {x1, x2}. After x1 7→ 0 and

x2 7→ 1 is set, she may want to know the bit for x3, whi
h is 0, while

x4 is for
ed to be 1 be
ause of the third 
lause. That is, the sequen
e

0 � 0� 
arries enough information to spe
ify the sequen
e 0101. In fa
t, 00

(without spe
ifying to whi
h positions the bits 
orrespond) suÆ
es, if we

agree to skip a value exa
tly if it is determined, be
ause the 
orresponding

variable or its negation are left as the last possible satisfying literal in a


lause. Here it is important to sti
k to this proto
ol, and not to try to be

too smart: You may have realized that a
tually x3 7→ 0 is already implied

by x1 7→ 0 and x2 7→ 1 (why?)|still, we list x3's value in 00. With this


onvention, it is possible to eÆ
iently de
ode the sequen
e.

1

1

We 
ould, of 
ourse, agree to skip exa
tly those bits whi
h are implied by previous bits.

However, de
iding this is an NP-
omplete problem, and thus neither eÆ
ient en
oding

nor de
oding is possible, at least not a

ording to 
urrent state of the art.
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The example also illustrates that the en
oding, and even its length de-

pend on the underlying agreed upon ordering of the variables. For example,

if the order were (x1, x2, x4, x3), then the single bit 0 en
odes the above sat-

isfying assignment (whi
h is now 0110 sin
e the order 
hanged). And with

the order (x2, x3, x4, x1) the same assignment en
odes as 101.

Another observation: The satisfying assignment above is rigid in the

sense that 
ipping any single value of it will make it unsatisfying. With

the 
ube-setting in mind, we 
all su
h an assignment isolated. Note that

this means that every variable or its negation appear as the only satisfying

literal in one of the 
lauses. Clearly, this is a ne
essary 
ondition for its

value to be determined in an en
oding, but whether it is indeed, depends

on the order in whi
h we 
onsider the variables.

The goal of this se
tion is to show that isolated (or 
lose to isolated) sat-

isfying assignments have short en
odings, and to 
on
lude (with Lemma 6.1)

an upper bound on the possible number of isolated satisfying assignments.

The Formal Set-Up. We let SV denote the set of bije
tive mappings {1..n} −→
V, and we will be sloppy

2

in referring to this as the set of permutations of

V.

Let us �rst spe
ify the pro
edures for en
oding and de
oding, see fun
-

tion pro
edures en
ode() and de
ode(), respe
tively.

F CNF formula over

V , α 2 {0, 1}V , π 2 SV .

Pre
ondition:

α 2 satF(V).

Post
ondition:

returns a string in

{0, 1}�.

function en
ode(α, F, V, π)

ε← empty string;

for i← 1 to |V | do

x← π(i);

if {x} 62 F and {x} 62 F then

ε← εα(x);

F← F[x 7→α(x)];

return ε;

Assuming F and V to be �xed, we will denote the output of the 
all

en
ode(α, F, V, π) by en
(α, π). De
oding just reverts the pro
ess, as spe
i-

2

Re
all that, stri
tly speaking, a permutation of a set M is a bije
tive map in MM
,

and not an ordering of the elements in M or su
h like, although it is sometimes 
onvenient

to think of it this way.



134 CHAPTER 6. CODING AND K-SAT ALGORITHMS

�ed by pro
edure de
ode(). Here are two basi
 fa
ts that follow quite easily.

ε = (εj)
|ε|
j=1 2 {0, 1}�, F

CNF formula over V ,

π 2 SV .

Post
ondition:

returns α with

ε = en
(α, π), if it

exists, and the empty

map, otherwise.

function de
ode(ε, F, V, π)

j← 0; α← ;;

for i← 1 to |V | do

x← π(i);

if {x} 2 F then b← 1;

elseif {x} 2 F then b← 0;

else

if j = |ε| then return ;;

j← j+ 1; b← εj;

α← α [ {x 7→ b}; F← F[x 7→b];

if ✷ 2 F or j 6= |ε| then return ;;

else return α;

Observation 6.2 (i) Given a CNF formula F over V and π 2 SV , the

mapping en
(�, π) is a pre�x-free en
oding of satV(F).

(ii) Given π 2 SV , pro
edure de
ode() with permutation π 
omputes the

inverse of en
(�, π) on the image of satV(F) under en
(�, π).

Given an assignment α 2 satV(F), we 
all a variable x 2 V 
riti
al for

α if 
ipping the value of x in α stops it being satisfying. This requires

at least one 
lause in F that has x or x as the unique literal that is set

to 1 by α. Su
h a 
lause is 
alled 
riti
al for

3 x. By

4 j(α) we denote

the number of 
riti
al variables for α, and we say that α is j-isolated, if

j(α) � j. n-isolated assignments (thus j(α) = n) are 
alled isolated.

Lemma 6.3 (Satisfiability Coding Lemma) If α is a j-isolated satisfying as-

signment of a (� k)-CNF formula over n variables, then its expe
ted


oding length (for the order of variables 
hosen u.a.r. from all n! per-

mutations) is at most n − j
k
.

3

Every 
riti
al variable has a 
lause whi
h is 
riti
al for it, and every 
riti
al 
lause is


riti
al for exa
tly one variable

4

For α 2 satV (F), let deg(α) denote the number of neighbors of α in the V-
ube that
are satisfying (re
all Lemma 5.4). Then deg(α) = n − j(α).
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Proof. Sin
e α is j-isolated, there are j variables with a 
riti
al 
lause;

we �x one su
h 
riti
al 
lause Cx for ea
h su
h variable x. The probability

for x to appear as the last variable of vbl(Cx) in a random permutation is

1
|Cx |

�

1
k
. If it is last, its bit will be skipped in the en
oding. Therefore, the

expe
ted number of bits skipped in an en
oding with a random permutation

is at least

j
k
whi
h proves the lemma.

Lemma 6.4 j 2 N0, k, n 2 N. Any (�k)-CNF formula over n variables has

at most 2n−j/k
satisfying assignments that are j-isolated. (In parti
ular,

there are at most 2n−n/k
isolated satisfying assignments.)

Proof. Given a j-isolated satisfying assignment, its average 
ode length

over all variable permutations is at most n− j
k
. Therefore, the expe
ted 
ode

length of a u.a.r. 
hosen j-isolated satisfying assignment for a u.a.r. variable

permutation is at most n − j
k
. Consequently, there exists a permutation,

for whi
h the expe
ted 
ode length of a u.a.r. 
hosen j-isolated satisfying

assignments is at most n− j
k
. Now, sin
e the 
odes we 
onsider are pre�x-

free, Lemma 6.1 steps in and shows that there 
annot be more than 2n−j/k

satisfying assignments that are j-isolated.

If that was a bit fast, let us do it more expli
itly|an example of double


ounting. Let F be the (� k)-CNF formula under 
onsideration, let V be

the variable set, and Let A be the set of j-isolated satisfying assignments.

For α 2 A we know that

1
n!

∑
σ2SV

|en
(α, σ)| � n− j
k
. Hen
e,

1

n!

∑

σ2SV

0

�

1

|A|

∑

α2A

|en
(α, σ)|

1

A

︸ ︷︷ ︸
(�)

=
1

|A|

∑

α2A

0

�

1

n!

∑

σ2SV

|en
(α, σ)|

1

A

� n −
j

k

and thus for at least one permutation σ 2 SV the term (�) has to be at

most n− j
k
. This permutation 
erti�es that there is a pre�x-free en
oding

of A of average length at most n− j
k
.

Finally, we show that the bound 
annot be improved upon for the 
ase

of isolated satisfying assignments. Let n := mk, m, k 2 N. The formula

m−1̂

i=0

(xik+1 � xik+2 � . . .� xik+k)
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has an equivalent k-CNF formula over variable set {x1, x2, . . . , xn} (with

m2k−1

lauses). All satisfying assignments to this formula are isolated, and

there are (2k−1)m = 2mk−m = 2n−n/k
of them.

Exercise 6.1 Harmoni
 vs. Geometri
 Mean

Prove the harmoni
 versus geometri
 mean inequality

0

�

∑n
i=1

1
xi

n

1

A

−1

�

n

v

u

u

u

t

n∏

i=1

xi for n 2 N and xi's in R
+

,

with the help of Jensen's Inequality.

Exercise 6.2 Many j-Isolated Satisfying Assignments

j 2 N0, k, n 2 N. Find (�k)-CNF formulas over n variables with many

j-isolated satisfying assignments also for j < n.

6.2 A Randomized k-SAT Algorithm

Consider pro
edure ppz() for �nding a satisfying assignment. We will an-

alyze its probability of su

ess, provided the CNF formula is satis�able.

Along the usual lines we 
an repeat the pro
edure in order to boost the

su

ess probability.

F CNF formula over V .

Post
ondition:

returns an assign't

satisfying F or the

empty map.

function ppz(F, V)

π←
random

SV ; α← ;;

for i← 1 to |V | do

x← π(i);

if {x} 2 F then b← 1;

elseif {x} 2 F then b← 0;

else b←
random

{0, 1};

α← α [ {x 7→ b}; F← F[x 7→b];

if ✷ 2 F then return ;;

return α;

On the one hand, the pro
edure is a natural way to pro
eed: It simply

builds a random satisfying assignment variable by variable, ex
ept that it
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refrains from making too obvious mistakes with respe
t to generating a

satisfying assignment (namely to set a literal to 0 although it forms a 1-


lause in the 
urrent restri
tion of F). On the other hand, it 
an be viewed

as the de
oding pro
edure de
ode() applied to a random {0, 1}-string with

a random permutation.

Lemma 6.5 The probability, that ppz() �nds a satisfying assignment in

a satis�able (�k)-CNF formula over n variables is at least 2−n+n/k
.

Proof. Fix a (�k)-CNF formula F over V, |V | = n. The main observation

for the proof is as follows: If the algorithm de
ides for a permutation σ then

in order to generate a spe
i�
 satisfying assignment α, it has |en
(α, σ)| free


hoi
es, whi
h|sin
e made at random|
ome out right with probability

2−|en
(α,σ)|
. Thus

Pr (ppz() returns α) =
∑

σ2SV

Pr (ppz() returns α |π = σ) � Pr (π = σ)

=
∑

σ2SV

2−|en
(α,σ)|
�

1

n!

� 2
1
n!

∑
σ2SV

−|en
(α,σ)|

� 2−n+j(α)/k

The penultimate inequality uses Jensen's Inequality (with the fun
tion a 7→
2a whi
h is 
onvex on R). The last inequality uses the monotoni
ity of

a 7→ 2a and the fa
t that the average 
ode length of a j-isolated satisfying

assignment is at most n − j
k
.

Note that if there is an isolated satisfying assignment α (i.e. j(α) = n)

then we are done. If not, we have to go through the following estimate. It

exploits the fa
t that if there are no j-isolated satisfying assignments for
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large j, then there have to be many (as quanti�ed by Lemma 5.4).

Pr (ppz() returns some α 2 satV(F)) =
∑

α2satV (F)

Pr (ppz() returns α)

�

∑

α2satV (F)

2−n+j(α)/k

= 2−n+n/k
∑

α2satV (F)

2−(n−j(α))/k

� 2−n+n/k
∑

α2satV (F)

2−(n−j(α))

� 2−n+n/k

For the last inequality we re
all that n − j(α) = deg(α) (see Footnote 4),

and with this in mind we use Lemma 5.4.

We are by now well-experien
ed

5

to turn this into the following Monte-

Carlo type of result.

Theorem 6.6 For a (� k)-CNF formula F over n variables, the proba-

bility that λ2n−n/k
independent repetitions of ppz() �nd no satisfying

assignment, even though one exists, is at most e−λ
.

Con
rete Bounds that follow from this theorem are Monte-Carlo algorithms

for k-SAT with running time O(2(2/3)n poly(n)) = O(1.588n) for k = 3 and

O(2(3/4)n poly(n)) = O(1.682n) for k = 4.

Note 6.1 The results of this se
tion are from [Paturi et al., 1997℄. That paper

supplies also a derandomized version of ppz() whose time 
omplexity approa
hes

O(2n−n/(2k)) for large values of n and k. The randomized pro
edure was further

improved by these authors in [Paturi et al., 1998℄ (O(1.447n) Monte-Carlo for 3-

SAT).

Some of these bounds will be improved upon in the next 
hapter, where we

will also summarize the 
urrently best known bounds.

Exercise 6.3 Re
all the example of a k-CNF formula over n variables

with 2n−n/k
isolated satisfying assignments. What 
an you say about

the su

ess probability of ppz() for su
h a formula.

5

Re
all that if we repeat an experiment with su

ess probability p for dλ/pe rounds,
then the probability of always failing is (1− p)dλ/pe � e−pλ/p = e−λ

.
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Exercise 6.4 Make it Hard for ppz()

Des
ribe (�k)-CNF formulas over n variables for whi
h you 
an prove

a small su

ess probability for ppz() (ideally as small as 2−n+n/k
).
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Chapter 7

Hamming Balls and k-SAT Algorithms

We start with a pro
edure that sear
hes for a satisfying assignment of a

CNF formula F. Besides F, it holds an assignment α as parameter. If

this assignment satis�es F we are done, otherwise we take a 
lause C not

satis�ed|thus all literals in C are mapped to 0 by α|and try for ea
h

literal u in C re
ursively whether setting u to 1 yields a satis�able formula.

There is a third parameter r 2 N0, though, whose bene�ts will materialize

promptly. Namely, we sear
h only for a satisfying assignment that di�ers

from α in at most r variables. In other words, in the 
ube of all assignments

we sear
h for a satisfying assignment within the Hamming ball of radius r


entered at α.

F CNF, α assign't,

r 2 N0.

Pre
ondition:

α total for F.

Post
ondition:

returns true if there is

an assign't satisfying F

at distan
e �r from α.

And false, otherwise.

function sb(F, α, r)

if α satis�es F then return true;

elseif r = 0 then return false;

else

C←
some in

{D 2 F | α does not satisfy D};

for all u 2 C do

if sb(F[u 7→1], α, r − 1) then return true;

return false;

It is easy to see that pro
edure sb() (\sear
h ball") serves its purpose:

Given F and α, either α satis�es F, or for a 
lause C not satis�ed by α

at least one literal in C has to 
hange (
ompared to α) its value in any

141
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satisfying assignment. (In parti
ular, if C is an empty 
lause, the pro
edure


an return false right away.)

For the analysis, we get

Lemma 7.1 r 2 N0, k 2 N, k � 2. For a (� k)-CNF formula F, a 
all

sb(F, α, r) with α an assignment on V � vbl(F) entails at most

kr+1−1
k−1


alls to sb() (in
luding the initial 
all). Thus it 
an be implemented to

run in time O(kr
poly(n)), n := |V |.

Proof. Let t(r) be the maximum possible number of 
alls entailed by a


all with a (�k)-CNF formula and parameter r. Then

t(r) �

{
1 if r = 0, and

1+ k � t(r− 1) otherwise.

This readily gives the asserted bound.

An Easy Deterministic Procedure for 3-SAT. We see that for a (�3)-CNF for-

mula F over n variables and r = bn/2
, the pro
edure takes timeO(3n/2poly(n)) =

O(1.733n) whi
h is substantially less than the number of assignments at

distan
e bn/2
 whi
h is roughly 2n−1
. This 
an be exploited by de
iding

the existen
e of a satisfying assignment by two 
alls sb(F, α0, bn/2
) and

sb(F, α1, bn/2
) where α0 maps all variables to 0 and α1 all variables to 1.

Sin
e every assignment has distan
e at most bn/2
 either from α0 or from

α1, the sear
h will not miss a satisfying assignment if one exists at all. The

overall running time is still upper bounded by O(1.733n).

The Volume of Hamming Balls. We re
all from Chapter 5 that for r 2 R and

n 2 N0, vol(n, r) :=
∑r

i=0

�

n
r

�

is the number of assignments at distan
e at

most r from a given assignment on n variables|the \volume" of a 
losed

Hamming ball of radius r in the n-
ube. And for ρ := r/n (the normalized

radius) with 0 < ρ � 1
2
we have the estimate (Lemma 5.6)

(8nρ(1− ρ))−1/2 2H(ρ)n
� vol(n, r) � 2H(ρ)n ,

where H(ρ) := −ρ log2 ρ − (1−ρ) log2(1−ρ), the binary entropy fun
tion.

A value of interest shortly is ρ = 1
4
; we have

H( 1
4
) = −1

4
log2

1
4
− 3

4
log2

3
4
= 2− 3

4
log2 3.

That is, vol(n, n
4
) is

�

4 � 3−3/4
�n

up to a polynomial fa
tor.
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A Simple Randomized Improvement. Let F be a satis�able (�3)-CNF formula

over V, n := |V |. If we 
hoose an assignment α u.a.r. in {0, 1}V, then the ball

of radius r := bn/4
 
entered at α 
ontains a �xed satisfying assignment

α� with probability

vol(n,r)

2n
�

�

2 � 3−3/4
�n

/poly(n), whi
h will be found by

a 
all sb(F, α, r) in time O(3n/4poly(n)). Hen
e, if we repeat this sear
h

with a new random assignment, then the expe
ted number of trials until a

satisfying assignment is found is at most (33/4/2)n poly(n) and the expe
ted

time is at most O(
�

3n/4 33n/4/2n
�

poly(n)) = O((3/2)n poly(n)).

If we take a not ne
essarily satis�able (� 3)-CNF formula over n vari-

ables, and we repeat the above sear
h for dλ 2n/vol(n, r)e rounds without

su

ess, then|along by now familiar lines

1

|we 
an 
on
lude that there is

no satisfying assignment with error probability at most e−λ
.

Lemma 7.2 There is a deterministi
 algorithm that de
ides satis�ability

of a (� 3)-CNF formula over n variables in time O(
p

3
n
poly(n)) =

O(1.733n).

λ 2 R, λ > 0. There is a randomized algorithm with running time

O(λ � 1.5n poly(n)) that either �nds a satisfying assignment of a (�3)-

CNF formula over n variables, or 
on
ludes unsatis�ability with error

probability at most e−λ
.

Both results will now be improved upon, and extended to arbitrary k � 3.

7.1 A Deterministic Algorithm

The deterministi
 pro
edure sear
hes from the two antipodal 
onstant as-

signments 7→ 0 and 7→ 1. What about 
hoosing more starting points? In

fa
t, that's what we did in the randomized pro
edure. We will now show

that we 
an 
hoose them in a deterministi
 fashion. For that we swit
h to

the language of 
overing 
odes from Se
tion 5.2.

7.1.1 Employing Covering Codes

We showed that for n 2 N and r 2 N0 there exists a 
ode of length n

of 
overing radius at most r with at most O
�

2(1−H(ρ))n
poly(n)

�

elements

(Lemma 5.9).

1

Re
all Footnote 5 in Chapter 6.
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So the bound looks promising and helpful, but it isn't satisfa
tory either,

sin
e the proof of the bound did not reveal a method for generating a good


ode in a deterministi
 fashion.

Let us suppose we 
an for a moment. Then we 
hoose some r, generate a


ode of 
overing radius r or smaller of the size given in Lemma 5.9, and use

the elements of the 
ode as starting assignments for a sear
h with radius

r|this takes kr
time for a (� k)-CNF formula up to a polynomial fa
tor.

That is, altogether the time is (up to a polynomial fa
tor)

2(1−H(ρ))nkρn = 2(1−H(ρ)+ρ log2 k)n .

The �rst derivative of g(ρ) := 1−H(ρ) + ρ log2 k is

log2 ρ+
1

ln 2
− log2(1− ρ) −

1

ln 2
+ log2 k = log2

kρ

1− ρ

whi
h is 0 for ρ = 1
k+1

, where g attains its minimum value for 0 < ρ < 1.

g

 

1

k+ 1

!

= 1+ 1
k+1

log2
1

k+1
+ k

k+1
log2

k
k+1

+ 1
k+1

log2 k

= 1+
�

1
k+1

+ k
k+1

�

log2
1

k+1
+
�

k
k+1

+ 1
k+1

�

log2 k

= 1+ log2

k

k + 1

and 2g(1/(k+1))n =
�

2 k
k+1

�n
=
�

2− 2
k+1

�n
. This is 1.5n for 3-SAT, 1.6n for

4-SAT, et
. Hen
e, it seems worthwhile to invest in eÆ
ient 
onstru
tions

of su
h 
odes.

7.1.2 Constructing Covering Codes

We present two deterministi
 algorithms of varying time 
omplexity and

varying guarantee 
on
erning the size of the 
ode.

Greedy Algorithm. Constru
ting a small 
overing 
ode is a set 
overing

problem: We want to 
over the verti
es {0, 1}n of the n-
ube by few balls

of given radius r. The greedy algorithm su

essively 
hooses a next ball

so that as many as possible yet un
overed verti
es are 
overed. It is well
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known, that this gives a 
over of size at most a fa
tor (1 + ln 2n) = O(n)

o� the size of the optimal 
over.

2

In a na��ve implementation we asso
iate with ea
h vertex the number

of yet un
overed elements in the ball of radius r 
entered at this element.

Ea
h time we sele
t a new vertex for the 
ode, we 
an update these numbers

in time O(22npoly(n)). There are at most 2n iterations, so the overall time

is O(23npoly(n)) (all of these are 
rude over-estimates, of 
ourse). We have

Lemma 7.3 n 2 N, ρ 2 R, 0 < ρ � 1
2
. A 
ode of length n with 
overing

radius at most ρn and size O(2(1−H(ρ))n
poly(n)) 
an be 
onstru
ted in

time O(23n poly(n)).

Splitting into Linear Size Blocks. Fix some d 2 N and let n be an integer

multiple of d. First we 
onstru
t a 
ode C

0

of length

n
d
via the pro
edure

des
ribed above. Then we let C := C

0d
, that is the set of all possible


on
atenations of d (not ne
essarily distin
t) elements in C

0

. We have

spent time O
��

23n/d + |C|
�

poly(n)
�

and the size of C is

O

�

�

2(1−H(ρ))n/d
poly(n/d)

�d
�

= O
�

2(1−H(ρ))n
polyd(n)

�

,

where polyd indi
ates that the degree of the polynomial depends on d.

Therefore, if 3/d � (1−H(ρ)), that is d � 3/(1−H(ρ)), then the time

needed for the 
onstru
tion is the size of the 
ode times a polynomial fa
tor

(with the degree depending on ρ).

Lemma 7.4 n 2 N, ρ 2 R, 0 < ρ � 1
2
. A 
ode of length n with 
overing ra-

dius at most ρn and of size O
�

2(1−H(ρ))n
polyρ(n)

�


an be 
onstru
ted in

time and spa
e O
�

2(1−H(ρ))n
polyρ(n)

�

. (polyρ is a polynomial of degree

O
�

1
1−H(ρ)

�

.)

Pro
edure 
ov() represents the deterministi
 approa
h based on 
overing


odes developed in this se
tion (due to [Dantsin et al., 2002℄) with the time


omplexity summarized in Theorem 7.5.

2

A result due to [Johnson, 1974℄ and [Lov�asz, 1975℄, see e.g. [Cormen et al., 1990, Se
-

tion 37.3℄. It states that if F � 2U, U some �nite ground set, then the greedy algorithm

produ
es a 
over of U with sets in F of size at most (1+ lnmaxS2F |S|) times the size of

the smallest su
h 
over.
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F CNF formula.

Post
ondition:

returns true if F is

satis�able. And false,

otherwise.

function 
ov(F)

k← maxC2F |C|; ρ← 1
k+1 ;

n← |vbl(F)|;

C ← 
ode of length n with 
ov. radius � ρn;

for all α 2 C do

if sb(F, α, bρn
) then return true;

return false;

Theorem 7.5 k, n 2 N. Satis�ability of a (� k)-CNF formula F over n

variables 
an be de
ided in time O
��

2− 2
k+1

�n
polyk(n)

�

.

Note 7.1 Further tailored improvements for (�3)-CNF formulas lead to a variant

of sb() with running time O(2.848r poly(n)) whi
h 
an be employed for a variant

of 
ov() with running time O(1.481n). This bound for 3-SAT, and the bounds in

Theorem 7.5 for k-SAT, k � 4, are the best known and have been established in

[Dantsin et al., 2002℄. Before that, the best bound known for 3-SAT, for example,

was O(1.505n) from [Kullmann, 1999℄ following a series of improvements starting

with a bound of O(1.619n) by [Dantsin, 1981, Monien, Spe
kenmeyer, 1985℄.

Exercise 7.1 m 2 N. What is the 
overing radius of the 
ode

{03m, 0m12m, 1m0m1m, 12m0m}

of length n := 3m?

Exercise 7.2 n 2 N, r 2 N0. Show that there exists a 
ode of length n of


overing radius at most r with at most

l

(ln 2)n�2n

vol(n,r)

m

elements. ( ln 2 �

0.6931...
)

Exercise 7.3 r 2 N0, n 2 N, r � n. Show that if there is a 
ode of size M

of length n with 
overing radius at most r, then there is a 
ode of size

at most M of length n with 
overing radius exa
tly r.

Exercise 7.4 (Challenge) Adapt sb() so that it runs for a (� 3)-CNF

formula over n variables and radius argument r in O(crpoly(n)), for

some c < 3.
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7.2 A Randomized Algorithm

For the next randomized pro
edure not only will we start our sear
h for a

satisfying assignment from random assignments, but we will also do the

sear
h itself in a randomized manner. A
tually, we will take over the

random-
ip pro
edure from Se
tion 3.2, with the ex
eption that we will

let it run only for a limited number s of steps, see pro
edure rfb() (\ran-

dom 
ip bounded").

F CNF formula, s 2 N0,

α return parameter.

Post
ondition:

if true is returned then

α is an assign't on

vbl(F) satisfying F.

function rfb(F, s, α)

α←
random

{0, 1}vbl(F);

if α satis�es F then return true;

while s > 0 do

C←
some unsatis�edby α in

F;

u←
random

C;


ip assignment for u in α;

if α satis�es F then return true;

s← s− 1;

return false;

The idea is to repeatedly 
all pro
edure rfb() with appropriate s. With


lairvoyant foresight, let us use s := 3n, n := |vbl(F)|, as a 
hoi
e for

the number of steps we are willing to patiently wait for su

ess, before

we repeat the sear
h with a new random initial assignment, see pro
edure

s
h() (\S
h�oning's").

In order to determine the expe
ted number of iterations needed by s
h()

to �nd a satisfying assignment of a (� k)-CNF formula, we will have to

analyze the su

ess probability of rfb() for a satis�able (�k)-CNF formula.

F CNF formula.

Post
ondition:

returns assignment α

on vbl(F) satisfying F,

if it terminates.

function s
h(F)

n← |vbl(F)|;

repeat

until rfb(F, 3n, α);

return α;
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7.2.1 Random Walks Revisited

Similarly to the situation with pro
edure rf() in Se
tion 3.2 we 
onsider a

satis�able (�k)-CNF formula F and we �x some satisfying assignment α� on

vbl(F). Let α be some assignment not satisfying F. If the value of a random

literal in an unsatis�ed 
lause C is 
ipped in α, then with probability at

least

3

1
|C|
�

1
k
the Hamming distan
e between α and α� de
reases by 1.

Note also that the initial random assignment will have Hamming dis-

tan
e j from the �xed satisfying assignment with probability

�

n
j

�

1
2n

for

0 � j � n, n := |vbl(F)|. That is, the Hamming distan
e between α and α�

starts with the symmetri
 binomial distribution as just des
ribed, and then

in ea
h step de
reases by 1 with probability at least q := 1
k
or in
reases by

1 with probability at most 1− q = 1− 1
k
.

We model now a Markov 
hain that will be pessimisti
 
ompared to rfb()

in the sense that|via appropriate 
oupling|rfb() will �nd a satisfying

assignment with higher probability than the Markov 
hain will rea
h its

designated goal state 0.

The state set of the Markov 
hain is {S}[N0, with transition probabilities

pS,j :=
�

n
j

�

1
2n
, for 0 � j � n,

pi,i+1 := 1− q, for i 2 N,

pi,i−1 := q, for i 2 N

p0,0 := 1, and

:= 0, otherwise.

Note that this 
hain allows motion into states greater than n, while this

is not feasible for the Hamming distan
e between α and α�.

For n 2 N and q 2 R, 0 < q < 1, �xed, we 
onsider random variables Y

and Xj, j 2 N0, so that

� Y + 1 is the number of steps from S to the �rst en
ounter of 0, and

� Xj is the number of steps from j to the �rst en
ounter of 0.

Our goal is to lower estimate Pr (Y � 3n), sin
e this will provide a lower

bound for the su

ess probability of rfb(). A problem we fa
e here is that

3

Sin
e F is satis�able, C 6= ✷.
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PSfrag repla
ements

S

0

1
1 j n−1 n n+1

. . .

. . .. . .

. . . . . .

�

n
j

�

1
2n

q q q q q qqq

1−q 1−q 1−q 1−q 1−q 1−q1−q

Figure 7.1: The \pessimisti
" Markov 
hain for rfb().

for q � 1
2
the expe
tation of Y is in�nite, sin
e|as we will see|there is a

positive probability that Y =∞.

Let us �rst evaluate our 
han
es to rea
h 0 at all starting from some

state j 2 N0, and the expe
ted number of steps until we rea
h 0, if we rea
h

it at all.

Lemma 7.6 If q < 1
2
, then for all j 2 N,

Pr(Xj <∞) =

 

q

1− q

!j

and E(Xj |Xj <∞) =
j

1− 2q
.

Proof. j = 0 is trivial, so let us assume j 2 N. A

ording to the ballot

theorem, 
f. [Grimmett, Stirzaker, 1992℄, for i 2 N0, the number of walks

(with step size one) of length 2i + j from j to 0 where the �rst en
ounter
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of 0 happens in the last step is

4

�

2i+j
i

�

j
2i+j

. Hen
e,

Pr (Xj <∞) =

∞∑

i=0

 

2i+ j

i

!

j

2i+ j
(1− q)

i
qi+j

= qj

∞∑

i=0

 

2i+ j

i

!

j

2i+ j
(q(1− q))

i

= qj (B2(q(1− q)))
j
, (7.1)

for B2(z) the generalized Binomial series de�ned by

B2(z) =
∑

i

 

2i+ 1

i

!

zi

2i+ 1
=

1−
p

1− 4z

2z
,

for whi
h

(B2(z))
r
=
∑

i

 

2i+ r

i

!

r

2i+ r
zi ,

for all r 2 N, 
f. [Graham et al., 1989, Se
tion 5.4, page 293℄. So

Pr(Xj <∞) = qj

0

�

1−
q

1− 4q+ 4q2

2 (1− q)q

1

A

j

= qj

 

1

1− q

!j

.

For the expe
tation we get

E(Xj|Xj <∞) =
1

Pr (Xj <∞)

∞∑

i=0

(2i+ j)

 

2i+ j

i

!

j

2i+ j
(1− q)

i
qi+j

=
j qj

Pr (Xj <∞)

∞∑

i=0

 

2i+ j

i

!

(q(1− q))
i

=
j qj

qj (B2(q(1− q)))
j

(B2(q(1− q)))
j

q

1− 4q(1− q)
see (7.1) and (7.2)

=
j

1− 2q

4

This is the same as the number of walks of length 2i + j− 1 from j to 1 whi
h never

en
ounter 0. Without the latter restri
tion, this number is

�

2i+j−1
i

�

, sin
e we simply have

to 
hoose when we make the i in
reasing steps. Now take su
h a walk that does en
ounter

0. Re
e
t the walk after the �rst en
ounter of 0 in the sense that we make an in
reasing

step for a de
reasing step in the original walk, and vi
e versa. In this way we get a walk

from j to −1. In fa
t, we have des
ribed a bije
tion to su
h walks of length 2i + j − 1.
That is, the number in question is

�

2i+j−1
i

�

−
�

2i+j−1
i−1

�

=
�

2i+j
i

�

j
2i+j

.
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exploiting the identity

B2(z)
r

p

1− 4z
=
∑

i

 

2i+ r

i

!

zi , (7.2)

for all r 2 N, 
f. [Graham et al., 1989℄.

Lemma 7.7 If q < 1
2
,

Pr(Y <∞) =

 

1

2(1− q)

!n

. (7.3)

Proof.

Pr (Y <∞) =

n∑

j=0

 

n

j

!

1

2n
Pr (Xj <∞)

=

n∑

j=0

 

n

j

!

1

2n

 

q

1− q

!j

=
1

2n

 

1+
q

1− q

!n

with the help of the Binomial Theorem

∑n
i=0

�

n
i

�

xiyn−i = (x+ y)n.

Lemma 7.8 If q < 1
2
,

E(Y | Y <∞) =
qn

1− 2q
.

Proof. We use use Pr (A|B) = Pr (A∧ B)/Pr (B) for

E(Y |Y <∞) =

∞∑

i=0

i Pr(Y = i |Y <∞)

=
1

Pr(Y <∞)

∞∑

i=0

i Pr (Y = i)

(sin
e (Y = i)∧ (Y <∞)⇔ (Y = i))
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=
1

Pr (Y <∞)

∞∑

i=0

i

0

�

n∑

j=0

 

n

j

!

1

2n
Pr (Xj = i)

1

A

=
1

2n Pr (Y <∞)

n∑

j=0

 

n

j

! ∞∑

i=0

i Pr (Xj = i)

=
1

2n Pr (Y <∞)

n∑

j=0

 

n

j

!

E(Xj |Xj <∞)Pr(Xj <∞)

(sin
e Pr (Xj = i) = Pr (Xj = i∧ Xj <∞)

= Pr (Xj = i |Xj <∞)Pr (Xj <∞))

= (1− q)n
n∑

j=0

 

n

j

!

j

1− 2q

 

q

1− q

!j

(see Lemmas 7.7 and 7.6)

=
n(1− q)n

1− 2q

n∑

j=1

 

n− 1

j − 1

! 

q

1− q

!j

=
n(1− q)n

1− 2q

q

1− q

n∑

j=1

 

n− 1

j− 1

! 

q

1− q

!j−1

=
n(1− q)n

1− 2q

q

1− q

 

1+
q

1− q

!n−1

=
n(1− q)n

1− 2q

q

1− q

 

1

1− q

!n−1

=
nq

1− 2q
.

Finally, we employ Markov's inequality to get an estimate for rea
hing 0

fast.

Lemma 7.9 If q < 1
2
,

Pr

 

Y �
λqn

1− 2q

!

>

 

1−
1

λ

! 

1

2(1− q)

!n

for λ � 1.
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Proof. Write µ for E(Y |Y <∞). Observe that

Pr (Y > λµ | Y <∞) <
1

λ

and

Pr (Y � λµ) = Pr (Y � λµ | Y <∞) � Pr (Y <∞) ,

sin
e (Y � λµ ∧ Y <∞) ⇔ (Y � λµ).

For q = 1
k
, k � 3, (i.e. q

1−2q
� 1)|thus returning to the parameters in

the motivating pro
ess|we get

Pr (Y � 3n) � Pr

 

Y �
3qn

1− 2q

!

>
2

3

 

1

2

 

k

k− 1

!!n

.

We skip the formal 
oupling argument for arguing that the su

ess prob-

ability of rfb() is indeed lower bounded by Pr (Y � 3n), see Se
tion 3.2.

A

epting this, we 
on
lude that for 3-SAT we need an expe
ted number

of at most

3
2

�

4
3

�n
iterations. And the probability of not �nding a satisfying

assignment within

3λ
2

�

4
3

�n
iterations is at most e−λ

. Note that an iteration

here needs polynomial time only. We summarize.

Theorem 7.10 The expe
ted time for s
h() for �nding a satisfying assign-

ment in a satis�able (� k)-CNF formula over n variables is at most

O(
�

2(k−1)

k

�n
poly(n)).

For λ 2 R
+

there is a Monte Carlo algorithm that needs time O(λ
�

2(k−1)

k

�n
poly(n))

for a (� k)-CNF formula over n variables. If it 
laims satis�ability,

the answer is always 
orre
t. If it 
laims unsatis�ability, there is an

error probability of at most e−λ
.

Note 7.2 In order to avoid 
ase distin
tions, we ignored q � 1
2
(justi�ably, sin
e

1
k < 1

2 for k � 3). The 
al
ulation simply would have to pro
eed with 2q − 1 for

p

1− 4q+ 4q2
, whenever that expression o

urs. Also some spe
ial 
are has to be

taken for q = 1
2 , when E(Y |Y <∞) =∞ (although Pr (Y <∞) = 1).

Note 7.3 The randomized algorithm of this se
tion is due to [S
h�oning, 2002℄,

an ingenious follow-up of Papadimitriou's algorithm from Se
tion 3.2 (after all,

it took roughly ten years for this to surfa
e). Improvements to O(1.3302n), to
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O(1.32793n) and to O(1.324n) (best known) for 3-SAT have been developed by

[Hofmeister et al., 2002℄, [Rolf, 2003℄, and [Iwama, Tamaki, 2003℄, respe
tively.

The latter paper has also an improvement to O(1.474n) (best known) for 4-

SAT. It 
ombines the approa
hes of [Paturi et al., 1997℄ (with improvement in

[Paturi et al., 1998℄) and of [S
h�oning, 2002℄ (with improvements mentioned above).

The best bounds for randomized algorithms for k-SAT, k > 4, 
an be found

in [Paturi et al., 1998℄.

The deterministi
 algorithm from Se
tion 7.1 is a derandomized o�spring of

S
h�oning's randomized algorithm.



Chapter 7*

Derandomizing Schöning’s Algorithm

Chapter by Dominik S
heder, with additions by Robin Moser.

In Chapter 7 we have seen the deterministi
 algorithm 
ov() (page 110)

de
iding k-SAT in time O
��

2k
k+1

�n
poly(n)

�

and the randomized algorithm

s
h() (page 111), S
h�oning's algorithm, whi
h has an expe
ted running time

of O
��

2(k−1)

k

�n
poly(n)

�

. In this 
hapter, we will derandomize S
h�oning's

algorithm, i.e., give a deterministi
 algorithm with a running time that

(almost) mat
hes that of s
h(). In Se
tion 7*.1 we des
ribe and analyze

that algorithm. In Se
tion 7*.2 we give some hindsight why this approa
h

works while others do not.

7*.1 The Algorithm

We restate algorithm sb() below and take a 
loser look at it. It runs in

time O(kr
poly(n)) and de
ides whether the Hamming ball Br(α) 
ontains a

satisfying assignment. We give a faster algorithm whi
h solves a somewhat

simpler problem still good enough for our purposes.

Lemma 7*.1 There is a deterministi
 algorithm sb-fast that takes as

input an (� k)-CNF formula F, an assignment α on vbl(F), and a

number r 2 N0, runs in time (k− 1)r+o(n)
, and

� returns true if Bα(r) 
ontains a satisfying assignment of F,

� returns false if F is unsatis�able,

155
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F CNF, α assign't,

r 2 N0.

Pre
ondition:

α total for F.

Post
ondition:

returns true if there is

an assign't satisfying F

at distan
e �r from α.

And false, otherwise.

function sb(F, α, r)

if α satis�es F then return true;

elseif r = 0 then return false;

else

C←
some in

{D 2 F | α does not satisfy D};

for all u 2 C do

if sb(F[u 7→1], α, r − 1) then return true;

return false;

and otherwise returns either true or false.

Together with the 
overing 
ode 
onstru
tion in Chapter 7, this yields

the main result of this 
hapter:

Theorem 7*.2 There is a deterministi
 algorithm de
iding k-SAT in time

�

2(k−1)

k

�n+o(n)
.

For the rest of this 
hapter, we will prove Lemma 7*.1. We start with

a de�nition and two basi
 observations.

Definition 7*.3 Let F be an (� k)-CNF formula and α be an assignment

on vbl(F). We say F is good with respe
t to α and k if every 
lause

C 2 F that is not satis�ed by α has at most k− 1 literals.

Observation 7*.4 If F is good with respe
t to α and k, and u is some

literal, then F[u 7→1]
is also good with respe
t to α and k.

Observation 7*.5 If F is good with respe
t to α and k, then sb(F, α, r) runs

in time O((k− 1)rpoly(n)).

This observation implies that Lemma 7*.1 holds for good formulas.

What do we do if F is not good, i.e., if F 
ontains unsatis�ed 
lauses of

size k? Colle
t greedily a maximal set G = {C1, . . . , Cm} � F of pairwise

disjoint 
lauses that are unsatis�ed by α.

Observation 7*.6 Let β be an assignment on vbl(G). Then F[β] is good

with respe
t to α and k.
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Exercise 7*.1 Prove Observation 7*.4, 7*.5, and 7*.6.

Our algorithm sb-fast 
onsiders two 
ases. First, if m � logk log2 n, it

iterates over all 2k|G|
assignments β on vbl(G) and 
alls sb(F[β], α, r). Sin
e

ea
h of the formulas F[β] is good, this takes time at most

2km(k− 1)rpoly(n) � (k− 1)rpoly(n) .

Otherwise, if m > logk log2 n, set t = blogk log2 n
 and G 0 = {C1, . . . , Ct}.

At this point we have to take a little detour.

k-ary Covering Codes

The set {1, . . . , k}t is endowed with a Hamming distan
e, just as the Ham-

ming 
ube is: For w,w 0

2 {1, . . . , k}t, we de�ne

dH(w,w 0) := |{i 2 {1, . . . , t} | wi 6= w 0

i}|.

A k-ary Hamming ball around w of radius s is the set

B(k)
s (w) := {w 0

2 {1, . . . , k}t | dH(w,w 0) � s} .

The number of elements in su
h a ball is independent of w. We de�ne and

observe

vol

(k)(t, s) := |B(k)
s (w)| =

s∑

i=0

 

t

i

!

(k− 1)i .

The equation is easy to see: There are

�

t
i

�

ways to 
hoose i positions on

whi
h w 0

is supposed to di�er from w. On ea
h su
h position, we have

k − 1 ways to 
hoose w 0

i. We 
an and also must de�ne 
overing 
odes. A

set C � {1, . . . , k}t is 
alled a k-ary 
ode of length t and 
overing radius s if
[

w2C

B(k)
s (w) = {1, . . . , k}t

and s is the smallest integer with this property.

Lemma 7*.7 Let t, k 2 N and s 2 N0. There exists a k-ary 
ode of length

t and 
overing radius s with at most

&

t ln(k)kt

vol

(k)(t, s)

'

elements.
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The proof is almost identi
al to the proof of Lemma 5.9 on page 91 of

the le
ture notes. Observe that for our 
hoi
e t = dlogk log2 ne it holds

that |{1, . . . , k}t| = kt
� log2 n, thus there are at most 2log2 n = n subsets

C � {1, . . . , k}t. By iterating through all of them, we 
an easily �nd a small-

est 
ode of 
overing radius s.

Consider our set G 0 = {C1, . . . , Ct} of unsatis�ed, pairwise disjoint 
lauses.

Any satisfying assignment α� of F must satisfy at least one literal in ea
h

Ci 2 G 0

. Sin
e they are pairwise disjoint, this implies dH(α, α
�) � t. There

are exa
tly kt
assignments that satisfy G 0

and have distan
e exa
tly t from

α. Ea
h su
h assignment 
an be represented by a w 2 {1, . . . , k}t in the

obvious way. To be more pre
ise, for w 2 {1, . . . , k}t we de�ne α[G 0, w] to

be the assignment whi
h we obtain from α by 
ipping the wi
th

literal in

Ci, for 1 � i � t. For this, we need to de�ne some arbitrary but �xed order

on the literals in ea
h Ci. If G 0

is understood from the 
ontext, we write

α[w] instead of α[G 0, w].

Example. ConsiderG 0 = {{x1, y1, z1}, {x2, y2, z2}, {x3, y3, z3}}, α = (0, . . . , 0)

and t = 3. Let w = (2, 3, 3). Then α[w] is the assignment that sets y1, z2,

and z3 to 1 and all other variables to 0.

Observation 7*.8 We observe the following fa
ts about α[w]:

� dH(α, α[w]) = t for every w 2 {1, . . . , k}t.

� If α� satis�es F, then there is some w�

2 {1, . . . , k}t su
h that

dH(α[w
�], α�) = dH(α, α

�) − t.

� Let w,w 0

2 {1, . . . , k}t. Then dH(α[w], α[w 0]) = 2dH(w,w 0).

Lemma 7*.9 Let t and G 0

be de�ned as above, and let C � {1, . . . , k}t be

a k-ary 
ode of 
overing radius s. If α� is a satisfying assignment of

F, then there is some w 2 C su
h that dH(α[w], α�) � dH(α, α
�) − t+ 2s.

In parti
ular, if Br(α) 
ontains a satisfying assignment, then there is

some w 2 C su
h that Br−t+2s(α[w]) 
ontains it, too.
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Figure 7*.1: Illustration of Lemma 7*.9. The distan
e from α[w] to α� is

at most the distan
e from α[w�] to α� plus 2s.

Proof of Lemma 7*.9. By Observation 7*.8, there is some w�

2

{1, . . . , k}t su
h that dH(α[w
�], α�) = dH(α, α

�) − t � r − t. Sin
e C has


overing radius s, there is some w 2 C su
h that dH(w,w�) � s, and by

Observation 7*.8, dH(α[w], α[w�]) � 2s. The lemma now follows from the

triangle inequality. The proof is illustrated in Figure 7*.1.

Below we state sb-fast formally. We 
ompute an optimal k-ary 
ode

C of length t and 
overing radius s = t/k.

F an (� k)-CNF, α

assign't, r 2 N0, C a

k-ary 
ode.

Pre
ondition:

α total for F, C has


overing radius at

most t/k.

Post
ondition:

returns true if Bα(r)


ontains a satisfying

assignment of F, false

if F is unsatis�able,

else returns either true

or false.

function sb-fast(F, α, r, C)

if α satis�es F then return true;

elseif r = 0 then return false;

else

G← a maximal set of pairwise disjoint

k-
lauses of F unsatis�ed by α;

if |G| � t := dlogk log2 ne then

return
_

β2{0,1}vbl(G)

sb(F[β], α, r);

else

G 0 ← the �rst t 
lauses of G

return
_

w2C

sb-fast(F, α[G 0,w], r − t+ 2t/k, C);
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Corre
tness of sb-fast follows from the above dis
ussion: If there is

some α� 2 Br(α) that satis�es F, then for at least one w 2 C it holds

that dH(α[w], α�) � r − t + 2t/k, thus the 
orresponding re
ursive 
all to

sb-fast will be su

essful.

What about the running time? If |G| � t, then every 
all to sb(F[β], α, r)

runs in time O ((k− 1)rpoly(n)). Otherwise, the pro
edure sb-fast 
alls

itself re
ursively for ea
h w 2 C. Thus, every level further into the re
ur-

sion, the parameter r de
reases by t− 2t/k. The running time is therefore

|C|r/(t−2t/k)
poly(n) .

To 
ompute this, we have to estimate the size of C. Re
all that s = t/k.

|C| �

kt
poly(t)

vol

(k)(t, s)
�

kt
poly(t)

�

t
s

�

(k− 1)s

�

kt
poly(t)

�

t
s

�s �
t

t−s

�t−s
(k− 1)s

=
kt

poly(t)

ks
�

k
k−1

�t−s
(k− 1)s

= (k− 1)t−2s
poly(t) .

Note that we have used the 
onvenient approximation

 

t

s

!

� 2tH( s
t
) = 2t(−

s
t
log

s
t
− t−s

t
log

t−s
t ) =

�

t

s

�s � t

t− s

�t−s

.

Therefore,

|C|r/(t−2t/k)| �
�

(k− 1)t−2s
poly(t)

�r/(t−2s)
= (k − 1)r poly(t)r/(t−2s) .

Sin
e t is a growing fun
tion in n, the term poly(t)1/(t−2s)

onverges to 1

as n grows, and the running time is at most (k − 1)r+o(n)
. This 
ompletes

the proof of Lemma 7*.1.

7*.2 Hindsight: Why and How?

At this point, we want to give some intuition on why sb-fast() is faster

than sb() and why it took so long for sb-fast() to be dis
overed.
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An Easier Problem?

The �rst reason is that sb-fast() solves a simpler problem than sb(): We

de�ne the problem Ball-k-SAT:

Ball-k-SAT: Given an (� k)-CNF formula F over n variables,

a truth assignment α to these variables, and a natural number

r. De
ide whether Br(α) 
ontains a satisfying assignment.

The fun
tion sb() solves Ball-k-SAT in timeO(kr
poly(n)). Some minutes

of thought reveal that sb-fast() does not de
ide Ball-k-SAT.

Exercise 7*.2 Explain why sb-fast() does not solve Ball-k-SAT. What

has to happen for it to return a wrong answer?

What is the exa
t problem that sb-fast() solves, if it is not Ball-k-SAT?

Well, it turns out to be a promise version thereof:

Promise-Ball-k-SAT: Given an (� k)-CNF formula F, an as-

signment α, and a radius r, Promise-Ball-k-SAT is the prob-

lem of distinguishing between the 
ase that Br(α) 
ontains a

satisfying assignment for F and the 
ase that F is unsatis�able.

In this 
ontext, distinguishing means the following: If Br(α) 
ontains a

satisfying assignment for F, the algorithm must return true. If F is unsatis-

�able, it must return false. Otherwise, i.e., if F is satis�able, but not within

Br(α), the answer is arbitrary.

Exercise 7*.3 Give a good argument why Ball-k-SAT is in general more

diÆ
ult than Promise-Ball-k-SAT.

Hint: Consider the 
ase k = 2.

Allowing Mistakes

In Chapter 7 we analyzed rfb() (the random walk algorithm on page 111),

by �xing some satisfying assignment α� and modelling the evolution of

dH(α, α
�) as a Markov 
hain. At any given step of rfb() let us say that it

makes a mistake if this distan
e in
reases by 1.
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The probability that rfb() is su

essful is at least Ω ((k− 1)−r) where

r is the initial distan
e dH(α, α
�). However, if we insist on rfb() being

su

essful without making any mistakes, this probability drops to k−r
:

In the worst 
ase, there is exa
tly one 
orre
t 
hoi
e in ea
h step! It is

mu
h more realisti
 to rea
h the goal after having made (and 
orre
ted)

some mistakes on the way than to rea
h the goal without any mistakes

(that's a lesson for life). Note that sb-fast() allows mistakes: It performs

t 
orre
tion steps at on
e, and within this window, it tolerates up to t/k

mistakes.

Correction Strings

Imagine rfb() (the random walk algorithm on page 111) being 
alled with

an additional parameter: rfb(F, t, α,w), where t is the number of 
orre
-

tions steps to be made, and w 2 {1, . . . , k}t is a 
orre
tion string telling

the algorithm whi
h 
orre
tions to make. That is, if wi = j, then in the

ith step, the algorithm 
ips the assignment of the jth literal in C. Clearly,

if w 2 {1, . . . , }t is sampled uniformly at random, this is the same as the

original rfb(F, t, α). The fun
tion rfb(F, t, α) is 
alled with t = 3n, thus

{1, . . . , k}3n is the spa
e of all possible 
orre
tion strings. Why 
an we not

simply 
ompute a 
overing 
ode for this spa
e?

Imagine two iterations j1 < j2 of the loop in rfb(). In step j1 the algo-

rithm sele
ts an unsatis�ed 
lause Ci, and in step j2 it sele
ts Cj. Whi
h


lause Cj it pi
ks may depend on the random 
hoi
e it made at step j1.

Therefore, what it means for a 
orre
tion string to be 
orre
t at its j2
th

position depends on its j1
th

position. Therefore, two 
orre
tion strings

might have Hamming distan
e 1, but still it is possible that the �rst string

is 
orre
t in every position and the se
ond is wrong everywhere. This

renders useless the whole ma
hinery of 
overing 
odes.

Note that the pi
ture be
omes less bleak if there are disjoint unsatis-

�ed 
lauses C1, . . . , Ct and our 
orre
tion string tells us only what to do

on those 
lauses: Whi
h literal of Cj is the \
orre
t one" does in fa
t not

depend on whi
h literal the algorithm 
ipped in 
lause Ci. Therefore, in

this s
enario the 
overing 
ode ma
hinery works, and this is exa
tly what

we exploit in sb-fast.
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Taking a Closer Look: Typical Executions

In order to enable the reader to retra
e the thinking steps that lead to the

dis
overy of the three key ideas we have just sket
hed, let us dive somewhat

deeper into the analysis of the randomized version of S
h�oning's algorithm.

Pla
e yourself in the position of someone who has just studied S
h�oning

and is trying to derandomize it properly.

For the analysis of the randomized variant in Chapter 7, we have 
oupled

the algorithm to the exe
ution of a Markov Chain Mn = {Di}i�0 with an

initial starting state D0 ∼ Bin(n, 1
2
) (that is the distan
e of the randomly


hosen starting assignment from α�) and su
h that

1

for i � 1,

Di =

{
Di−1 − 1 with probability

1
k

Di+1 + 1 with probability

k−1
k

,

where these steps 
orrespond to the 
ips of literals in violated 
lauses whi
h


an either be good and take you 
loser to α� or bad and take you further

away. We have then determined that for the probability for this pro
ess to

rea
h state 0 within the �rst 3n steps, we have

Pr (9i � 3n : Di = 0) �

 

k

2(k− 1)

!n

�

1

poly(n)
.

However, to rea
h this performan
e, we use lots of random bits in every

run of the algorithm: �rst n random bits to sele
t the assignment to start

from, then another log k random bits for 
hoosing the literal to 
ip in ea
h

step. If we make at most 3n steps, this yields a total of n+3n logk random

bits that are being used and there are thus 2n � k3n
possibilities to sele
t

those. For a trivial derandomization, we 
an just explore all possibilities

of sele
ting the random bits yielding a very slow algorithm. On the other

hand, the probabilisti
 analysis has demonstrated that not just a single,

but a good portion of these possibilities lead to the zero state. We are thus

in the situation that we have lots of possibilities to explore, many of whi
h

are good. What we are looking for is a hitting set for the good runs of

the algorithm, that is a smaller set of random inputs, small enough for us

1

for this se
tion, assume that the Markov Chain Mn is also extended to the left, into

the negative numbers. This does not have an impa
t on the 
oupling or any statements

we have made earlier.
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to 
y
le through all members, for whi
h we have a guarantee that one of

its members leads to a su

ess. In order to identify su
h a hitting set, we

set out by asking ourselves whether really all ways of rea
hing the solution

are relevant, or whether restri
ting to 'typi
al su

essful runs' of S
h�oning

already yields a good su

ess probability.

Let E be any event determined by the random experiment of exe
uting

Markov Chain Mn. We say that E is typi
al for S
h�oning if

Pr (E∧ (9i � 3n : Di = 0)) �

 

k

2(k− 1)

!n+o(n)

,

i.e. intuitively if (in our de�nition of 'su

ess') requiring E to o

ur in

addition to just rea
hing state zero lowers the su

ess probability only by

a negligible amount. Note that for su
h an asymptoti
 statement to make

sense, E = E(n) must represent a whole sequen
e of events, one for every

n, but we will omit the index for simpli
ity.

Here are two basi
 observations.

Observation 7*.10 If E1[E2 [E3 [ ...[Er for some suitably small r = 2o(n)

is a 
over of the probability spa
e, i.e. if

Pr(E1 [ E2 [ E3 [ ... [ Er) = 1,

then there exists i su
h that Ei is typi
al for S
h�oning.

This is a trivial 
onsequen
e of a probabilisti
 pigeonhole prin
iple:

if there are only 2o(n) events 
overing the probability spa
e, then one of

them must interse
t with at least 2−o(n)
fra
tion of the event that S
h�oning

su

eeds. Note that in this observation, again, all Ej = Ej(n) and i =

i(n) are sequen
es depending on n su
h that we 
an make the ne
essary

asymptoti
 statement, but we leave out the indi
es.

Observation 7*.11 If E is an event whi
h is typi
al for S
h�oning and

E1 [ E2 [ E3 [ ... [ Er = E for some r = 2o(n) form a 
over of that event,

then there exists i su
ht that Ei is typi
al for S
h�oning.



7*.2. HINDSIGHT: WHY AND HOW? 165

This follows immediately by the same pigeonhole argument, together

with noting that 2−o(n)
� 2−o(n) = 2−o(n)

.

Let us make a �rst example for su
h a typi
al event. We want to �nd

out what is a typi
al distan
e D0 of the initial assignment from α�. For i =

0, 1, . . . , n, let Ei be the event that D0 = i, i.e. that the initial assignment

α0 has distan
e exa
tly i from α�. Observation 7*.10 immediately yields

that one of these events must by typi
al. We 
laim that En/k is typi
al for

S
h�oning, i.e. that in a typi
al su

essful run, α0 has distan
e n/k from α�.

To see this, re
all that in the probabilisti
 analysis, we have proved that

when starting from initial state j, the probability that we rea
h the state

zero within 3n steps is at least (k − 1)−j+o(n)
, hen
e for the total su

ess

probability we get

Pr

�

En
k
∧ (9i � 3n : Di = 0)

�

=

�

n
n/k

�

2n
� (k − 1)

−n
k
+o(n)

.

Using Lemma 5.6, we obtain that this is

�

2n�H( 1
k
)+o(n)

2n
� (k − 1)

−n
k
+o(n)

=

=

0

�2 �

 

1

k

!

1
k
 

k − 1

k

!

k−1
k

(k− 1)
1
k

1

A

−n+o(n)

=

=

 

2(k − 1)

k

!−n+o(n)

,

as 
laimed. So it is typi
al that D0 = n/k, this means that we 
an for-

get about all the runs of the algorithm whi
h start anywhere else than at

distan
e n/k from α�. The 
on
lusion is that in a deterministi
 variant,

we should use a (
overing) 
ode whi
h is small enough to 
y
le through all


odewords, still guaranteeing that one assignment from the 
ode is at the

required distan
e (or even 
loser).

Let us 
ondu
t a similar study of the number of steps being made.

Consider the 
over En/k =
S

0�i,j�3n,i−j=n/k Hi,j, where Hi,j is the event that
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En/k o

urs and within the �rst i+ j steps, i steps go to the left and j steps

go to the right in Mn. Sin
e En/k itself is typi
al, using Observation 7*.11,

at least one of the Hi,j with 0 � i, j � 3n, i − j = n/k is typi
al. We


laim that Hi0,j0 is typi
al for example if i0 =
k−1

k(k−2)
� n and j0 =

1
k(k−2)

� n,

i.e. that in a typi
al su

essful run of S
h�oning, we are making exa
tly i0
'good' 
ips whi
h take us 
loser to α� and exa
tly j0 'bad' 
ips whi
h take

us further away. To see this, we again dire
tly 
ompute the probability of

Hi0,j0 ∧ (9i � 3n : Di = 0). A beautiful thing to note here is that Hi0,j0

implies su

ess of the algorithm be
ause then, Di+j =
n
k
− i0+ j0 = 0 where

i + j � 3n. So it suÆ
es to 
al
ulate the probability of Hi0,j0 alone. For

this we obtain

Pr (Hi0,j0) = Pr

�

En/k ∧ (i0 
ips to the left)∧ (j0 
ips to the right)
�

=

=

�

n
n/k

�

2n
�

 

i0 + j0

i0

!

�

 

1

k

!i0
 

k − 1

k

!j0

.

Noting that i0 + j0 =
n

k−2
and using Lemma 5.6 again, this yields

Pr (Hi0,j0) =
2nH( 1

k
)+o(n)

2n
� 2

n
k−2

H( 1
k
)+o(n)

�

 

1

k

!

k−1
k(k−2)

 

k− 1

k

!

1
k(k−2)

=

=

0

�2

 

1

k

!

1
k
+ 1

k(k−2)
 

k − 1

k

!

k−1
k

+ k−1
k(k−2)

 

1

k

!

k−1
k(k−2)

 

k − 1

k

!

1
k(k−2)

1

A

−n+o(n)

=

=

 

2
k− 1

k

!−n+o(n)

.

Not only have we proved this way that Hi0,j0 is typi
al; sin
e Hi0,j0 implies

su

ess of the algorithm, the last line is also a 
omplete (!) proof for the

su

ess probability of S
h�oning's algorithm, so as long as you are happy

with losing the small o(n) fa
tor in the exponent, you 
an supplant the

entire 
al
ulation in Chapter 7 with these two lines. This shows that in

a typi
al su

essful run of S
h�oning, the initial assignment has distan
e

n
k
from α� and then the algorithm makes exa
tly

n
k−2

steps, out of whi
h

1
k
-fra
tion goes to the right and the rest goes to the left. Even if we 
on-

sider all runs of the algorithm not having these 
hara
teristi
s 'failures',
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the su

ess probability stays the same for the relevant part.

For a last example, let t 2 ω(1)\ o(n) be any slowly growing fun
tion.

Within Hi0,j0 , 
onsider the set of events {Ei1,i2,...,it}0�i1,i2,...,it�t, where we split

the �rst N := n
k−2

steps whi
h Mn 
arries out into N/t phases of t steps

ea
h and Ei1,i2,...,it denote the event that for all 1 � j � N/t, there are

exa
tly ij steps in phase j whi
h go to the left and t − ij steps in phase j

whi
h go to the right. Then, sin
e the total number of events in the set

is tN/t
whi
h is 2o(n), Observation 7*.11 tells us that there exist i1, . . . , it

su
h that Ei1,...,it is typi
al. And in fa
t, using the very same argument as

in the previous example phase by phase, we 
an easily prove that Ei1,...,it is

typi
al if ij =
k−1
k
t for all j.

That is: in a typi
al su

essful run of S
h�oning,

� α0 has distan
e
n
k
from α�

� the algorithm makes a total of N := n
k−2


ips

� if we group the 
ips into N/t phases of t 
ips ea
h, then in ea
h su
h

phase, we go

t
k
steps to the right and

(k−1)t

k
steps go to the left, �nally

arriving at state zero.

Now that you understand whi
h are the relevant exe
utions of S
h�oning's

algorithm, you know what you must look for in a deterministi
 variant:

�nd (using a 
overing 
ode) a starting assignment at distan
e at most

n
k
,

then for some slowly growing fun
tion t, make phases of t 
ips ea
h and

in ea
h phase, make sure (using a 
overing 
ode for the 
ips) that you

de
rease your distan
e from α� by at least

k−2
k
t. On
e you also realise that

for applying 
overing 
odes to 
ips you must make sure that the t 
ips in

one phase are independent from one another, you have all the inspiration

ne
essary and the rest is a matter of transpiration.
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Note 7*.1 The algorithm 
ov() has dis
overed by Dantsin, Goerdt, Hirs
h,

Kannan, Kleinberg, Papadimitriou, Raghavan and S
h�oning [DGH

+
02℄. Sin
e

then, several papers have improved 
ov(), mainly fo
using on 3-SAT. The run-

ning time has been improved to O(1.481n) by Dantsin et al. [DGH

+
02℄, O(1.473n)

by Brueggemann and Kern [BK04℄, O(1.465n) by S
heder [S
h08℄, O(1.439n) by

S
heder and Kutzkov [KS10℄. The algorithm presented in this 
hapter is due to

Moser and S
heder [MS10℄
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Chapter 8

The PPSZ Algorithm

Chapter by Timon Hertli, Robin Moser and Dominik S
heder.

In this 
hapter we present an improvement of the ppz algorithm. As ppz

is 
alled after its inventors, Paturi, Pudl�ak and Zane [PPZ99℄, the improved

version, ppsz, is 
alled after Paturi, Pudl�ak, Saks, and Zane [PPSZ05℄. The

idea behind the improvement is very beautiful and simple, the analysis how-

ever be
omes quite involved (though still beautiful).

The basi
 idea of the ppz-algorithm is very simple: Given a CNF for-

mula F, 
hoose a random variable x 2 vbl(F). If {x} 2 F or {�x} 2 F, set x the

obvious way. Otherwise, set x randomly. Then iterate. Here is a simple

idea for an improvement.

Instead of 
he
king whether {x} 2 F or {�x} 2 F, 
he
k whether x or �x


an be derived from F in some way. Of 
ourse, 
he
king this is again NP-


omplete and no big help. However, we 
an 
he
k whether x or �x follows

from F in some simple, polynomial-time 
he
kable way. Indeed, {x} being a

unit 
lause in F is probably the simplest way of x following from F.

Definition 8.1 Let F be a CNF formula, let D 2 N0, and let u be a literal.

We say that F implies u, in writing F |= u, if any assignment α satis-

fying F also satis�es u. We say F D-implies u, in writing F |=D u, if

there is some G � F with |G| � D having G |= u.

In this terminology, in the ppz-algorithm we 
he
k whether x is 1-

171
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implied in F. The ppsz-algorithm applies an obvious improvement: Che
k

whether x is D-implied for some (large) 
onstant D. This 
an be done

in polynomial time. To state the ppsz-algorithm formally, we think of it


hoosing a random permutation π of vbl(F) and an assignment β 2 {0, 1}n

in advan
e and then pro
essing the variables a

ording to π and assigning

them values a

ording to β, unless they turn out to be D-implied.

F a (� 3)-CNF

formula over variables

V , α0 a partial

assignment over

variables from V

whose values we want

to �x in advan
e (by

default an empty

assignment), D 2 N0.

Post
ondition:

returns a satisfying

assignment or

failure

function ppsz(F, V, α0,D)

π← a permutation of V \ dom(α0) 
hosen u.a.r.;

β← an assignment from {0, 1}V\dom(α0)

hosen u.a.r.;

return ppsz(F, V, α0, π, β,D);

F a (� 3)-CNF

formula over V , α0 a

partial assignment

over V ,

π = (x1, x2, . . . , xj), a

permutation of

V \ dom(α0),

β 2 {0, 1}n, D 2 N0.

Post
ondition:

returns a satisfying

assignment or

failure

function ppsz(F, V, α0,D, π, β)

α← α0;

for i← 1 to |π| do

if F[α] |=D xi then α(xi)← 1;

elseif F[α] |=D �xi then α(xi)← 0;

else α(xi)← β(xi);

if α satis�es F then return α;

else return failure;

Note that in these algorithms, there is an additional parameter α0 that

represents a partial assignment over V allowing us to previously �x the
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values of 
ertain variables. You might ask yourself what this parameter is

good for as we will start the algorithm with α0 = ; under normal 
ir
um-

stan
es. On
e we go towards the end of the 
hapter, we will however see

that the additional parameter gets very useful for the analysis. For this rea-

son, we 
arry the parameter through the whole 
hapter even if right now,

you 
an think of it as being an empty assignment. To simplify notation,

let us write U(α0) := V \ dom(α0) as well as n(α0) := |U(α0)|. Moreover,

if α is a total assignment and α0 a partial assignment, let us say that α0

and α are in
ompatible if 9x 2 V : {α(x), α0(x)} = {0, 1}, and 
ompatible,

otherwise.

When does this algorithm su

eed in �nding a satisfying assignment?

To understand this, we need the 
on
ept of for
ed and guessed variables.

Definition 8.2 Let F be a CNF formula over n variables, α 2 {0, 1}n a

satisfying assignment, π = (x1, . . . , xn(α0)) a permutation of U(α0), and

D � 0. A variable xi is 
alled for
ed (with respe
t to F, α0, α, π, and D)

if F[α0[{x1 7→α(x1),...,xi−1 7→α(xi−1)}] D-implies xi or �xi. Otherwise the variable

is 
alled guessed. We denote the set of for
ed (guessed) variables within

U(α0) by For
ed(F, α0, α, π,D) (Guessed(F, α0, α, π,D)).

Observe the following.

Observation 8.3 Let F be a CNF formula and α be a satisfying assignment


ompatible with α0. Then ppsz(F, α0, π, β,D) returns α if and only if

α(x) = β(x) for all x 2 Guessed(F, α0, α, π,D).

8.1 Having a Unique Satisfying Assignment

In this se
tion we analyze the spe
ial 
ase that F has a unique satisfying

assignment α. This 
ase is easier to analyze and at the same time we 
an

introdu
e all the 
on
epts we will need for the general 
ase. For the en-

tire 
hapter moreover, we restri
t ourselves to (� 3)-CNF formulas. The


ase for k > 3 is totally analogous throughout the 
hapter, just some 
al-


ulations of integrals later in the 
hapter be
ome more 
ompli
ated and

we want to spare the reader this distra
tion. So for now, let F be a �xed

(� 3)-CNF formula having a unique satisfying assignment.
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By the above observation, ppsz returns α if and only if β agrees with α

on all variables from Guessed(F, α0, α, π,D). This set is a random obje
t,

sin
e it depends on π, whi
h is a random permutation. We 
an write

Pr

β,π
[ppsz returns α] = Eπ

h

2−|Guessed(F,α0,α,π,D)|
i

This expression is rather diÆ
ult to work with. It would be easier to

bound E [|Guessed(F, α0, α, π,D)|], for example. Lu
kily, we have Jensen's

inequality, whi
h in this 
ase states that for a random variable X, it holds

that

E
h

2−X
i

� 2−E[X] ,

sin
e the fun
tion x 7→ 2−x
is a 
onvex fun
tion. With this, we obtain

Pr

β,π
[ppsz returns α] � 2−Eπ[|Guessed(F,α0,α,π,D)|]

(8.1)

The right-hand side here is a mu
h ni
er expression, sin
e by linearity of

expe
tation, we have

Eπ [|Guessed(F, α0, α, π,D)|] =
∑

x2U(α0)

Pr[x 2 Guessed(F, α0, α, π,D)] . (8.2)

And these probabilities we will be able to bound, although it will be quite

some e�ort to do this.

Exercise 8.1 (Re-)Analyze the PPZ algorithm for the uniquely satis�able


ase using the terminology we have introdu
ed so far and the equations

and inequalities just stated.

Exercise 8.2 Consider the 3-SAT formula F∼n over variables {x1, x2, . . . , xn}

de�ned as follows: F∼n 
ontains all 7 
lauses over {x1, x2, x3} 
ontaining

at least one positive literal as well as all 
lauses {�xi−2, �xi−1, xi} for 4 �

i � n. Prove that PPZ needs (expe
ted) exponential time to solve this

formula and that on the other hand PPSZ for D = log2 n solves the

formula in (expe
ted) subexponential time.

Hint: You may want to use a Cherno� Bound at some point.
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8.1.1 Building Critical Clause Trees

Fix some x 2 U(α0). We will now bound Pr[x 2 Guessed(F, α0, α, π,D)]

from above. Please remember that we are still in the 
ase of a uniquely

satis�able formula F, so there is exa
tly one α 2 satV(F). We assume that α

and α0 are 
ompatible, or, equivalently here, that F[α0]
is satis�able: Only

this 
ase is useful, and only in this 
ase we 
an a
tually show something.

We now 
onstru
t a 
olle
tion of binary trees {Tx}x2U(α0), ea
h one 
alled

a 
riti
al 
lause tree of x, whi
h in some way represents the multiple ways

x 
an be
ome D-implied during a run of the ppsz algorithm.

Tx is a rooted binary tree (where every node has at most two 
hil-

dren) where every node u 2 V(T) is labelled both with a variable x 2 V,

whi
h we denote by var-label(u), and with a 
lause C 2 F[α0]
, denoted by


lause-label(u). Even though there is some 
hoi
e in how these trees are

built, we make su
h 
hoi
es arbitrarily on
e and for all and then 
onsider

the 
olle
tion {Tx}x2U(α0) to be �xed for the remainder of the se
tion. Here

is how Tx is built for a �xed x 2 U(α0):

1. Start with Tx 
onsisting of a single root. This root has variable label

x, and does not have a 
lause label yet.

2. As long as there is a leaf u 2 V(T) that does not yet have a 
lause

label, do the following:

(a) De�ne W := {var-label(v) | v 2 V(T) is an an
estor of u in T },

where an
estor in
ludes u itself and the root.

(b) De�ne the assignment β as

β : U(α0)→ {0, 1}, z 7→
{

1− α(z) if z 2 W,

α(z) otherwise.

(
) Let C 2 F[α0]
be a 
lause not satis�ed by β. Sin
e β 6= α and

α is the unique satisfying assignment, su
h a 
lause exists. Set


lause-label(u) := C.

(d) For ea
h literal w 2 C whi
h has α(w) = 0, 
reate a new leaf,

label it with the variable underlying w, and atta
h it to u as a


hild. The new leaf does not yet have a 
lause label.
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See Figures 8.1{ 8.5 for the illustration of an example.

We denote the resulting tree by Tx. Note that every 
lause in F[α0]

has at most two literals violated by α, and thus in step (d) we append

at most two 
hildren. Suppose v is an an
estor of u and var-label(v) =

y. Sin
e β(y) 6= α(y), there is no α-violated literal over y 
ontained in


lause-label(u). Therefore,

Observation 8.4 In Tx, no node has the same var-label as one of its an-


estors.

This also implies that the height of the tree 
annot ex
eed n − 1, thus

the pro
ess terminates, making Tx well-de�ned.

8.1.2 Placements, Critical Clause Trees and Forced Variables

We now establish a 
onne
tion between 
riti
al 
lause trees and for
ed vari-

ables useful for estimating the probability with whi
h a variable is for
ed.

To simplify the 
al
ulations that await us, we introdu
e the notion

of pla
ements. A pla
ement of the variables in U(α0) is a fun
tion π :

U(α0) → [0, 1]. It is not 
oin
idental that we overload the letter π with

this obje
t: from now on, we do not think about π as a permutation any-

more, but rather as a pla
ement, whi
h is roughly the same. If the values

π(x) are 
hosen independently and uniformly at random from [0, 1] for ea
h

x 2 U(α0), then with probability 1, π is inje
tive, and by sorting the values

π(x) we obtain a uniformly distributed permutation of U(α0).

Let γ 2 [0, 1] and Tx be the 
riti
al 
lause tree of some �xed variable.

We 
all a node u 2 Tx rea
hable at time γ w.r.t. π if there exists a

path root = v0, v1, . . . , vm = u in Tx su
h that π(var-label(vi)) � γ for all

1 � i � m. Let us denote by Rea
hable(Tx, γ, π) the set of all nodes in T

rea
hable at time γ w.r.t. π.

Lemma 8.5 If we have |Rea
hable(Tx, π(x), π)| � D, then it holds as well

that x 2 For
ed(F, α0, α, π,D).

Proof . Let α 0

be the restri
tion of α to the variables y 2 U(α0) with

π(y) < π(x). By de�nition, x is for
ed if there is a formula F 0 � F[α0[α
0]
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x

Figure 8.1: Consider the formula F = {{x, �y, �z}, {x, �v, �w}, {x, y, v}, {x, z, �a}, . . . } and

the unique satisfying assignment α = (1, 1, . . . , 1). We begin the 
onstru
tion of

Tx with a tree 
onsisting of a root. It is labeled with x, but does not yet have a


lause label. We 
onsider the assignment α[x 7→ 0] and observe that this leaves

{x, �y, �z} unsatis�ed. We atta
h two new leaves to the root, labeled with y and z,

respe
tively.

y z

x

{x, ȳ, z̄}

Figure 8.2: We take the leaf labeled with z. The assignment α[x, z 7→ 0] leaves

the 
lause {x, z, �a} unsatis�ed. Thus, we atta
h one new 
hild to z and label it

with a.

a

y z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.3: We take the leaf labeled with y. The assignment α[x, y 7→ 0] leaves

the 
lause {x, �v, �w} unsatis�ed. Thus, we atta
h two new 
hildren to y.

av w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.4: We pi
k the leftmost leaf. The assignment α[x, y, v 7→ 0] leaves the


lause {x, y, v} unsatis�ed. We do not atta
h further leaves here.

av

{x, y, v}

w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

Figure 8.5: The tree now has 6 nodes. Two leaves are still do not have a 
lause

label, thus the pro
ess is not �nished yet.
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with |F 0| � D that implies x. Let G := 
lause-label(Rea
hable(Tx, π(x), π)),

i.e., the subformula of F 
onsisting of all 
lause labels of rea
hable nodes in

Tx. Clearly |G| � D. We 
laim that G[α0[α
0]
implies x.

Suppose, for the sake of 
ontradi
tion, that G[α0[α
0]
does not imply x

or �x. Then we 
an �x an assignment β : V → {0, 1} whi
h is 
ompatible

with α0 [ α 0

, whi
h has β(x) 6= α(x) and whi
h satis�es G. Choose a

maximal path in Tx starting at the root and 
ontaining only nodes v su
h

that β(var-label(v)) 6= α(var-label(v)). Sin
e β(x) 6= α(x), this path is non-

empty. Let u be its endpoint. The node u is rea
hable as β is 
ompatible

with α on all variables ranking before x in π . All 
hildren of u are labeled

with some variable z for whi
h β(z) = α(z), and all an
estors with some

variable y for whi
h β(y) 6= α(y). One 
he
ks that by the de�nition of Tx,


lause-label(u) is unsatis�ed by β, a 
ontradi
tion.

The lemma tells us how to pro
eed with bounding the probability that a

variable is for
ed. Namely, it follows immediately that over uniform 
hoi
e

of π, we have

Pr[x 2 For
ed(F, α0, α, π,D)] � Pr[|Rea
hable(Tx, π(x), π)| � D]. (8.3)

This redu
es the problem to a probabilisti
 
al
ulation on binary trees:

what is the probability that when sorting the nodes of a �xed binary tree

a

ording to a random permutation (
aveat: some nodes have the same

var-label and are pres
ribed to get assigned the same rank) and deleting all

nodes whi
h rank after the root, there will be at most D nodes rea
hable?

The answer is nontrivial unfortunately, and we will have to devote the whole

of Se
tion 8.2 to this problem. There, we will establish the following.

De�ne

S :=
1

2
−

∫ 1
2

0

p2

(1− p)2
dp = 2 ln 2− 1 � 0.3863.

Theorem 8.6 For any ǫ > 0 there exists a Dǫ 2 N depending only on

ǫ su
h that the following holds. Let X1, X2, . . . Xr 2 [0, 1] be real ran-

dom variables distributed uniformly and mutually independently. Let

T be any �nite binary tree and σ : V(T) → {1 . . . r} a labelling of the

nodes of T su
h that on ea
h path from the root to a leaf of T , σ is

inje
tive. Consider the experiment of drawing X1, X2, . . . , Xr a

ording

to their distribution and then deleting all nodes u from T (along with

the 
orresponding subtrees) for whi
h Xσ(u) < Xσ(root). Then for the
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av

{x, y, v}

w

y

{x, v̄, w̄}
z

{x, z, ā}

x

{x, ȳ, z̄}

π(x) = 0.6

π(y) = 0.5

π(v) = 0.9
π(w) = 0.2

π(a) = 0.4

π(z) = 0.8

Figure 8.6: Illustration of Lemma 8.5. Nodes u with π(u) < π(x) are shown gray.

Two nodes are rea
hable, those var-labeled with x and z. Their 
lause labels yield

the subformula {{x, �y, �z}, {x, z, �a}}. This formula implies the 
lause {x, �y, �a} (whi
h


an be seen by resolution, for example). Therefore, every assignment satisfying

this formula and setting all gray variables to 1 must set x to 1.

probability that the resultant tree T 0


ontains more than Dǫ nodes we

have

Pr(|V(T 0)| > Dǫ) � S+ ǫ.

For later use, let us also introdu
e the notation

SD := sup

T
(Pr (|V(T 0)| > D)) ,

where the supremum is over all 
hoi
es of �nite trees with labels T (as

in the theorem) and T 0

is the random tree arising from T by 
ondu
ting

the experiment des
ribed in the theorem. In this language, the theorem

states that limD→∞ SD � S, where the limit exists be
ause SD is trivially

monotoni
 and bounded.

Before we go on to prove this, let us �nish the algorithmi
 part and see

how we 
an use the result for estimating the su

ess probability of ppsz.

We were interested in the expe
ted number of variables that need to

be guessed. If we 
onsider α0 = ; in the input, then 
ombining (8.2) with

(8.3), we get

Eπ [|Guessed(F, α0, α, π,D)|] =

� n−
∑

x2U(α0)

Pr[|Rea
hable(Tx, π(x), π)| � D].
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Using Theorem 8.6, this yields

Eπ [|Guessed(F, α0, α, π,D)|] � SD � n,

where SD → S for D→∞. This means: on the average, only 38.63% of the

variables need to be guessed, while the remaining 61.37% of variables are

for
ed. The ratio of guessed variables is higher if D is small, but the larger

we make D, the 
loser we get to this ratio. In parti
ular if D→∞, then we


onverge towards this number. We 
an easily a
hieve this by sele
ting D to

be some fun
tion that grows very slowly in n. For example, if D = log2 n,

then examining all G � F with |G| � D and 
he
king for D-impli
ations

is still doable in subexponential time. If we plug this result into (8.1), we

obtain the �nal theorem.

Theorem 8.7 For any (� 3)-CNF formula F on n variables V whi
h has

a unique satisfying assignment, ppsz(F, V, ;, log2 n) returns this assign-

ment with probability Ω(1.3071−n).

There are two things left to do in this 
hapter: �rstly, we have to prove

Theorem 8.6 on whi
h this result heavily depends. We will do this in

Se
tion 8.2. And se
ondly, we would of 
ourse like to remove the assump-

tion that F has a unique satisfying assignment, this will be the topi
 in

Se
tion 8.3.

8.2 Random Deletion in Binary Trees

This se
tion is aimed at proving Theorem 8.6. Note that this theorem

speaks purely about probabilities in a 
ombinatorial random experiment on

binary trees some of whose verti
es get deleted. There is no referen
e to the

ppsz algorithm, so this is a self-
ontained proof whi
h you 
an understand

independently. However, the proof is non-trivial and we will �rst have to

re
all to memory some basi
 tools whi
h we know from dis
rete probability

theory and analysis.

8.2.1 Monotone Convergence

A fundamental theorem from probability and measure theory that you

might already know is the theorem of monotone 
onvergen
e. The proof
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is more involved if you need it for fun
tions in 
ontinuous spa
e. Lu
kily,

a largely simpli�ed version for events in a dis
rete spa
e whi
h will be

suÆ
ient for our purposes.

Theorem 8.8 (Monotone Convergence Theorem) Let, in a probability spa
e,

B1, B2, . . . be an in�nite sequen
e of events su
h that Bi � Bi+1 for all

i � 1. Then we have

lim

n→∞
Pr(Bn) = Pr

 

∞
\

i=1

Bi

!

.

Proof . We write

∞
\

i=1

Bi = B1 \
_

[

∞

i=1
(Bi \ Bi+1).

Sin
e the union is disjoint and moreover 
ontained in B1, this implies

1

Pr

 

∞
\

i=1

Bi

!

= Pr (B1) −

∞∑

i=1

Pr (Bi \ Bi+1).

By de�nition, the in�nite sum on the right hand side is the limit of sums

trun
ated after the �rst n summands and sin
e Pr (B1) does not depend

on this trun
ation, we 
an write

Pr

 

∞
\

i=1

Bi

!

= lim

n→∞

0

�

Pr (B1) −

n∑

i=1

Pr (Bi \ Bi+1)

1

A .

But as we easily 
he
k, the expression inside the limit is Pr (Bn+1), estab-

lishing the 
laim.

8.2.2 Numerical Integration and Riemann Sums

In our 
al
ulations, we will use integrals in order to average probabilities

over a 
ontinuum of 
ases. To 
ir
umvent the dis
ussion of tri
ky questions

1

note that what we are using here is the de�nition of probability spa
es: the probability

of a 
ountable disjoint union of events is the in�nite sum of the 
orresponding probabilities
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of bounded and monotone 
onvergen
e and the ex
hange of limits with

integration whi
h are better dis
ussed in an analysis 
ourse, we will use

the following simple result for the estimation of integrals using Riemann

sums. All fun
tions that we will en
ounter in this 
hapter are well-behaved

(
ontinuous, bounded and most often monotoni
) and therefore trivially

integrable in the Riemann sense.

Lemma 8.9 Let ϕ : [0, 1] → [0, 1] be a 
ontinuous and monotoni
ally

non-de
reasing fun
tion. Then for any N � 1,

1

N

N−1∑

i=0

ϕ

 

i

N

!

�

∫ 1

0

ϕ(x)dx �

1

N

N−1∑

i=0

ϕ

 

i

N

!

+
1

N
.

Proof. Sin
e ϕ is monotoni
ally in
reasing, we have for all 0 � x0 <

x < x1 � 1 that ϕ(x0) � ϕ(x) � ϕ(x1). In parti
ular, if x0 = i/N and

x1 = (i+ 1)/N for some i 2 {0..N− 1}, then

1

N
ϕ(x0) �

∫ x1

x0

ϕ(x)dx �
1

N
ϕ(x1) =

1

N
ϕ(x0) +

1

N
[ϕ(x1) −ϕ(x0)] .

By summing over all i, we obtain

1

N

N−1∑

i=0

ϕ

 

i

N

!

�

∫ 1

0

ϕ(x)dx �

�

1

N

N−1∑

i=0

ϕ

 

i

N

!

+
1

N

N−1∑

i=0

"

ϕ

 

i+ 1

N

!

−ϕ

 

i

N

!#

.

Noting that the last term is a teles
opi
 sum yielding ϕ(1) − ϕ(0) � 1


ompletes the proof.

8.2.3 The FKG Inequality

A quite powerful tool we will apply to bound the probability we are inter-

ested in is the famous FKG 
orrelation inequality due to Fortuin, Kaste-

leyn and Ginibre. It basi
ally states that monotone events are positively


orrelated.

Let A = {A1, A2, . . . , Ar} be a 
olle
tion of independent binary random

variables. An event E is said to be determined by A, if there exists a �xed
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list SE � 2A su
h that E = {{A 2 A|A = 1} 2 SE}, or, informally speaking,

if knowing the values of A leads to knowing whether E o

urs. Moreover,

if SE is upwards hereditary, i.e. if

8A � U � V : V 2 SE ⇒ U 2 SE,

then E is 
alled monotoni
ally in
reasing in A.

Theorem 8.10 FKG Inequality Let A = {A1, A2, . . . , Ar} be a 
olle
tion of

mutually independent binary random variables and E1 and E2 events

whi
h are determined by A and monotoni
ally in
reasing in A. Then

Pr(E1 ∧ E2) � Pr(E1) � Pr(E2).

Proof . We pro
eed by indu
tion on r.

For a simple base 
ase, let r = 1. Then there are only two non-empty

monotoni
ally in
reasing events determined by A1: either an event that

o

urs for both values of A1 or an event that o

urs only if A1 = 1. Now

if E1 = E2 the statement is trivial, so the only thing we have to 
he
k is if

E1 is the �rst of these 
ases and E2 is the other. If p is the probability that

A1 = 1, then the probability that both events o

ur is p, the probability

that E1 o

urs is 1 and the probability that E2 o

urs is p, establishing the


laim.

For the indu
tion step, let us assume that the statement holds for

smaller values of r and let p be the probability that A1 = 1. We 
an

rewrite the right hand side of our 
laim using the law of total probability

as

Pr (E1) � Pr (E2) =

(p Pr (E1 | A1 = 1)
︸ ︷︷ ︸

=:e11

+(1− p) Pr(E1 | A1 = 0)
︸ ︷︷ ︸

=:e10

)�

�(p Pr (E2 | A1 = 1)
︸ ︷︷ ︸

=:e21

+(1− p) Pr (E2 | A1 = 0)
︸ ︷︷ ︸

=:e20

) =

= p2e11e21 + p(1− p)(e11e20 + e10e21) + (1− p)2e10e20.
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Now note that the mutual independen
e of A together with the monotoni
-

ity of both E1 and E2 in A1 implies that both events 
an only be more likely

in the 
onditional spa
e determined by {A1 = 1} than in the 
ase {A1 = 0},

thus we get e11 � e10 and e21 � e20. We 
an use this to estimate the mixed

term in our expansion: 
onsider e11 � e10 to be weights and the mixed term

to be a weighted sum of e21 � e20. Currently, the larger weight a

ompanies

the smaller summand. Thus if we ex
hange the weighs so that the larger

summand gets the larger weight, the weighted sum 
an only in
rease. This

yields

Pr (E1) � Pr (E2) � p2e11e21 + p(1− p)(e10e20 + e11e21) + (1− p)2e10e20

whi
h after some term re
olle
tion be
omes

Pr (E1) � Pr (E2) � pe11e21 + (1− p)e10e20. (8.4)

It is now time to invoke the indu
tion hypothesis. We have assumed that

the statement holds for smaller r. The events E1 and E2 are, in the 
on-

ditional spa
e of {A1 = 1}, determined by A2, A3, . . . , Ar and monotoni-


ally in
reasing in these variables. Therefore, in the 
onditional spa
e of

{A1 = 1}, the FKG inequality holds for E1 and E2 by the indu
tion hypoth-

esis, yielding that

e11e21 � Pr (E1 ∧ E2 | A1 = 1). (8.5)

Analogously

e10e20 � Pr (E1 ∧ E2 | A1 = 0). (8.6)

Plugging in (8.5) and (8.6) into (8.4) and applying on
e more the law of

total probability, we 
an 
omplete the indu
tion step.

8.2.4 Of Infinite and Finite Trees

So far the preliminaries. For �nally proving Theorem 8.6, we will pro
eed

in four high-level steps. First, we 
onsider a mu
h simpler 
ase: a totally

symmetri
 in�nite full binary tree from whi
h every node is deleted inde-

pendently with probability p. Next, we pro
eed to showing that if our tree

is not in�nite but �nite, this does not 
hange too mu
h. Then we go on to

show that introdu
ing dependen
ies between the nodes 
an only help our


ase. Finally, we translate these results to the 
ase where the root's rank

is also random.
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So to set out, let us prove the following simpler variant. De�ne for all

p 2 [0, 1],

ζ(p) :=

{
p2

(1−p)2
if p < 1

2
,

1 otherwise.

It is important to note that ζ is 
ontinuous on [0, 1] and monotoni
ally

non-de
reasing. Now we 
laim the following.

Lemma 8.11 Let T∞ be the in�nite rooted full binary tree. Consider the

following random experiment: ea
h non-root node from T∞ is deleted

(along with its subtree) independently from all other nodes with proba-

bility p. Then the probability that the resultant tree T 0

is of �nite size

is

Pr(T 0

�nite) � ζ(p).

Proof . For the probability q := Pr (T 0

�nite), sin
e the two subtrees of

the root of T are again in�nite rooted full binary trees whi
h we subje
t to

the same random experiment, we know that the relation

q = (p+ (1− p) � q)2

must hold. As you 
an easily verify, this quadrati
 equation has the two

solutions

q = 1 and q =
p2

(1− p)2
.

This proves that q is always at least the smaller of the two solutions, whi
h

readily establishes the 
laim.

If T is any (�nite or in�nite) binary tree, let us denote by h(T) the

height of T , i.e. the length of the longest path from the root downwards. If

T is in�nite, then h(T) =∞. We 
an extend the previous lemma as follows.

Lemma 8.12 Let T∞ be the in�nite rooted full binary tree. Consider the

following random experiment: ea
h non-root node from T∞ is deleted

(along with its subtree) independently from all other nodes with prob-

ability p. Then the probability that the resultant tree T 0

has height at

most d � 1 
onverges as

lim

d→∞
Pr(h(T 0) � d) = Pr(T 0

�nite).
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Proof . Let Bi be the event that there exists a path from the root to some

node at depth i. We �rst 
laim that

\

i�1

Bi = {T 0

in�nite}.

Suppose that an out
ome is 
ontained in the left hand side. This means

that T 0


ontains �nite paths of arbitrary length. Of 
ourse, by 
onsequen
e,

T 0


annot be �nite. The other dire
tion is trivial.

From Theorem 8.8, it now follows that

lim

i→∞
Pr (Bi) = Pr (T 0

in�nite).

Taking 
omplements,

lim

d→∞
Pr(h(T 0) � d) = lim

d→∞
�Bd = 1− lim

d→∞
Bd = 1− Pr (T 0

in�nite),

the 
laim readily follows.

The two last lemmas 
an now be 
ombined to obtain a result on �nite

trees T .

Lemma 8.13 Let p 2 [0, 1] be a �xed number. There exists a sequen
e

ǫ1(p), ǫ2(p), . . . 2 R+
of numbers depending only on p, having ǫd(p)→ 0

for d→∞ su
h that the following holds. Let T be any �nite (and not

ne
essarily full) binary tree. Consider the following random experi-

ment: ea
h non-root node from T is deleted (along with its subtree)

independently from all other nodes with probability p. Then the prob-

ability that the resultant tree T 0

has height at most d � 1 satis�es

Pr(h(T 0) � d) � ζ(p) − ǫd(p).

Please note an important subtlety in this statement: instead of using

a limit in the resulting inequality, we have introdu
ed the sequen
e of

errors ǫi(p). This is 
ru
ial in order to stress that the rate with whi
h the

probability 
onverges to the numbers given is independent of whi
h tree T

we are 
onsidering (\uniform 
onvergen
e"). On the other hand, this rate

must depend on p, as anything stronger would not be provable from the

statements we made above.

Proof . The random experiment we are 
ondu
ting on T 
an be 
oupled to

a random experiment 
ondu
ted on T∞ in the obvious way: T is embeddable
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into T∞ with the two roots 
oin
iding and then if we delete every node from

T∞ independently with probability p, the same experiment is taking pla
e

on T . Note that for the tree T 00

resulting from the deletions in T∞ and the

tree T 0

resulting from the deletions in T , sin
e T 0

is a subtree of T 00

we have

h(T 0) � h(T 00) and therefore Pr (h(T 0) � d) � Pr (h(T 00) � d). De�ne, for

all d � 1,

ǫd(p) := max{ζ(p) − Pr (h(T 00) � d), 0}.

Then we �nd that

Pr (h(T 0) � d) � Pr (h(T 00) � d) � ζ(p) − ǫd(p)

and from the previous lemma,

lim

d→∞
ǫd(p) = 0,

as required.

8.2.5 Of Independent and Dependent Labels

What we have obtained so far does not yet totally re
e
t what we are after:

in the experiments studied so far, ea
h node was deleted independently of

all other nodes. This is not the 
ase in the result we are eventually after,

there dependen
ies 
an o

ur of the sort that nodes of the tree are linked

to one another and if one of these linked verti
es is deleted, all of them are

deleted. We now generalize Lemma 8.13 to obtain the following.

Lemma 8.14 Let Z1, Z2, . . . , Zr 2 {0, 1} be mutually independent binary

random variables, ea
h of whi
h takes value one with probability p. Let

T be any �nite (and not ne
essarily full) binary tree with a labelling

σ : V(T) \ {root}→ {1 . . . r} of the non-root nodes of T with indi
es with

the property that on ea
h path from the root to a leaf, σ is inje
tive.

Consider the experiment of drawing Z1, . . . , Zr a

ording to their distri-

bution and then deleting all nodes u from T (along with their subtrees)

for whi
h Zσ(u) = 1. Call the resulting tree T 0

.

Juxtapose the experiment where in T , every non-root node is deleted

independently from all other nodes with probability p. Call the random

tree resulting from this experiment T 00

. Then for any d,

Pr(h(T 0) � d) � Pr(h(T 00) � d).
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Proof . The statement is trivial if σ is globally inje
tive. We now use

the FKG inequality to demonstrate that 
orrelations arising from dupli
ate

labels 
annot de
rease this probability if none of these dupli
ates are in an

an
estor-des
endant relation.

To a
hieve this, we pro
eed by indu
tion on d. For d = 0 the statement

is trivial.

For the indu
tion step, let d > 0. If the root of T has no 
hild, the

statement is trivial. If the root of T has only one 
hild, then the statement

is a dire
t 
onsequen
e of the indu
tion hypothesis, as the whole tree has

height d i� the unique subtree of the root has height d − 1. The only

interesting 
ase arises if the root of T has two 
hildren u and v.

In this 
ase, let us look at ea
h of the root's subtrees separately �rst.

Let Tu be the subtree rooted at u and let Zi = σ(u). Let T 0

u denote the

subtree of T 0

rooted at u and T 00

u the subtree of T 00

rooted at u (empty

trees if u is deleted). Let Tv, Zj, T
0

v, T
00

v be the 
orresponding obje
ts for v.

The hypothesis on σ entails that no other node in Tu is labelled with Zi, so

whatever happens in the non-root nodes of Tu is independent of whether u

itself is being deleted or not. The same holds at v. Let

E1 := {Zi = 1∨ (Zi = 0∧ h(T 0

u) � d − 1)}

as well as

E2 := {Zj = 1∨ (Zj = 0∧ h(T 0

v) � d− 1)}.

We have that

{h(T 0) � d} = E1 ∧ E2.

Moreover, E1 and E2 are events whi
h are determined by {Z1, . . . , Zr} and, as

you 
an easily 
he
k, monotoni
ally in
reasing in those events. Therefore

we 
an use the FKG Inequality as in Theorem 8.10 to obtain that

Pr (h(T 0) � d) = Pr (E1 ∧ E2) � Pr(E1) � Pr (E2).

For these separate events, we have, due to the independen
e of Tu from Zi

and Tv from Zj,

Pr (E1) = p+ (1− p)Pr(h(T 0

u) � d− 1) � p+ (1− p)Pr(h(T 00

u ) � d− 1)
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and

Pr (E2) = p+ (1− p)Pr(h(T 0

v) � d− 1) � p+ (1− p)Pr(h(T 00

v ) � d− 1),

where we have used the indu
tion hypothesis for the inequalities. Combin-

ing the last three inequalities, we obtain

Pr (h(T 0) � d) �

� (p+ (1− p)Pr(h(T 00

u ) � d− 1)) � (p+ (1− p)Pr(h(T 00

v ) � d− 1)) =

= Pr (h(T 00) � d),

as 
laimed.

Moreover, we will need the following simple observation for te
hni
al

reasons.

Observation 8.15 In the setting of Lemma 8.14, Pr(h(T 0) � d) as a fun
-

tion of p is 
ontinuous and monotoni
ally non-de
reasing.

8.2.6 Integrating over the Rank of the Root

Using the previous lemma we 
an now �nally approa
h the proof of Theo-

rem 8.6. Fix ǫ > 0.

An arbitrary tree T is labelled with real-valued random variables as

σ : V(T) → {X1, X2, . . . , Xr} in su
h a way that σ is inje
tive on any path

from the root to a leaf of T . Now ea
h Xi is drawn independently and

uniformly from among [0, 1]. Then all nodes are deleted (along with their

subtrees) whi
h have a value smaller than that of the root, produ
ing the

resultant random tree T 0

.

Let D 2 N be some number whi
h we will �x appropriately later. To

estimate the probability that T 0

has at most D verti
es, we estimate the

probability that T 0

has at most depth d := blog2 D
. Clearly, having depth

at most d implies that we 
annot have any more than D verti
es. The spe-


i�
 relation between D and d is not relevant; the only thing we will need

is that d grows (in any way) with D. In turn, to estimate the probability
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of having height at most d, we will 
ondition on the value σ(root) of the

random variable at the root node and then use total probability.

Without loss of generality, suppose σ(root) = Xr. Note that this value

is independent of all other values used be
ause the root is part of all paths

and σ is inje
tive on ea
h path, so Xr does not o

ur a se
ond time as a

label. Now on
e we 
ondition on Xr = γ for some �xed value γ 2 [0, 1], we


an 
onsider for 1 � i � r− 1 the binary random variables

Zi :=

{
1 if Xi < γ

0 otherwise.

The {Z1, Z2, . . . , Zr−1} are mutually independent binary random variables,

ea
h of whi
h takes value 1 with probability exa
tly γ. This is the situation

we have in Lemma 8.14 and so we 
an use this result to 
on
lude that

Pr (h(T 0) � d | Xr = γ) � ζ(γ) − ǫd(γ). (8.7)

To 
onvert this 
onditional into an un
onditional probability, we invoke the

law of total probability, whi
h, sin
e Zr is uniformly distributed, reads

Pr (h(T 0) � d) =

∫ 1

0

Pr (h(T 0) � d | Xr = γ)dγ.

Of 
ourse, we would be happy to just plug in (8.7) to estimate the inte-

grand, then take limits and be done. The problem is that although we

have proved ǫd(γ) to exist and to 
onverge to zero pointwise for all �xed

γ, the dependen
y of ǫd(γ) on γ remains unknown and sin
e the rate of


onvergen
e 
ould be di�erent for di�erent γ, we are unable2 to establish


onvergen
e of the whole integral.

What we 
an do instead however is making use of the monotoni
ity

of Pr (h(T 0) � d | Xr = γ) whi
h we have established in Observation 8.15.

Sin
e the integrand is monotoni
ally non-de
reasing in γ as well as 
ontin-

uous, we may, for any N 2 N, approximate the integral by a Riemann sum

2

we 
ould alternatively use the Dominated Convergen
e Theorem from measure theory

and use the fa
t that the ǫd are uniformly bounded fun
tions, but we prefer not to fall

ba
k on su
h sophisti
ated ma
hinery here sin
e measure theory is not usually taught to


omputer s
ientists
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using Lemma 8.9 to obtain

∫ 1

0

Pr (h(T 0) � d | Xr = γ)dγ �

N−1∑

i=0

1

N
Pr

 

h(T 0) � d

�

�

�

�

�

Xr =
i

N

!

.

The resulting �nite mesh resolution will enable us to establish the ne
essary


onvergen
e property. Plugging (8.7) into the Riemann sum representation,

we obtain that

Pr (h(T 0) � d) �

N−1∑

i=0

1

N
ζ

 

i

N

!

−

N−1∑

i=0

1

N
ǫd

 

i

N

!

.

Now note that ζ is, as well, monotoni
ally non-de
reasing on [0, 1]. This

yields that the �rst summand on the right hand side is an approximation

to S whi
h involves an error of at most

1
N
a

ording to Lemma 8.9, yielding

that

Pr (h(T 0) � d) �

∫ 1

0

ζ(x)dx −

0

�

1

N
+

N−1∑

i=0

1

N
ǫd

 

i

N

!

1

A

︸ ︷︷ ︸
=:ϕ(N,d)

.

This holds for arbitrary N. Note the very important fa
t that the error

term ϕ(N, d) depends only on N and on d but not on the 
hoi
e of T 0

.

Therefore, given ǫ > 0 as pres
ribed by the theorem, we 
an simply pi
k

an N = N(ǫ) whi
h is large enough su
h that 1/N < ǫ/2, and then pi
k

a d = d(ǫ,N) large enough su
h that ǫd(x) < ǫ/2 for all of the N points

x where the fun
tion is evaluated, yielding that ϕ(N,d) < ǫ and thus all

possible trees have a probability of having at most height d of at least S−ǫ.

Setting Dǫ > 2d(ǫ,N(ǫ))

on
ludes the proof of Theorem 8.6.

We have �nally established a strong bound on the running time of ppsz

on uniquely satis�able (� 3)-CNF formulas. The 
omputation was admit-

tedly quite 
umbersome. Here is an open exer
ise.

Exercise 8.3 (Open 
hallenge) Simplify the 
al
ulations in this se
tion.

Exercise 8.4 Let F be a (� k)-CNF formula F over variables V. Let us 
all

a satisfying assignment α 2 satV(F) r-superisolated if for every variable

x 2 V, F[x 7→(1−α(x))]

ontains at least r independent 
lauses violated by

α. Prove that PPZ has subexponential su

ess probability on formulas

that have a (log2 n)-superisolated assignment.
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Exercise 8.5 Given a k-uniform hypergraph H over n verti
es V, a proper

k-
oloring is a 
oloring γ : V → {1..k} of the verti
es V with k 
olors

su
h that no edge be
omes mono
hromati
. We are interested in the


omputational problem of de
iding whether a given hypergraph is prop-

erly k-
olorable.

Consider the following PPZ-like approa
h to the problem: pro
ess

the verti
es in a uniformly random ordering and 
hoose for ea
h ver-

tex a uniformly random 
olor among those 
olors that do not lead to


losing a mono
hromati
 edge. Assume that H admits an n-isolated


oloring, i.e. a 
oloring for whi
h, if you 
hange any single 
olor,

the 
oloring is no longer proper. Determine a bound (you 
an give

this bound as a formula still involving integrals, you need not evaluate

them) depending on k for the su

ess probability of this algorithm in

�nding a proper 
oloring.

Compare this approa
h to the method of random downsampling,

where we randomly forbid k−2 of k 
olors at ea
h vertex and then run

S
h�oning's algorithm (or for k = 3 PPSZ) on the resulting (� k)-CNF

formula. Whi
h is the method of 
hoi
e for whi
h k? You 
an do the


omparison numeri
ally; use a 
omputer algebra program to evaluate

your formula for a number of values until you see a tenden
y.

8.3 Multiple Satisfying Assignments

So far in the 
hapter, we dealt with the 
ase where F has a unique satisfying

assignment. In general, we 
annot rely on su
h a strong assumption. This

makes the whole analysis 
onsiderably more 
ompli
ated and for roughly

ten years, it was open whether it 
ould at all be 
arried out without a loss

in terms of an inferior running time.

In fa
t, the original analysis by Paturi et al. [PPSZ05℄ attempts at 
ir-


umventing the problem of multiple satisfying assignments by partitioning

the solution spa
e into disjoint subregions within whi
h the formula may

be 
onsidered `uniquely satis�able' and then averaging su

ess probabilities

over these regions. This results in an algorithm running in time O(1.364n)

for general 3-SAT, 
learly inferior to the 
ase of uniquely satis�able for-

mulas and also inferior to the running time of the very simple randomized
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algorithm due to S
h�oning whi
h we have studied in Chapter 7.

This loss in eÆ
ien
y was disturbing and attra
ted a lot of resear
h

attention: how 
ould it be that an algorithm was performing worse in the

sear
h for a satisfying assignment when there were more of these assign-

ments around? A series of publi
ations tried to alleviate the gap o

urring

([IT04℄, [Rol06℄, [ISTT10℄, [Her10℄), but ea
h of them 
an be merely 
onsid-

ered an attempt at bypassing the a
tual problem by adding prepro
essing

steps, parallely exe
uting S
h�oning's algorithm and other forms of added


omplexity. None of them su

eeded in addressing the a
tual underlying

issue: that an algorithm as natural as ppsz `
annot possibly' behave as


ounterintuitively.

Finally, in a breakthrough result [Her11℄, Timon Hertli has been able to

demonstrate what was long 
onje
tured: that the ppsz algorithm does not

be
ome less su

essful if there are multiple satisfying assignments, resulting

�nally in the following 
urrently best known performan
e for 3-SAT.

Theorem 8.16 For any satis�able (� 3)-CNF formula F over n variables

ppsz(F, V, ;, log2 n, π, β) returns some satisfying assignment with prob-

ability Ω(1.3071−n).

The present se
tion is to prove this theorem.

8.3.1 Problem Assessment

Where does the analysis go wrong when we have multiple satisfying assign-

ments?

Re
all the tree 
onstru
tion pro
ess 175. Suppose we are assuming α

to still be a (not anymore the) satisfying assignment and suppose we are

trying to build a 
riti
al 
lause tree Tx for x. If the 
urrent intermediate

tree T has a leaf u that does not yet have a 
lause label, it de�nes U to be

the set of all variable labels of an
estors of u. Then it de�nes an assignment

β via

β : vbl(F)→ {0, 1}, z 7→
{

1− α(z) if z 2W,

α(z) otherwise,
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hooses a 
lause C 2 F that is not satis�ed by β and sets C as 
lause label

of u. The problem is that if α is just some but not the unique satisfying

assignment, β might as well satisfy F, and thus su
h a 
lause C need not

exist and we are stu
k.

Still, most of the arguments from the �rst se
tion go through with a

milder assumption than uniqueness of the satisfying assignment. Note that

in the present 
ase β(x) 6= α(x) a

ording to de�nition, be
ause x 2 W

holds always in this tree. So in order to 
onstru
t a full tree without

getting stu
k, we only require that there are no satisfying assignments β

with β(x) 6= α(x), i.e. that all satisfying assignments give the same value

to x.

Definition 8.17 Let F be any (� 3)-CNF formula and x 2 vbl(F). x is

said to be frozen in F if either F |= x or F |= �x, that is all satisfying

assignments of F send x to the same value.

For any formula F, this partitions the variables into three 
ategories

Vfo(F) _

[ Vfr(F) _

[ Vnf(F) = vbl(F),

where

� Vfo(F) = {x 2 vbl(F) | F |=D x ∨ F |=D �x} are the variables that are


urrently for
ed, that is whi
h are frozen and follow from F via D-

impli
ation,

� Vfr(F) := {x 2 vbl(F) | F |= x ∨ F |= �x, F 6|=D x ∧ F 6|=D �x} are the

variables that are frozen (but not for
ed) and

� Vnf(F) := {x 2 vbl(F) | F 6|= x∨F 6|= �x} are the remaining variables that

are non-frozen, i.e. those whi
h you 
an assign either way keeping

the formula satis�able.

The arguments of the last se
tion show that at least if a variable is

frozen, the probability that it needs to be guessed during a run of ppsz is

bounded.

Lemma 8.18 Let F be a (� 3)-CNF formula and x 2 Vfo(F) [ Vfr(F) be

a variable that is frozen. Let furthermore α be any satisfying assign-

ment. Then Pr(x 2 Guessed(F, ;, α, π,D)) � SD, with SD de�ned as in

Theorem 8.6.
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The proof of the lemma 
onsists of reading through the entire �rst se
-

tion again and just 
onvin
ing yourself that none of the arguments we used

there fail for the present 
ase. This is left to you as an exer
ise.

One 
ould be in
lined to think that we are already done now. The non-

frozen variables are totally harmless: we 
an assign them either way and

stay satis�able. And sin
e the previous lemma, we now know that whenever

a variable be
omes frozen during exe
ution, the probability that it needs to

be guessed in the further exe
ution of the algorithm is bounded by the same

number it was bounded in the 
ase of uniquely satis�able formulas. Or not?

The big problem arising is that we were able to bound this probabil-

ity only for a �xed satisfying assignment α. So as long as the algorithm


hooses to assign values a

ording to α, the probability that a frozen vari-

able needs to be guessed is appropriately bounded. But there 
ould be

many satisfying assignments around and whi
h of them the algorithm is

going to steer towards is de
ided only while it exe
utes and assigns values

to the non-frozen variables.

In parti
ular, the probability with whi
h ea
h of the assignments is

being sele
ted 
an depend heavily on the ordering in whi
h we pro
ess

variables. And although ea
h satisfying assignment α has, a

ording to the

lemma, the property that frozen variables need to be guessed with probabil-

ity no higher than SD for a uniformly random ordering π, the probability

of α at all be
oming relevant for us depends heavily on π and so there


ould be nasty 
orrelations 
ausing those permutations π that make lots of

variables for
ed for α to be unfortunately those permutations that make α

very unlikely to be
ome sele
ted at all.

This e�e
t has to be taken into a

ount in our analysis whi
h is the

reason why there is still quite some work left to do. It will however turn

out that there is a ni
e tradeo� between the potential `badness' of the


orrelations o

urring and the number of non-frozen variables we en
ounter

during exe
ution. The more non-frozen variables are present, the stronger

the 
orrelations 
an potentially get. But having lots of non-frozen variables

is on the other hand very good for the algorithm as ea
h guessing step

then has a higher probability to preserve satis�ability. The remainder of

the present se
tion is to demonstrate that those two e�e
ts 
ompensate
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suÆ
iently ni
ely to obtain the same running time for the general 
ase

whi
h we were able to prove in the uniquely satis�able 
ase.

8.3.2 Definition of a Cost Function

To do the 
al
ulation, we will asso
iate a 
ost to ea
h state of the algorithm

as follows. Let us 
onsider the formula F and its variables V to be �xed

from here onwards so we 
an omit F and V in all de�nitions. An `interme-

diate state' of the algorithm 
an be represented by a partial assignment α0

over V 
ontaining all the values we have already sele
ted in previous steps.

This is where, �nally, the additional parameter α0 we have ignored so far


omes handy.

Remember U(α0) := V \ dom(α0) and n(α0) := |U(α0)|. To 
arry over

the notions from the last subse
tion, we de�ne for notational 
onvenien
e

� Vnf(α0) := Vnf(F
[α0]),

� Vfr(α0) := Vfr(F
[α0]) and

� Vfo(α0) := Vfo(F
[α0]).

Now, we �rst de�ne a per-assignment and per-variable 
ost as follows.

Definition 8.19 Let α0 be a partial and α be a total assignment and let

x 2 V be any variable. We de�ne the 
ost of x when 
ompleting α0 to

α, in writing 
ost(α0, α, x), as follows.

� If x 62 U(α0), then 
ost(α0, α, x) := 0.

� If α0 and α are in
ompatible, i.e. 9x : {α0(x), α(x)} = {0, 1}, then


ost(α0, α, x) := 0.

� If α does not satisfy F, then 
ost(α0, α, x) := 0.

� Otherwise, if

– x 2 Vfo(F
[α0]), then 
ost(α0, α, x) := 0.

– x 2 Vfr(F
[α0]), then


ost(α0, α, x) := Pr(x 2 Guessed(F, α0, α, π,D)).
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– x 2 Vnf(F
[α0]), then 
ost(α0, α, x) := SD.

Next, we de�ne the likelihood of ea
h assignment.

Definition 8.20 Let α0 be a partial and α a total assignment over V. The

likelihood of 
ompleting α0 to α, in writing lkhd(α0, α), is de�ned as

the probability that ppsz(F, V, α0, D) for D = |F| outputs α.

Note that the version of ppsz used in this de�nition is very ineÆ
ient

be
ause D is so large that the time needed for dis
overing D-impli
ations

is largely exponential. But as a de�nition used only in the analysis, it is

just �ne. Sin
e D is as large as the whole formula, every impli
ation is a

D-impli
ation and thus whenever a variable is frozen, it is automati
ally

for
ed. The likelihood of α is thus in a 
ertain sense the probability that

ppsz sele
ts α during exe
ution, under the assumption that it never makes

mistakes and that there is no gap between frozen and for
ed variables. For

this reason, if α0 is in
ompatible with α or if α does not satisfy F, then

lkhd(α0, α) = 0.

Finally, the 
ost of 
ompleting α0 to any satisfying assignment arises

from summing over all possible variables and all possible assignments and

adding up individual per-variable per-assignment 
osts, weighted by the

relevan
e, i.e. likelihood, of the 
orresponding assignment, i.e.


ost(α0, x) :=
∑

α2{0,1}V

lkhd(α0, α) � 
ost(α0, α, x)︸ ︷︷ ︸
=:w
ost(α0,α,x)

and


ost(α0) :=
∑

x2V


ost(α0, x).

8.3.3 Gathering a few Simple Facts

As with most new de�nitions, we �rst gather some basi
 and intuitive fa
ts

about the things we de�ned now. To begin with, 
onsider the following.

Observation 8.21 For any α0, α, x, we have 
ost(α0, α, x) � SD. Further-

more 
ost(α0) � SDn(α0).
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Proof . The statement follows dire
tly from the de�nition of the 
ost and

Lemma 8.18.

In the end, we will show that the probability that PPSZ �nds a satisfying

assignment of F is 2−
ost(;), whi
h, given the above observation, is exa
tly

what we want.

Lemma 8.22 Let α0 and α be �xed. For any fixed variable x 2 U(α0), if

we set x a

ording to α,

(i) the likelihood of α 
an only in
rease, i.e.

lkhd(α0 [ {x 7→ α(x)}, α) � lkhd(α0, α)

with equality if x is frozen in F[α0]
, and

(ii) the 
ost of a �xed variable y 2 V w.r.t. α 
an only de
rease, i.e.


ost(α0 [ {x 7→ α(x)}, α, y) � 
ost(α0, α, y).

On the other hand, when 
hoosing x 2 U(α0) uniformly at random and

setting it a

ording to α,

(iii) the likelihood of α in
reases on average as

E(lkhd(α0 [ {x 7→ α(x)}, α)) =

 

1+
|Vnf(α0)|

n(α0)

!

lkhd(α0, α),

whereas

(iv) the 
ost of a �xed variable y 2 U(α0) de
reases on expe
tation as

E(
ost(α0 [ {x 7→ α(x)}, α, y)) � 
ost(α0, α, y) −
s

n(α0)
,

where

s =






1 if y 2 Vfr(α0)

sD if y 2 Vnf(α0)

0 if y 2 Vfo(α0).

Proof .
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(i) Assume for the moment that the permutation π is �xed. What is

lkhd(α0, α)? To output α, every non-frozen variable that ppsz en-


ounters has to be set to the right value, whi
h happens with prob-

ability 1/2. If D = |F|, all frozen variables are automati
ally for
ed.

Hen
e, for a �xed π, lkhd(α0, α) is 2
−nf(π,α0,α)

, where nf(π, α0, α) de-

notes the number of non-frozen variables en
ountered. Therefore we

have

lkhd(α0, α) = Eπ[2
−nf(π,α0,α)].

Moving x to the beginning in π 
an only de
rease the number of non-

frozen variables. Furthermore, if x is frozen in F[α0]
, the number of

non-frozen variables remains the same.

Now observe that if we remove x from π, the resulting permutation

π 0

has a uniform distribution from permutations over U(α0) \ {x}.

The number of non-frozen variables 
an only de
rease in U(α0) \ {x};

removal of x might de
rease this even further. Therefore

Eπ[2
−nf(π,α0,α)] � Eπ 0[2

−nf(π 0,α0[{x 7→α(x)},α)],

with equality if x is frozen, as in this 
ase x is always assigned α(x).

The latter term is equal to lkhd(α0[ {x 7→ α(x)}, α), and we are done.

(ii) We 
onsider the three 
ases of De�nition 8.19. Note that if x = y,

the statement holds trivially.

If y 2 Vnf(α0), then 
ost(α0, α, y) = SD. By Observation 8.21, we

have 
ost(α0 [ {x 7→ α(x)}, α, y) � SD.

If y 2 Vfr(α0) or y 2 Vfo(α0), then 
ost(α0, α, y) is the probability

that y is guessed in the remainder of ppsz. If we now �x another

variable x to α(x), then this probability 
annot de
rease (why?), so


ost(α0 [ {x 7→ α(x)}, α, y) � 
ost(α0, α, y).

(iii) We have lkhd(α0, α) = E[ppsz(F, V, α0, |F|) = α]. Let x be the vari-

able sele
ted next in ppsz (x is obviously u.a.r. in U(α0)). If x is

frozen, then ppsz always sets x to α(x). If x is non-frozen, then ppsz

sets x to α(x) with probability 1/2. x is non-frozen with probability

|Vnf(α0)|/n(α0). Therefore
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lkhd(α0, α)

= Pr (x 2 Vnf(α0)) �
1

2
� E[lkhd(α0 [ {x 7→ α(x)}) | x 2 Vnf(α0)]+

Pr (x 62 Vnf(α0))E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)]

=
|Vnf(α0)|

n(α0)
�

1

2
� E[lkhd(α0 [ {x 7→ α(x)}) | x 2 Vnf(α0)]+

 

1−
|Vnf(α0)|

n(α0)

!

E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)]

=
1

2
E[lkhd(α0 [ {x 7→ α(x)})]

+
1

2
(1− |Vnf(α0)|/n(α0))E[lkhd(α0 [ {x 7→ α(x)}) | x 62 Vnf(α0)].

From (i), we know that if x 62 Vnf(α0), then lkhd(α0 [ {x 7→ α(x)}) =

lkhd(α0), and so we have

lkhd(α0, α) =

=
1

2
E[lkhd(α0 [ {x 7→ α(x)})]+

+
1

2

 

1−
|Vnf(α0)|

n(α0)

!

lkhd(α0, α).

Multiplying the equation by 2 and 
olle
ting the lkhd(α0, α)-terms

on the left-hand side yields the statement.

(iv) If y 2 Vnf(α0) or y 2 Vfo(α0), then the statement is trivial: With

probability 1/n(α0), y is sele
ted in ppsz, and the 
ost of y redu
es

to 0. If y is not sele
ted, then by (ii) the 
ost does not in
rease.

The interesting 
ase is if y 2 Vfr(α0), where x is frozen but not for
ed.

In that 
ase, the 
ost of y is the probability that y is guessed, and the

statement tells us that this probability is redu
ed by 1/n(α0) after
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one step. This is be
ause with probability 1/n(α0), y 
omes next in π

and is guessed now (as x is not for
ed now). This 1/n(α0) is 
ounted

in 
ost(α0, α, y), but not in E(
ost(α0 [ {x 7→ α(x)}, α, y)).

From these basi
 fa
ts, we will �nally be able to prove the main theorem.

8.3.4 Bounding Correlations in Weighted Sums

But �rst we have to 
ombine the observed expe
ted 
hanges in likelihood

and in 
ost and investigate their 
ombined e�e
ts.

Let us start with the simple 
ases. If some variable y 2 Vfo(α0) is for
ed,

then the 
ost of y is always zero and will remain zero at all times. This

is true for all satisfying assignments, so we do not 
are about shifts in the

likelihood distribution.

A similar fa
t is true for the non-frozen variables. We have bounded the

expe
ted drop in 
ost for a non-frozen variable in Lemma 8.22 as SD/n(α0),

and this drop stems ex
lusively from the 
ase when the variable in question

is being assigned and eliminated, 
ausing its 
ost to drop to zero. If this

happens, it happens in all assignments at on
e and so we do not 
are if at

the same time there are shifts in the likelihood distribution.

The diÆ
ult 
ase arises for the variables whi
h are frozen but not 
ur-

rently for
ed, y 2 Vfr(α0). There, ea
h assignment α 
ontributes a poten-

tially di�erent 
ost for y and so if at the same time the likelihood distribu-

tion over the various satisfying assignments 
hanges, there 
an be poten-

tially harmful 
orrelations (as we have announ
ed during the introdu
tion

to this se
tion). The following 
orrelation inequality will 
ome handy in

bounding these possibly negative e�e
ts.

Lemma 8.23 Let A,B 2 R be random variables and a, b, �a, �b 2 R �xed

numbers su
h that A � a and B � b always and E(A) = �a and E(B) =
�b. Then

E(A � B) � a�b+ b�a− ab.
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Proof . We 
an write

E(A � B) = E((A− a) � B) + aE(B)

and then use B � b and A � a to obtain

E(A � B) � bE(A− a) + aE(B) = b�a− ba+ a�b,

as 
laimed.

Applying this result, we 
an prove the following extension of Lemma 8.22

for the frozen variables.

Lemma 8.24 Let α be a �xed satisfying assignment and α0 � α. Let

y 2 Vfr(α0) be a �xed frozen variable. If we sele
t x 2 U(α0) uniformly

at random and assign it a

ording to α, then

E(w
ost(α0 [ {x 7→ α(x)}, α, y)) �

�

 

1+
|Vnf(α0)|

n(α0)

!

w
ost(α0, α, y) −
lkhd(α0, α)

n(α0)
.

Proof . To apply Lemma 8.23 to the random experiment indi
ated,

we set A := lkhd(α0 [ {x 7→ α(x)}, y), a := lkhd(α0, α) and �a := a(1 +

|Vnf(α0)|/n(α0)). We have A � a and E(A) = �a from Lemma 8.22. Fur-

ther, we set B := 
ost(α0 [ {x 7→ α(x)}, y), α, y), b := 
ost(α0, α, y) and
�b := 
ost(α0, α, y) − 1/n. Again, we have B � b and E(B) = �b from

Lemma 8.22. Invoking Lemma 8.23, we dedu
e that

E(w
ost(α0 [ {x 7→ α(x)}, α, y)) � a�b+ b�a− ab,

whi
h mat
hes the 
laim.

8.3.5 Trading Survival Probability for Cost Savings

Suppose α0 is the 
urrent state of the algorithm. In a single following step,

ppsz sele
ts a variable x 2 U(α0) uniformly at random. If x is D-implied, it

is being set a

ordingly, if not, it is assigned a value uniformly at random.

Call b 2 {0, 1} the random variable representing the value ppsz 
hooses to
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assign to x. Two things happen during su
h a step.

Firstly, there is a 
ertain survival probability with whi
h ppsz will make

an assignment that preserves satis�ability su
h that α0 [ {x 7→ b} 
an still

be 
ompleted to some satisfying assignment and we stay in the game. Let

us write

S := {(x 0, b 0) 2 U(α0)� {0, 1} | F[α0[{x
0

7→b 0}]
is satis�able}

for the set of all variable-value pairs (x 0, b 0) su
h that x 0 7→ b 0

preserves

satis�ability. Then the survival probability of this step of the algorithm

is the probability that (x, b) 2 S. This survival probability is easy to


ompute: whenever x is a for
ed variable, we 
hoose the 
orre
t value by

D-impli
ation and so the probability is one, whenever x is a non-frozen

variable, both values are okay and we survive as well with probability one.

Only if x is a frozen but not yet for
ed variable, we have a probability of

1
2

to make a mistake.

Se
ondly, there is a drop in the 
osts: an additional variable x gets a

value whi
h, for one, removes the 
ost of x itself and may additionally help

to for
e other variables, su
h that the 
osts of frozen variables go down.

How large are the new 
osts on average?

In prin
iple, we are interested in the average drop in 
osts given that

the 
urrent step makes the algorithm survive. However, sin
e the survival

probability as outlined above is di�erent for di�erent types of variables,

entering su
h a 
onditional spa
e would introdu
e a bias in the 
hoi
e of

x and b whi
h is diÆ
ult to handle and would 
ompli
ate matters. In-

stead, we here suggest to analyse the uniform distribution over S. This

distribution neither ideally re
e
ts what the algorithm is a
tually doing,

nor is the pro
essed variable sele
ted uniformly su
h that our 
ost de
rease

estimates from the last subse
tion 
ould be applied seamlessly. But it is

a handy intermediate distribution that 
an be related suÆ
iently easily to

both aspe
ts. We now 
laim the following.

Lemma 8.25 If (X, B) 2 S is sele
ted uniformly at random, then

E(
ost(α0 [ {X 7→ B})) � 
ost(α0) −
|Vfr(α0)|

|S |
−

2SD � |Vnf(α0)|

|S |
.
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Proof. We analyze the 
ost de
rease 
ontribution of the di�erent types of

variables separately. Ea
h variable for
ed in state α0 
ontributes zero 
ost

both before and after the step.

For a non-frozen variable y 2 Vnf(α0), note that S features two pairs


ontaining y, in 
ontrast to the other types of variables of whi
h S fea-

tures only one pair ea
h. This means that with probability 2|Vnf(α)|/|S |, a

pair featuring y is sele
ted. In that 
ase the 
ost 
ontribution of y drops

from SD to zero in all assignments. No matter what happens to these 
osts

otherwise (they 
an 
ertainly not in
rease by de�nition), the non-frozen

variables hen
e 
ontribute the last term in the 
laimed inequality.

Now 
onsider the frozen variables. If we �x some satisfying and α0-


ompatible assignment α 2 {0, 1}V and 
ondition the experiment on the

event that α(X) = B, then X be
omes uniformly at random among U(α0)

be
ause S features exa
tly one pair (x 0, b 0) per variable x 0 2 U(α0) su
h

that α(x 0) = b 0

. This is where the uniform 
hoi
e over S 
omes very

handy. As now, we 
an dire
tly apply our previous Lemma 8.24 to �nd

that 
onditioning on α(X) = B, the 
ost of ea
h frozen variable drops on

average as

E(w
ost(α0 [ {X 7→ B}, α, y) | α(X) = B) �

�

 

1+
|Vnf(α0)|

n(α0)

!

︸ ︷︷ ︸
|S |/n

w
ost(α0, α, y) −
lkhd(α0, α)

n(α0)
.

The 
ondition itself is satis�ed with probability n/|S |. If it does not apply,

then the 
ost 
ontribution of α drops to zero altogether. Therefore the

un
onditional 
hange 
an be obtained by multiplying the right-hand side

with n/|S | whi
h then yields

E(w
ost(α0 [ {X 7→ B}, α, y)) � w
ost(α0, α, y) −
lkhd(α0, α)

|S |
.

If we, on both sides, take the sum over all assignments α 2 {0, 1}V , the


laim follows.

Now we are almost done. For the �nal lemma, we need the following

inequality about logarithms:
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Lemma 8.26 For x � 0,

log2(1+ x) � log2(e)
x

1+ x
.

Proof . As log2(x) is an antiderivative of log2(e)1/x and log2(1) = 0, we

have

log2(1+ x) =

∫ 1+x

1

log2(e)
1

t
dt �

∫ 1+x

1

log2(e)
1

1+ x
dt = log2(e)

x

1+ x
.

The following lemma immediately implies Theorem 8.16, as 
ost(α0) �

SDn(α0) by Observation 8.21.

Lemma 8.27 Let α0 s.t. F
[α0]

is satis�able. Then the overall probability

of ppsz to output some satisfying assignment when starting in state α0

is at least 2−
ost(α0)

Proof. We apply indu
tion and suppose that the 
laim holds for all α0

that �x a larger number of variables. If α0 is total, then the statement

holds trivially.

Let us denote by p(α0) the probability that ppsz outputs some satisfying

assignment when starting from state α0. Let x and b be random variables

as de�ned before, i.e. x 2 U(α0) u.a.r.; and b 2 {0, 1} the for
ed value by

D-impli
ation if x 2 Vfo(α0) and u.a.r. otherwise. Let

w(x, b) :=

{
2, x 2 Vfo(α0)

1, otherwise

be the weight of (x, b) in ppsz (note that i� x is for
ed, b is not 
hosen

u.a.r.).

We have

p(α0) = E(p(α0 [ {x 7→ b}))

= Pr ((x, b) 2 S)E(p(α0 [ {x 7→ b}) | (x, b) 2 S)

=
|S | + |Vfo(α0)|

2n(α0)
E(p(α0 [ {x 7→ b}) | (x, b) 2 S).

Now we 
hange the expe
tation to (X, B) 2 S u.a.r. It is 
lear that ea
h

(X, B) 2 S has weight w(X, B) in the previous expe
ation. However, we
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have to normalize the weights, i.e. the weights have to be 1 on aver-

age. We have E(w(X, B)) =
∑

(X 0,B 0)2S w(X 0,B 0)

|S |
, so the normalization fa
tor is

|S |∑
(X 0,B 0)2S w(X 0,B 0)

. Hen
e

p(α0) =
|S | + |Vfo(α0)|

2n(α0)
E

0

�

|S |
∑

(X 0,B 0)2S w(X 0, B 0)
w(X, B)p(α0 [ {X 7→ B})

1

A

=
|S | + |Vfo(α0)|

2n(α0)

|S |

|S | + |Vfo(α0)|
E(w(X, B)p(α0 [ {X 7→ B}))

=
|S |

2n(α0)
E(w(X, B)p(α0 [ {X 7→ B})).

Using Jensen's inequality gives

p(α0) � 2
log2

�

|S|

2n(α0)

�

2E(log2(w(X,B)p(α0[{X7→B})))

= 2
log2

�

|S|

2n(α0)

�

2E(log2(w(X,B)))−E(− log2(p(α0[{X7→B}))),

by linearity of expe
tation. Observe that

E(log2(w(X, B))) = Pr(w(X, B) = 2)

=
|Vfo(α0)|

|S |
,

and by indu
tion and Lemma 8.25

E(− log2(p(α0 [ {X 7→ B}))) � E(
ost(α0 [ {X 7→ B}))

� 
ost(α0) −
|Vfr(α0)|

|S |
−

2SD � |Vnf(α0)|

|S |
.

Putting things together, we obtain

p(α0) � 2
log2

�

|S|

2n(α0)

�

+
|Vfo(α0)|

|S|
−
ost(α0)+

|Vfr(α0)|

|S|
+

2SD�|Vnf(α0)|

|S| .

As we want to show that p(α0) � 2−
ost(α0)
, we need to show

log2

 

|S |

2n(α0)

!

+
|Vfo(α0)|

|S |
−
ost(α0)+

|Vfr(α0)|

|S |
+
2SD � |Vnf(α0)|

|S |
� −
ost(α0).
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ost(α0) 
onveniently 
an
els and we are left to show

log2

 

|S |

2n(α0)

!

+
|Vfo(α0)|

|S |
+

|Vfr(α0)|

|S |
+

2SD � |Vnf(α0)|

|S |
� 0.

We write

log2

 

|S |

2n(α0)

!

= −1+ log2

 

|S |

n(α0)

!

= −1+ log2

 

1+
|Vnf(α0)|

n(α0)

!

� −1+ log2(e)

|Vnf(α0)|

n(α0)

1+ |Vnf(α0)|

n(α0)

= −1+ log2(e)
|Vnf(α0)|

n+ |Vnf(α0)|

= −1+ log2(e)
|Vnf(α0)|

|S |
,

where the inequality is by Lemma 8.26.

Inserting this, it remains to show

−1 + log2(e)
|Vnf(α0)|

|S |
+

|Vfo(α0)|

|S |
+

|Vfr(α0)|

|S |
+

2SD � |Vnf(α0)|

|S |
� 0.

Multiplying by |S | gives equivalently

−|S | + log2(e)|Vnf(α0)| + |Vfo(α0)|+ |Vfr(α0)| + 2SD � |Vnf(α0)| � 0.

Using log2(e) + 2SD > 1.44 + 2 � 0.38 > 2, the left-hand side of the

inequality is at least 0 as |S | = 2Vnf(α0) + Vfo(α0) + Vfr(α0) and we are

done.
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Chapter 8*

Sparsification and ETH
by Dominik S
heder (with small adaptions by Emo Welzl)

1

8*.1 k-SAT in Subexponential Time?

We have seen several 
lever algorithms for solving k-SAT. For 3-SAT, we learned

about a deterministi
 O(1.5n) algorithm and a randomized O(1.334n) algorithm.

And we mentioned that the O(1.334n) algorithm 
an be derandomized with the

same bound, and that a randomized bound of O(1.308n) 
an be shown (where n

denotes the number of variables).

It is a natural question whether this goes on forever, or whether there is some

natural barrier whi
h we 
annot 
ross.

We say that k-SAT 
an be solved in subexponential time if for every ǫ > 0,

there is an algorithm for k-SAT running in time O(2ǫn)? So the question is:

Can k-SAT be solved in subexponential time?

Note that if P = NP , then the answer is obviously yes. However, even if

P 6= NP, there might be an algorithm for 3-SAT running in time O(210n/ logn) or

even O(21000
p

n), say. Many people believe that the answer to the above question

is no. This believe is 
alled the exponential time hypothesis.

Exponential Time Hypothesis (ETH): 3-SAT 
annot be solved in subex-

ponential time. In other words, there is an ǫ > 0 su
h that 3-SAT


annot be solved in time O(2ǫn).

1

Based on: Impagliazzo, Russell; Paturi, Ramamohan; Zane, Fran
is (2001), "Whi
h

problems have strongly exponential 
omplexity?", Journal of Computer and System S
i-

en
es 63 (4): 512-530.
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Unless we hope to settle the P versus NP question, we 
annot expe
t to prove

ETH. However, we 
an investigate what 
onsequen
es ETH (or its negation) has.

In this 
hapter, we want to prove the following theorem.

Theorem 8*.1 If 3-SAT 
an be solved in subexponential time, then so 
an k-

SAT, for every k � 3.

Compare this theorem to the following well-known one:

Theorem 8*.2 If 3-SAT 
an be solved in polynomial time, then so 
an k-SAT,

for every k � 3.

Let us re
all the proof of Theorem 8*.2. We will see that it fails to prove

Theorem 8*.1. We prove Theorem 8*.2 by repla
ing ea
h k-
lause by a set of

3-
lauses, introdu
ing new variables. That is, for k � 4, 
onsider a k-
lause:

C = (x1 ∨ � � �∨ xk) .

We introdu
e k−3 new variables y3, y4, . . . , yk−1 (dedi
ated to this 
lause C only)

and repla
e the above k-
lause by

(x1 ∨ x2 ∨ y3)∧ (�y3 ∨ x3 ∨ y4)∧ (�y4 ∨ x4 ∨ y5)∧ . . .

∧ (�yk−2 ∨ xk−2 ∨ yk−1)∧ (�yk−1 ∨ xk−1 ∨ xk) .

If all xi are set to 0, this 3-CNF be
omes unsatis�able. On the other hand, if some

xi is set to 1, we 
an set the yjs in a way su
h that those k − 2 
lauses be
ome

satis�ed. By repla
ing every k-
lause C 2 F (with k � 4) by k− 2 many 3-
lauses

as above, we obtain a 3-CNF formula F 0. Note that F is satis�able if and only if F 0

is. Also, F 0 
an be obtained from F in polynomial time. Thus, a polynomial time

algorithm for 3-SAT gives one for k-SAT. This proves Theorem 8*.2.

8*.2 The Need for Sparsification

If we use the above redu
tion to prove Theorem 8*.1, we will fail. Let us see why.

Let a (� k)-CNF F have m 
lauses and n variables. For ea
h ℓ-
lause of F we

introdu
e ℓ − 3 new variables. Thus, F 0 has at most n + (k − 3)m variables (and

we have that many, if all 
lauses are k-
lauses). Suppose 3-SAT 
an be solved

in subexponential time. That means, pi
k your favorite ǫ > 0 and I give you

an algorithm solving 3-SAT in time O(2ǫn). Now use this algorithm to solve F 0.

Sin
e F 0 has up to n+(k−3)m variables, a running time of O(2ǫ(n+(k−3)m)) 
an be


on
luded. We see it depends on m, the number of 
lauses in F, and this number
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may be as large as O(nk). If for example m = n2
, then this running time is mu
h

worse than 2n, for any 
onstant ǫ > 0. Obviously, our problem is that too many

new variables are introdu
ed in the redu
tion.

What would we a
tually need for a su

essful redu
tion? Suppose there is some

algorithm sparsify(F, ǫ) that takes a positive real number ǫ and a (� k)-CNF

formula F on n variables and outputs a (� k)-CNF formula F 0 su
h that

� F is satis�able if and only if F 0 is;

� |vbl(F 0)| � n;

� |F 0| � c(ǫ)n for some fun
tion c : R
+
→ N;

� sparsify runs in time O(2ǫn).

(Here, think of c(ǫ) possibly quite large for ǫ small.) Then we 
an do the obvious:

Compute F 0 := sparsify(F, ǫ).

Transform F 0 into a (� 3)-CNF formula F 00 where the number of variables is

|vbl(F 00)| � |vbl(F 0)| + (k− 3)|F 0| � n + (k− 3)c(ǫ)n � kc(ǫ)n .

Pi
k a small value δ > 0. If 3-SAT 
an be solved in subexponential time, then

there is an algorithm for 3-SAT with running time O(2δn). This algorithm

takes time O(2δkc(ǫ)n) on F 00.

By 
hoosing δ very small, we 
an make δkc(ǫ) � ǫ. Thus, the total running time {

sparsify, transformation to a 3-CNF formula, and running the 3-SAT algorithm,

is

O(2ǫn) + poly(n) +O(2ǫn) .

So we 
an solve k-SAT in subexponential time.

We are left to prove that su
h an algorithm sparsify exists. A
tually, we don't

know this. However, something almost as good, still suÆ
iently good, exists.

Theorem 8*.3 For every k 2 N there is an algorithm sparsify(F, ǫ) whi
h takes

as input a (� k)-CNF formula over n variables and outputs a list of (� k)-

CNF formulas {F1, F2, . . . , Ft} with the following properties.

1. F is satis�able if and only if at least one of the Fi is satis�able;

2. |vbl(Fi)| � n.
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3. |Fi| � c(k, ǫ)n;

4. sparsify runs in time O(2ǫn) and t � 2ǫn.

c(k, ǫ) is some fun
tion depending on k and ǫ (independent of n).

If 3-SAT 
an be solved in subexponential time, we 
an now solve k-SAT

in time O(2γn) as follows: For an ǫ to be determined, 
ompute {F1, . . . , Ft} =

sparsify(F, ǫ) (in time O(2ǫn)). Then transform ea
h Fi into a 3-CNF formula

F 0i with at most kc(k, ǫ)n variables (altogether in O(2ǫnpoly(n))). We 
he
k for

satis�ability of ea
h F 0i using a fast 3-SAT algorithm that runs in time O(2δN) for

N variables; for all the O(2ǫn) Fis this takes time O(2ǫn � 2δ k c(k,ǫ)n) altogether. If

we have 
hosen ǫ and δ su
h that ǫ+ δ k c(k, ǫ) < γ, we are done.

8*.3 The Sparsification Algorithm

The algorithm sparsify is quite simple. The analysis is not diÆ
ult, but some-

what tedious involving a potpourri of 
onstants.

Let k and ǫ be given. Depending on these numbers, we use some threshold

values

2 = θ0 < θ1 � � � < θk−1 .

(Their exa
t value shall not bother us at the moment. Just imagine that θi is

mu
h larger than θi−1.)

A sun
ower is a set of 
lauses G = {C1, . . . , Cs} su
h that

� all 
lauses Ci have the same size, 
all it ℓ;

� the interse
tion is non-empty: C := C1 \ � � � \Cs 6= ;.

The set C is the heart of the sun
ower, and the sets Ci \C are 
alled petals. Every

petal has size p := ℓ − |C|. We say the sun
ower is good if s is large: s � θp. (At

this point it is already 
lear that a good sun
ower 
annot 
onsist of one 
lause,

sin
e then p = 0 and θ0 = 2.)

Let G1 and G2 be sun
owers of ℓ1-
lauses and ℓ2-
lauses, respe
tively. We say

G1 is better than G2 if (1) ℓ1 < ℓ2; or (2) if ℓ1 = ℓ2, but the heart of G1 is bigger

than the heart of G2. In words, we prefer shorter 
lauses, and given equal 
lause

length, we prefer bigger hearts (and thus smaller petals).

We are now ready to state the algorithm sparsify. It makes use of a small

subroutine 
alled reduce, that simply removes redundant 
lauses: A 
lause D 2 F

is redundant if F 
ontains some other 
lause C su
h that C � D. In that 
ase, we


an remove D, and obtain an equivalent formula.
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F a CNF formula,

Post
ondition:

returns a CNF formula

equivalent to F

function reduce(F)

while 9C,D 2 F : C ( D do

F← F \ {D};

return F;

F a (� k)-CNF

formula, ǫ > 0

Post
ondition:

returns a set

{F1, . . . , Ft} of

(� k)-CNF formulas

function sparsify(F, ǫ)

if F 
ontains no good sun
ower then return {F};

else {C1, . . . , Cs}← a best good sun
ower in F;

C← C1 \ � � � \ Cs;

F
heart

← reduce(F [ {C});

F
petals

← reduce(F [ {C1 \ C, . . . , Cs \ C});

return sparsify(F
heart

, ǫ) [ sparsify(F
petals

, ǫ);

For a CNF formula F, a literal u, and a number ℓ 2 N0, de�ne

dℓ(u, F) := |{C 2 F | |C| = ℓ, u 2 C}| and dℓ(F) := max

u
dℓ(u, F) .

Observation 8*.4 Let F be a (� k)-CNF formula that 
ontains no good sun
ower

of ℓ-
lauses. Then dℓ(F) � θℓ−1 − 1.

Proof . We prove the 
ontrapositive. Suppose dℓ(F) � θℓ−1. Then there is

some literal u o

urring in at least θℓ−1 many ℓ-
lauses. These ℓ-
lauses form a

sun
ower with petal size at most ℓ− 1. By de�nition, this sun
ower is good.

An immediate 
orollary of this is

Corollary 8*.5 Let F be an (� k)-CNF formula (with n := |vbl(F)|) not 
ontain-

ing any good sun
ower. Then for every 1 � ℓ � k, F 
ontains at most 2θℓ−1n


lauses of size ℓ. In parti
ular, |F| � 2kθk−1n.

Proof. By the previous observation, dℓ(u, F) � θℓ−1 for all literals u and every

ℓ, 1 � ℓ � k. Thus, F 
ontains at most 2θℓ−1n ℓ-
lauses. Let us sum up over all k:

|F| � 2(θ0 + θ1 + � � � + θk−1)n � 2kθk−1n.

Note that we 
ould improve the bound 2kθk−1n in various ways, but there is

no point in doing so here. In any 
ase, we observe that 2kθk−1 is a number

independent of n. (There is a dependen
e of the θis on k and ǫ whi
h we will


larify only later.)
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F
petals

heart

Fh Fp
petals

petals heartheart

Fhh Fhp Fph

Fpp

Figure 8*.1: The sparsi�
ation tree, top three levels.

We are ready to prove some parts of Theorem 8*.3. Point 2 is 
lear: We never

add variables. Point 3 follows from Corollary 8*.5 by setting c(k, ǫ) = 2kθk−1. Let

us argue why Point 1 holds. The fun
tion sparsify 
omputes two new formulas

F
heart

and F
petals

by adding 
lauses to F. Clearly, if F is unsatis�able then both

subformulas are unsatis�able and Point 1 follows by indu
tion. If F is satis�able,

let α be a satisfying assignment. Consider the sun
ower {C1, . . . , Ct} used for

bran
hing. There are two possibilities: If α satis�es the heart C, then it satis�es

F
heart

. Otherwise, α satis�es all the petals, so it satis�es F
petals

, and again Point 1

follows from indu
tion.

Here, we swept something under the rug: Indu
tion on what? Well, indu
tion

on the re
ursion tree built by the algorithm. Fair enough, but for this we would

have to show that the tree is �nite. This should not be too diÆ
ult, but let's not

bother with it: We will show that it has at most 2ǫn leaves (if the θis are 
hosen


arefully). This will also prove Point 4.

Proof of Point 4 of Theorem 8*.3

This is by far the most 
hallenging part of the proof, with new 
onstants entering

the pi
ture. First, take a look at Figure 8*.1. Every inner node in the re
ursion

tree has two 
hildren; one is formed by adding the heart, the other by adding the

petals. We 
an en
ode a path in the tree as a string in {h, p}�. We will show two

things: First, every path from the root to a leaf has length at most a �n. Se
ond,

the number of p's in su
h a path is at most n/b. Here, a and b are numbers
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depending on k and ǫ; we will determine them later. This shows that the tree has

at most

n/b∑

i=0

 

an

i

!

� 2H(1/ab)an

leaves. It will turn out that H(1/ab)a � ǫ, as required. Note that every node of

the re
ursion tree is asso
iated with a CNF formula. Along a path of the tree, we

add 
lauses to our formula (hearts or petals of sun
owers) and might also remove

some (sin
e they be
ame redundant).

Lemma 8*.6 Let F be a formula o

urring at an inner node in the re
ursion

tree and let {C1, . . . , Cs} be the sun
ower of ℓ-
lauses used at this node. Let

F 0 be a 
hild of F. Note that either F 0 = F
heart

or F 0 = F
petals

. In any 
ase, F 0

was formed by adding to F one or more 
lauses of equal size j, 1 � j < ℓ, and

then performing the reduce pro
edure. Then

dj(F
0) � 2θj−1 .

Proof. The 
all sparsify(F, ǫ) used a sun
ower of ℓ-
lauses. Sin
e it 
hooses

the best sun
ower in the formula, we 
on
lude that F does not 
ontain a good

sun
ower of j-
lauses. By Observation 8*.4, dj(F) � θj−1 − 1. If F 0 = F
heart

, then

it is formed from F by adding one 
lause and then removing some. So 
learly

dj(F
0) � θj−1, and we are done.

If F 0 = F
petals

, things are somewhat more subtle. Denote the heart by C :=

C1 \ � � � \Cs and the petals by Di := Ci \ C. By assumption, the petals have size

j. Suppose for the sake of 
ontradi
tion that dj(F
0) > 2θj−1. Then some literal

u appears in more than 2θj−1 of the j-
lauses of F 0. Sin
e dj(u, F) � θj−1 − 1,

we 
on
lude that u o

urs in many petals: dj(u, {D1, . . . ,Ds}) � θj−1 (a
tually

> θj−1+ 1, but we don't need this here) . Without loss of generality, suppose that

u 2 D1 \ . . . Dθj−1
. Then

C1 \ � � � \ Cθj−1
� C [ {u}

and therefore

{C1, . . . , Cθj−1
}

is a sun
ower of ℓ-
lauses with petal size j − 1. It is a good sun
ower, sin
e it


onsists of θj−1 
lauses. Furthermore, it is better than C1, . . . , Cs, sin
e its petals

are smaller. This is a 
ontradi
tion, sin
e the algorithm pi
ks the best sun
ower.

We 
on
lude that in any 
ase, dj(F
0) � 2θj−1.
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This means that as soon as we add a j-
lause to a formula, we 
an be sure that

dj will be low, i.e., at most 2θj−1 afterwards. It will stay low forever: Adding sets

of other size does not 
hange dj, and adding new sets of size j again makes the

lemma apply.

Note that the formulas in the tree 
ontain two types of 
lauses: Native 
lauses,

that have already been in the original formula at the root, and immigrant 
lauses,

that have been added either as hearts of petals. Further, when a 
lause D gets

removed from a formula by the pro
edure reduce, there is some other 
lause

C � D. We say C removes D. (Note that C might not be unique.)

Lemma 8*.7 In a 
all to reduce(F), a 
lause C 
an remove at most 2θj−1 im-

migrant j-
lauses of F.

Proof. If F 
ontains no immigrant j-
lause, we are done. Otherwise, Lemma 8*.6

tells us that dj(u, F) � 2θj−1. This also implies that any non-empty 
lause C is


ontained in at most 2θj−1 j-
lauses. Sin
e C removes exa
tly those 
lauses that


ontain it, we are done.

Now we have all the tools to �nish the proof. Re
all that we want to show (1)

that every path has at most an edges, and (2) the number of petal bran
hes along

a path is at most n/b. To show (1), we bound the number of immigrant 
lauses

added to our formula along the path. We de�ne numbers βℓ, ℓ = 1, 2, . . . , k − 1,

re
ursively by β1 = 2 and βℓ = 4θℓ−1βℓ−1.

Lemma 8*.8 Consider a root-leaf path in the tree. For 1 � ℓ � k − 1, let I
�ℓ

denote the number of immigrant (� ℓ)-
lauses that are added along the path.

Then I
�ℓ � βℓn.

Sin
e every edge adds at least one immigrant (� k− 1)-
lause, we 
on
lude:

Corollary 8*.9 Any path has at most βk−1n edges.

Proof of Lemma 8*.8. We use indu
tion on ℓ. The 
ase ℓ = 1 is obvious, sin
e

we never add an empty 
lause and the number of 1-
lauses is 2n (and we never

add a 
lause twi
e). So let us assume that ℓ � 2.

Let F be the formula at the root and F 0 be the formula at the leaf. Let Rℓ the

number of immigrant ℓ-
lauses that are removed along the path. An immigrant

ℓ-
lause either (i) is removed by some immigrant (� ℓ−1)-
lause, or (ii) 
ontained

in F 0. Therefore

I
�ℓ � I

�ℓ−1 + Rℓ + number of ℓ-
lauses in F 0 .
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The latter is at most 2θℓ−1n, by Corollary 8*.5. Let us bound Rℓ from above.

Suppose the algorithm removes an immigrant ℓ-
lause D. This means that just

before it has added an immigrant 
lause C with C ( D. By Lemma 8*.7, C

removes at most 2θℓ−1 other immigrant 
lauses. By indu
tion, the algorithm adds

at most βℓ−1n (� ℓ − 1)-
lauses along the path. Together, they remove at most

2θℓ−1βℓ−1n immigrant ℓ-
lauses. Thus,

Rℓ � 2θℓ−1βℓ−1n ,

and �nally

I
�ℓ �

I
�ℓ−1︷ ︸︸ ︷

βℓ−1n+

Rℓ︷ ︸︸ ︷
2θℓ−1βℓ−1n+

ℓ-
lauses in F 0︷ ︸︸ ︷
2θℓ−1n � 4θℓ−1βℓ−1n = βℓn .

We have shown that every path has at most βk−1n edges. Next, we show that

every path has at most n/b petal edges.

Lemma 8*.10 Assume that there is a 
onstant µ with

θj
βj

= µ for all j =

1, 2, . . . , k − 1. Then, along any root-leaf path, at most (k − 1)n/µ edges are

due to adding petals.

Proof. How often does the algorithm add petals of size j, along a given path?

Let Pj be that number. A good sun
ower with petals of size j has at least θj petals.

Therefore

Ij � Pj � θj .

with Ij the number of j-
lauses added along this path. We know that

Ij � I
�j � βjn

from Lemma 8*.8. We 
on
lude that Pj � (βj/θj)n = n/µ edges of the path are

due to adding j-petals.

All of our 
laims so far go through if the 
onstants µ, βi, i = 1, 2, . . . , k − 1,

and θj, j = 0, 1, . . . , k− 1 satisfy the 
onditions

θ0 = 2, β1 = 2, θ1 = 2µ;

βℓ = 4βℓ−1θℓ−1 and θℓ = µβℓ for ℓ = 2, 3, . . . , k− 1.

This re
urren
e determines the sequen
e βℓ = 2(8µ)2
ℓ−1−1

(and θℓ = µβℓ). The

parameter µ is left open, and it will be 
hosen in dependen
e on ǫ and k.
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Every path in the tree has at most βk−1n edges; of these edges, at most

(k− 1)n/µ are petal-edges. Thus, with K := k− 1, the number of paths is at most

Kn/µ∑

r=0

 

βKn

r

!

� 2
H

�

K
µβK

�

βKn
.

Re
all the binary entropy fun
tion:

H(x) = −x log x− (1− x) log(1− x) .

One 
he
ks that for small x, the �rst term dominates, and therefore

H(x) � −2x log x .

In our 
ase, x = K/(µβK), thus

H

�

K

µβK

�

βK � 2
K

µβK
log

�

µβK

K

�

βK =
2K

µ
log

�

µβK

K

�

(8*.1)

Note that

log

�

µβK

K

�

= log µ+ logβK − logK

= log µ+ log 2+ (2K−1 − 1) log(8µ) − logK

� 2K−1
log(8µ) .

Plugging this into (8*.1), we see that

H

�

K

µβK

�

βK �
2K

µ
2K−1

log(8µ) =
K2K log(8µ)

µ
�

k2k log(8µ)

µ

Given k, we simply 
hoose µ large enough su
h that this is at most ǫ. Then

� The tree 
ontains at most 2ǫn leaves.

� It returns the set of formulas o

urring at the leaves.

� Ea
h su
h formula has at most n variables and at most 2kθk−1n 
lauses.

This 
ompletes the argument for Theorem 8*.3.

Exercise 8*.1 Subexponential in Number of Clauses

Suppose one 
an show that for some k � 3 and every ǫ > 0 there is an O(2ǫm)

time algorithm de
iding satis�ability of (� k)-CNF formulas with m 
lauses.

Does this have any impli
ations on the Exponential Time Hypothesis?

Exercise 8*.2 How large does it get?

Determine an expli
it value of µ (in the proof of sparsi�
ation) in terms of ǫ

and k. The value does not have to be as small as possible, but not ex
eedingly

large either.



Chapter 9

Constraint Satisfaction

In a 
onstraint satisfa
tion problem (CSP) we are given a �nite set of variables,

ea
h of whi
h has a �nite list of possible 
olors. Moreover, there is a set of 
on-

straints, ea
h one a set of variable-
olor pairs. If V denotes the set of variables

and Lv denotes the list of possible 
olors of v 2 V , then a 
onstraint is a set

C = {(v1, c1), (v2, c2), . . . , (vk, ck)} , k 2 N0,

with vj 2 V , pairwise distin
t, and cj 2 Lvj for j 2 {1..k}.

A 
oloring χ assigns 
olors to variables from their respe
tive lists of possible


olors (χ(v) 2 Lv for all v 2 V). It satis�es a 
onstraint C, if there is (v, c) 2 C

with χ(v) 6= c. And it satis�es the CSP if it satis�es all of its 
onstraints. We say

that χ violates 
onstraint C if χ(v) = c for all (v, c) 2 C.

Consider the CNF formula

(x∨ y)
︸ ︷︷ ︸

C1

∧ (x ∨ y∨ z)
︸ ︷︷ ︸

C2

∧ (y∨ z)
︸ ︷︷ ︸

C3

∧ (x ∨ y∨ z)
︸ ︷︷ ︸

C4

.

We 
an represent this as an equivalent CSP in two ways. The more obvious one

looks for truth values (now 
alled 
olors) for the variables so that none of the


lauses is violated.

� Variables: x,y, and z with 
olor lists Lx = Ly = Lz = {0, 1}.

� Constraints: {(x, 0), (y, 0)} (for C1), {(x, 1), (y, 0), (z, 0)} (for C2),

{(y, 0), (z, 1)} (for C3), and {(x, 0), (y, 1), (z, 0)} (for C4).

A possible satisfying 
oloring is given by {x 7→ 1, y 7→ 1, z 7→ 0}.

The alternative representation is heading for a \responsible" variable for ea
h


lause, so that whenever a variable is 
hosen for several 
lauses, then it appears

as the same literal in all of these 
lauses. (Variable vi represents 
lause Ci.)

221
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� Variables: v1, v2, v3, and v4 with 
olor lists Lv1 = {x, y}, Lv2 = {x, y, z},

Lv3 = {y, z}, and Lv4 = {x, y, z}.

� Constraints: {(v1, x), (v2, x)}, {(v2, x), (v4, x)}, {(v1, y), (v4, y)},

{(v2, y), (v4, y)}, {(v3, y), (v4, y)}, {(v2, z), (v3, z)}, and {(v3, z), (v4, z)}.

Here {v1 7→ x, v2 7→ y, v3 7→ y, v4 7→ x} 
onstitutes a satisfying 
oloring.

A 
onstraint of 
ardinality k is 
alled a k-
onstraint. A CSP with a set S of 2-


onstraints 
an be visualized as a graph G with vertex set V(G) :=
S

v2V ({v}� Lv)

and edge set E(G) := S. The CSP is satis�able i� there is an independent set of

verti
es whi
h has one representative in ea
h set {v}� Lv; see Figure 9.1.

Figure 9.1: Visualizing a CSP with 2-
onstraints as a graph. The �'s

indi
ate a possible solution|an independent set whi
h has one vertex

(
olor) in ea
h variable.

Proper 3-
olorability of a graph G = (V, E) translates to CSP as follows.

� Variables: V , all with the same 
olor list {1, 2, 3}.

� Constraints: {(u, i), (v, i)} for all {u, v} 2 E and i = 1, 2, 3.

If in a CSP maxv2V |Lv| � ℓ and maxC2S |C| � k, then we 
all it a (�ℓ,�k)-

CSP, and it should be 
lear as well what (ℓ, k)-CSP, (�ℓ, k)-CSP, and (ℓ,�k)-CSP

stands for.

Exercise 9.1 CSP vs. CNF

k, ℓ 2 N. Show that for every (�ℓ,�k)-CSP S with n variables we 
an 
onstru
t

in polynomial time a (�max{ℓ, k})-CNF formula F with at most ℓn variables

so that S is satis�able i� F is satis�able.

Exercise 9.2 Two Colors

k 2 N. Show that for every (2,�k)-CSP S with n variables we 
an 
onstru
t

in polynomial time a (�k)-CNF formula F with at most n variables so that

S is satis�able i� F is satis�able.
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Figure 9.2: Visualizing a CSP with 2-
onstraints (from proper 3-


olorability of a 
y
le of length 5) as a graph (�'s indi
ate a possible

solution).

Exercise 9.3 Unsatis�ability Needs many Constraints

k, ℓ 2 N. Find b(ℓ, k) (as large as possible), su
h that every unsatis�able

(ℓ, k)-CSP must have at least b(ℓ, k) 
onstraints.

9.1 An Algorithm for (3, 2)-CSP

Note that (3, 2)-CSP is exa
tly the set-up we get from representing proper 3-


olorability of graphs. We will show how to �nd a satisfying 
oloring|provided

it exists|in expe
ted time O(
p

2
n
poly(n)), n the number of variables; thus the

same bound follows for proper 3-
oloring of n-vertex graphs. As we will see at

hindsight, the result for 3-
oloring inherently exploits the embedding into the more

general setting of CSPs (meaning, there is no obvious way how to spe
ialize the

result to 3-
oloring without talking about CSP or similar).

The result relies on two lemmas due to [Beigel, Eppstein, 1995℄.

Lemma 9.1 If a (� ℓ, 2)-CSP S has n variables, one of whi
h has at most two

possible 
olors, then we 
an transform it in polynomial time into a (� ℓ, 2)-

CSP S 0 with n − 1 variables, so that S is satis�able i� S 0 is satis�able.

Proof . If the distinguished variable v has no possible 
olor, the problem is

trivial, and if there is one possible 
olor i, then we 
an assume that v is 
olored i,

and remove the pair (v, i) in 
onstraints, wherever it o

urs.
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So let us assume that v has 
olors i and j at disposal. Now we add a 
onstraint

{(u, i 0), (w, j 0)} whenever

{(u, i 0), (v, i)} 2 S and {(w, j 0), (v, j)} 2 S ,

unless u = w and i 0 6= j 0, see Figure 9.3. On the one hand this does not further

restri
t our set of legal 
olorings: u 7→ i 0 implies v 7→ j be
ause of {(u, i 0), (v, i)},

and w 7→ j 0 implies v 7→ i be
ause of {(w, j 0), (v, j)}. So u 7→ i 0 and w 7→ j 0 was

illegal before adding the new 
onstraint. (This reminds us of resolution for CNF

formulas.)

�����
�����
�����

�����
�����
�����

���
���
���
���
���

���
���
���
���
���

PSfrag repla
ements

v
i j

Figure 9.3: Removal of a variable with two possible 
olors.

On the other hand, let χ be a 
oloring on V \ {v} that respe
ts all 
onstraints

in
luding the newly added ones. Suppose, we 
annot extend this 
oloring to

χ(v) := i be
ause of a 
onstraint {(u, χ(u)), (v, i)} and the same for χ(v) := j

be
ause of a 
onstraint {(w,χ(w)), (v, j)}. But then χ violates the newly introdu
ed


onstraint {(u, χ(u)), (w,χ(w))}; 
ontradi
tion.

That is, we 
an add 
onstraints as indi
ated above, and then remove v and

all 
onstraints involving v without altering satis�ability. In order to obtain a

(� ℓ, 2)-CSP, we have to remove 1-
onstraints {(u, i 0)} that we might have added

in the pro
ess ({(u, i 0), (v, i)} 2 S and {(u, i 0), (v, j)} 2 S yields 
onstraint {(u, i 0)}).

But this 
an be over
ome by removing 
olor i 0 from Lu and then removing the


onstraint.

Note that we do not have to worry about an explosion of the 
onstraint set, sin
e

its size is bounded by ℓ2
�n
2

�

.

Lemma 9.2 n 2 N, n � 2. There is a randomized polynomial time pro
edure,

that|given a (3, 2)-CSP S over n variables|produ
es a (3, 2)-CSP S 0 over

at most n − 2 variables su
h that (i) if S 0 is satis�able, so is S, and (ii) if S

is satis�able, so is S 0 with probability at least

1
2
.
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Proof . Choose a 
onstraint {(v, i1), (w, j1)} (if there is none, the problem is

trivial), and let {i1, i2, i3} and {j1, j2, j3} be the 
olor lists for v and w, respe
tively.

Now randomly restri
t the 
olor lists of v and w to subsets L 00v and L 00w, respe
tively,

u.a.r. among the four possibilities where either L 00v = {i2, i3} or L 00w = {j2, j3}, but

not both; this gives a new (�3, 2)-CSP S 00.

PSfrag repla
ements

i1

i2

i3

j1

j2

j3

Figure 9.4: The four sets {i2, i3}� {j1, j2}, {i2, i3}� {j1, j3}, {i1, i2}� {j2, j3},

and {i1, i3} � {j2, j3} 
over ea
h pair in ({i1, i2, i3}� {j1, j2, j3}) \ {(i1, j1)}

exa
tly twi
e.

Clearly, if S 00 is satis�able then S is satis�able. Now suppose S is satis�able

with a 
oloring with v 7→ i and w 7→ j; hen
e, (i, j) 6= (i1, j1). By our 
hoi
e of

L 00v and L 00w, the probability of (i, j) 2 L 00v � L 00w is

1
2 , see Figure 9.4. If this event

materializes, S 00 is satis�able as well. Now, sin
e S 00 has two verti
es with two

allowable 
olors only, we 
an transform S 00 into a (3, 2)-CSP S 0 with at least two

fewer verti
es (via Lemma 9.1), so that S 00 is satis�able i� S 0 is satis�able.

For solving a (3, 2)-CSP S with n variables we apply Lemma 9.2 to redu
e the

number of variables by at least 2 for at most

�

n
2

�

rounds until we rea
h a CSP Ŝ

with at most 1 variable; now satis�ability 
an be solved trivially. If Ŝ is satis�able,

we know that S is satis�able, and we are done (and, in fa
t, a satisfying 
oloring of

S 
an be re
onstru
ted in polynomial time). If S is satis�able, then Ŝ is satis�able

with probability at least

�

1
2

�

bn/2

. The usual arguments entail now

Theorem 9.3 λ 2 R
+
. There is a randomized algorithm with running time

O(λ
p

2
n
poly(n)) that either determines satis�ability of a (3, 2)-CSP over n

variables, or 
on
ludes unsatis�ability with error probability at most e−λ
.

Corollary 9.4 λ 2 R
+
. There is a randomized algorithm with running time

O(λ
p

2
n
poly(n)) that either determines proper 3-
olorability of an n-vertex

graph, or 
on
ludes that no su
h 
oloring exists with error probability at most

e−λ
.

Note 9.1 The best bound known for (3, 2)-CSP is O(1.365n), the best for proper

3-
oloring of graphs is O(1.329n), both from [Eppstein, 2001℄.
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Chapter 10

Random k-CNF Formulas

k,n,m 2 N, n � k. A random k-CNF formula with m 
lauses over n variables,

random CNF-formula Fk(n,m) for short, is a CNF formula {C1, C2, . . . , Cm}

where ea
h Ci is drawn u.a.r. from all k-
lauses over some (
ommon) set of n

variables. Note that we do not require the Ci's to be pairwise distin
t, but we

insist on all 
lauses having exa
tly k literals, no two from the same variable.

For quite some time now there has been a
tive resear
h investigating the prob-

ability of su
h a random CNF-formula to be satis�able (in dependen
e of the

parameters k, n and m). It is 
onje
tured that there is a sharp threshold in the

following sense: For ea
h k � 2 there is a 
onstant rk su
h that for k and c < rk

onstant, the probability of satis�ability tends to 1 as n goes to ∞ if m < cn,

while for c > rk 
onstant it tends to 0 if m > cn. So far the answer is known for

k = 2 only. One reason for interest in the matter is that around the transition

from satis�able to unsatis�able, one apparently gets algorithmi
ally hard CNF

formulas: Satisfying assignments are hard to �nd, and eviden
e for unsatis�ability

is hard to provide.

10.1 First Linear Bounds

Let o(1) stand for a fun
tion that tends to 0 as n tends to in�nity. First we show

that at most a linear number of 
lauses is allowed if we want a \fair" 
han
e of

satis�ability.

Theorem 10.1 ([Franco, Paull, 1983]) k 2 N, (ln 2) � 2k < c 2 R, both 
onstant, and

n 2 N. A random CNF formula Fk(n,m) with m � cn is unsatis�able with

probability 1− o(1).

227
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Proof. Let the random formula F be over variable set V . For an assignment

α 2 {0, 1}V , the probability that a random k-
lause over V (u.a.r. from all su
h

k-
lauses) is satis�ed is (1−2−k). To see this we sample �rst a set of variables u.a.r.

in

�V
k

�

, and then we de
ide for ea
h variable whether it appears as a positive or

negative literal. The probability of always 
hoosing the sign whi
h is not satis�ed

by α is 2−k
.

It follows that the probability of α satisfying F is (1 − 2−k)m, and thus the

expe
ted number of satisfying assignments of F is

E(|satV(F)|) = 2n(1− 2−k)m � 2n(1− 2−k)cn

< 2n e−2−kcn = 2n e−(ln 2)n e−2−kc 0n = e−2−kc 0n

for c 0 = c−(ln 2)2k. For c a 
onstant as presumed in the assertion of the theorem,

we have c 0 > 0 and the expe
ted number of satisfying assignments tends to 0 as

n tends to in�nity. Thus, the probability of existen
e

1

of a satisfying assignment

tends to 0.

If c < (ln2) � 2k, then we expe
t many (an exponential number of) satisfying

assignments. Can we thus 
on
lude that there is a good 
han
e that there is one

at all? Not so in general, and it is instru
tive to investigate the matter on the

otherwise not so interesting 
ase of random 1-CNF formulas.

A random CNF formula F := F1(n,m) expe
ts 2n2−m
satisfying assignments

(so this is 1 for m = n).

We take a 
loser look at the pro
ess. Let us sample F by �rst 
hoosing a

sequen
e of variables (of length m), and then we 
hoose for ea
h element in the

sequen
e a sign whi
h gives the 1-
lauses. The formula is satis�able if and only

if ea
h variable gets 
onsistently the same sign for all of its o

urren
es. If N 0

(a random variable) denotes the number of distin
t variables o

urring in the

sequen
e, then

Pr

�

F is satis�able |N 0 = n 0

�

=

�

1

2

�m−n 0

and

E(|sat(F)| |F is satis�able and N 0 = n 0) = 2n−n 0

But

2

E

�

N 0

�

= n

�

1−

�

1−
1

n

�m�

� n
�

1− e−m/(n−1)
�

= n(1− e−λ)

1

For X a random variable with X 2 N0, we have Pr(X � 1) =
∑

∞

i=1 Pr(X = i) �∑
∞

i=1 i � Pr(X = i) = E(X).
2

We use here that (1 − 1
n
)n−1 > e−1

for all 2 � n 2 N, whi
h is equivalent to (1 +
1

n−1
)n−1 < e.
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if m = λ(n − 1). This follows sin
e the probability of a variable x not to o

ur is

�

1− 1
n

�m
.

That is, for m = n, on the average we have N 0

�

�

1− 1
e

�

n, for whi
h the

probability of satis�ability is 2−n/e
, whi
h

3

is small but 
ompensated by a huge

supply of satisfying assignments in the rare 
ase of satis�ability.

We will show now that|after all|starting with k = 2 a linear number of


lauses (with the right 
onstant in linearity) gives a satis�able formula almost

surely.

Theorem 10.2 ([Chvátal, Reed, 1992]) 1 > c 2 R
+
, 
onstant, and n 2 N. A random

CNF formula F2(n,m) with m � cn is satis�able with probability 1− o(1).

Proof. We will de�ne so-
alled bi
y
les (whi
h are 
ertain sequen
es of 
lauses)

and show that (i) absen
e of bi
y
les implies satis�ability and (ii) a random formula

with at most cn 2-
lauses 
ontains a bi
y
le with probability o(1), if c < 1.

An s-bi
y
le, s � 2, is a sequen
e of s+ 1 
lauses

{v, u1}, {u1, u2}, {u2, u3}, . . . , , {us−1, us}, {us,w} (10.1)

where (u1, u2, . . . , us) is a sequen
e of literals that 
ome from s distin
t variables,

and vbl({v}) � vbl({u2, u3, . . . , us}), vbl({w}) � vbl({u1, u2, . . . , us−1}).

PSfrag repla
ements
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Figure 10.1: The appearan
e of a bi
y
le in the dire
ted graph (as

de�ned in Se
tion 3.3) of a 2-CNF formula.

With referen
e to the representation of a 2-CNF formula over V as a dire
ted

graph on vertex set V [ V in Se
tion 3.3, we observe that a bi
y
le appears as

dire
ted walk

v→ u1 → u2 → . . .→ us → w .

We re
all that a 2-CNF formula is unsatis�able if and only if x ❀ x ❀ x for some

variable x, see Lemma 3.7. That is, there is a dire
ted walk

x→ v1 → v2 → . . .→ vt → x with x 2 {v2, v3, . . . , vt−1}.

3

An analysis of Pr(F is satis�able) and E(|sat(F)| |F is satis�able) is not yet obtained.

We leave this as an exer
ise.



230 CHAPTER 10. RANDOM K-CNF FORMULAS

Some part of this walk has to be a bi
y
le, so 
laim (i) is established.

For showing (ii), we �rst observe that the number of bi
y
les equals

 

n

s

!

2ss!(2(s − 1))2 < ns2s(2s)2

(�rst we 
hoose the set of variables for (u1, u2, . . . , us), then we de
ide upon their

signs, then on their order and �nally we sele
t v among the 2(s − 1) literals at

disposal, and the same for w).

The probability that a spe
i�
 s-bi
y
le o

urs is at most

 

m

s+ 1

!

(s+ 1)!

 

1

4
�n
2

�

!s+1

< ms+1

�

1

2n(n − 1)

�s+1

. (10.2)

For a slow development of this bound, let us denote by (C1, C2, . . . , Cm) the se-

quen
e of 
lauses generated for F. We de�ne an o

urren
e of an s-bi
y
le (as

given in (10.1)) as a sequen
e σ = (i1, i2, . . . , is+1) of distin
t integers in {1..m}

su
h that

Ci1 = {v, u1}, Ci2 = {u1, u2}, . . . , Cis+1
= {us,w} .

There are

� m
s+1

�

(s+ 1)! sequen
es as σ, and ea
h one is an o

urren
e of a spe
i�


s-bi
y
le with probability

�

4
�n
2

��−(s+1)
. Therefore, the left hand side in (10.2)

is exa
tly the expe
ted number of o

urren
es of a spe
i�
 s-bi
y
le, and the

probability of it o

urring is upper bounded by this expe
tation.

Consequently, the probability that a bi
y
le o

urs is at most

n∑

s=2

ns2s(2s)2ms+1

�

1

2n(n − 1)

�s+1

=
2m

n(n − 1)

n∑

s=2

s2
�

m

n − 1

�s

= O

�

1

n

�

, provided c < 1.

Summing up, we have shown that for a random 2-CNF formula F with at most cn


lauses over n variables

Pr (F is unsatis�able) � Pr (F has a bi
y
le) = o(1) , provided c < 1.

The theorem readily implies that the same is true for all k � 2. For k = 2 one


an even show that the bound of 1 is tight, that is, a random 2-CNF formula with

at least cn 
lauses is unsatis�able with probability at least 1−o(1), provided c > 1;

[Chv�atal, Reed, 1992℄, but see also [Goerdt, 1999℄ and [Fernandez de la Vega, 92℄

for independent proofs.
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10.2 Improved Upper Bound for 3-CNF

Theorem 10.1 shows that a random 3-CNF formula with at least 5.19n 
lauses is

almost surely unsatis�able. Next we want to improve on this by demonstrating

that this is the 
ase already for a smaller 
onstant.

We have to intervene with the sudden 
ood of satisfying assignments in 
ase of

satis�ability, as we observed it in the previous se
tion. We will do so by 
arefully

sele
ting a usually mu
h smaller subset of it. Given a CNF formula F over V ,

we 
all a satisfying assignment maximal if 
ipping any of its 0's to 1 leads to an

assignment that does not satisfy. The set of maximal satisfying assignments on V is

denoted by




satV(F). Note that 
satV(F) � satV(F) and 


satV(F) 6= ; i� satV(F) 6= ;.

4

Let c 2 R
+
. For n 2 N we 
onsider a random CNF formula F3(n,m) over V

with m � cn 
lauses. Our goal is to �nd an upper bound on E

�

|
sat(F)|
�

(we skip

the subindex V in




satV() for the time being).

As a �rst step we analyze for α = {1}V and ℓ � n distin
t assignments αi,

i 2 {1..ℓ}, with dH(αi, α) = 1 the probability

Pr

 

α 2 sat(F)∧
ℓ̂

i=1

αi /2 sat(F)

!

= Pr

 

ℓ̂

i=1

αi /2 sat(F) |α 2 sat(F)

!

� Pr (α 2 sat(F))
︸ ︷︷ ︸

(7/8)m

whi
h is the same as Pr

�

α 2




sat(F)
�

for an assignment with ℓ zeros.

Let us try Pr (α1 /2 sat(F) |α 2 sat(F)) �rst. We generate the m 
lauses as

ordered tuples of literals. This time we will �rst 
hoose for ea
h 
lause the sign

pattern u.a.r. in {+,−}3 \ {− − −}, i.e. among all sign patterns that ensure that α

satis�es the 
lause. Then we 
hoose a variable for ea
h of the three positions.

Now for α1 not to satisfy the 
lause, (i) there has to be a unique + in the

sign pattern and (ii) this +-sign must be asso
iated with the variable x with

α1(x) = 0. (i) happens with probability

3
7
, and 
onditioned on this, (ii) happens

with probability

1
n . That is,

Pr (α1 /2 sat(F) |α 2 sat(F)) = 1−

�

1−
3

7n

�m

In order to 
ontinue we need a lemma.

4

Indeed, for a 1-CNF formula |
satV (F)| 2 {0, 1} and therefore Pr(F is satis�able) =

E

�

|
satV (F)|
�

.
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Lemma 10.3 m 2 N and S a �nite set. Let Xi 2 S, i 2 {1..m}, be i.i.d.5 random

variables with Pr(Xi = a) = pa for a 2 S, and let X := {Xi}
m
i=1. For every

subset T of S,

Pr

0

�

^

a2T

(a 2 X )

1

A

�

∏

a2T

Pr(a 2 X ) =
∏

a2T

(1− (1− pa)
m) .

Proof (intuition). Pr (a /2 X ) = (1 − pa)
m
, sin
e the Xi's are independent.

Hen
e, the equality to the right follows.

However, the events a 2 X are not independent. In fa
t, if m < |T |, the

probability to the left is zero, sin
e then m trials do not allow to in
lude |T |

elements in X . It turns out that the events a 2 X have the so-
alled \negative

dependen
y" property whi
h allows to 
on
lude the inequality above. Intuitively

speaking, the fa
t that we know already a 2 X 
an only de
rease the 
han
es for

b 2 X for b 6= a.

Perhaps surprisingly, the proof is non-trivial, still elementary, no worry, but

beyond the s
ope of this 
ourse (see [Dubhashi, Ranjan, 1996℄).

To employ the lemma we 
onsider random variables Xi 2 {0..ℓ}, i 2 {1..m}, one for

ea
h 
lause in the sequen
e produ
ed in the random pro
ess for generating F. We

let Xi = j if the variable x with αj(x) = 0 appears as the unique positive literal in

the ith 
lause, and Xi = 0, otherwise. The s
enario is set for

Pr

 

ℓ̂

i=1

αi /2 sat(F) |α 2 sat(F)

!

�

�

1−

�

1−
3

7n

�m�ℓ

�

�

1− e−3c/7 + o(1)
�ℓ

for m > cn, c 2 R
+
. Now

E

�

|
sat(F)|
�

�

�

7

8

�cn n∑

ℓ=0

 

n

ℓ

!

�

1− e−3c/7 + o(1)
�ℓ

=

�

7

8

�cn
�

2− e−3c/7 + o(1)
�n

whi
h tends to zero for n growing, as long as c satis�es

�

7

8

�c
�

2− e−3c/7
�

< 1 ;

this holds for c � 4.667.

5

identi
ally and independently distributed
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Theorem 10.4 ([Kirousis et al., 1998]) n 2 N. A random CNF formula F3(n,m)

with m � 4.667n is unsatis�able with probability 1− o(1).

Note 10.1 Currently known bounds say that a random CNF formula F3(n,m)

with m � 3.42n is satis�able , and with m � 4.506n is unsatis�able with probabil-

ity 1− o(1), [Kaporis et al., 2002℄ and [Dubois et al., 2000℄, respe
tively; 
onsult

also the surveys [Fran
o, 2001℄, [Dubois, 2001℄, and [Clote, Kranakis, 2002, Chap-

ter 4℄. There are re
ent developments for general k-CNF formulas in [Friedgut, 1999℄

and [A
hlioptas, Peres, 2002℄.
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Appendix A

Glossary of Notions and Facts

A.1 Fibonacci Numbers, Golden Ratio

The sequen
e (fn)n2N0 of Fibona

i
1

numbers is de�ned by

fn =






0 if n = 0,

1 if n = 1, and

fn−1 + fn−2 otherwise.

It often o

urs in mathemati
s, and even outside of it. We know that for n 2 N0

fn =
1
p

5

  

1+
p

5

2

!n

−

 

1−
p

5

2

!n!

= Θ

  

1+
p

5

2

!n!

.

Therefore, the limit of the ratio

fn+1

fn
is

1+
p

5
2 � 1.618033 . . ., 
alled the golden

ratio.

A.2 Some Recurrences

In our analyses we frequently en
ounter fun
tions g : N0 −→ N0 observing re
ur-

ren
es of the form

g(n) �

{
an if n < k, and

a +
∑k

i=1 ck−i � g(n − i) otherwise.

Here, in general, a, ai, and ci, 0 � i < k are real numbers with c0 6= 0. For our

appli
ations we assume that these are non-negative numbers|thus c0 > 0|

1

Leonardo di Pisa, 
alled Fibona

i, around 1175-1245 (Pisa, Italy)

i
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and that

∑k−1
i=0 ci > 1. The goal is to derive an asymptoti
 upper bound for g(n)

from these inequalities.

First, we want to get rid of the 
onstant term a. So, if a > 0, we multiply the

inequality by λ > 0 and add 1 on both sides. Then

λg(n) + 1
︸ ︷︷ ︸

f(n)

�






λan + 1 if n < k, and

λa + 1+
∑k

i=1 ck−i � (λg(n − i) + 1
︸ ︷︷ ︸

f(n−i)

−1) otherwise.

We substitute f(n) for λg(n) + 1, and we 
hoose λ =
(
∑k−1

i=0 ci)−1

a (whi
h is in-

deed positive by our assumptions) so that λa + 1 −
∑k

i=1 ck−i vanishes. Then

homogeneous inequalities for f(), n � k, evolve

f(n) �

{
λan + 1 if n < k, and∑k

i=1 ck−i � f(n − i) otherwise.

Via g(n) =
f(n)−1

λ
any asymptoti
 upper bound for f() implies the same asymptoti


upper bound for g().

If r is a positive real root

2

of

xk =

k−1∑

i=0

cix
i, where c0 > 0, ci � 0 for 1 � i < k, and

∑k−1
i=0 ci > 1,

then there exists a b > 0 su
h that f(n) � b � rn for all n 2 N0. For a proof 
hoose

b := max

k−1
i=0

λai+1
ri

, and then indu
tion readily goes through.

Consequently, f(n) = O(rn) and thus g(n) = O(rn).

For obtaining the roots we 
an employ programs like Maple. For example, let

us look at

t(n) �

{
1 if n < 3, and

1+ t(n − 1) + t(n − 2) + t(n − 3) otherwise.

Then we are supposed to type in Maple

> evalf(solve(x^3-x^2-x-1,x));

whi
h provides us with the answer

1.839286755, -0.4196433777+0.6062907300 I,

-0.4196433777-0.6062907300 I

and so t(n) = O(1.8393n) is established.

This treatment is very mu
h tailored to our needs. A more profound and

general derivation 
an be found, e.g. in [Matou�sek, Nesetril, 1998, Se
tion 10.3℄.

2

In 
ase you wonder or 
are: There is exa
tly one su
h positive root whi
h has to

ex
eed 1. Why? The polynomial p(x) := xk −
∑k−1

i=0 cix
i
has exa
tly one sign 
hange in

its 
oeÆ
ients, so Des
artes' rule allows for one positive root at most. But p(1) < 0 and

p(∞) > 0, so there has to be a real root ex
eeding 1.
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A.3 Markov Chains

Given some 
ountable (in�nite or �nite) set S, we 
onsider an in�nite sequen
e of

random variables

(Xt)t2N0
= X0, X1, X2, . . . with Xt 2 S

su
h that Xt, t 2 N, depends on Xt−1 only (and not on any of the previous history

X0, X1, . . . , Xt−2). More formally,

Pr (Xt = j |X0 = j0, X1 = j1, . . . , Xt−2 = jt−2, Xt−1 = i)

= Pr (Xt = j |Xt−1 = i) =: ptij

for all t 2 N and all (j0, j1, . . . , jt−2, i, j) 2 St+1
. A sequen
e of random variables

with this memorylessness property is 
alled a Markov

3


hain. The elements in S

are the states of the Markov 
hain, X0 either equals some initial state s0 2 S or,

more generally, attains a state in S with some given initial probability distribution

q(0) = (q
(0)
i )i2S on S ( Pr (X0 = i) = q

(0)
i ).

A Markov 
hain is homogeneous, if for all t 2 N,

Pr (Xt = j |Xt−1 = i) = Pr (X1 = j |X0 = i) =: pij .

The (pij)'s are 
alled transition probabilities { they are real numbers that satisfy

0 � pij � 1 and
∑

k2S pik = 1 for all i, j 2 S. (A matrix (pij)i,j2S with this property

is 
alled sto
hasti
.)

A.4 Tail Estimates

Lemma A.1 (Markov’s Inequality) Let X be a nonnegative random variable for

whi
h E(X) > 0 exists. Then, for all λ 2 R
+
,

Pr(X � λE(X)) �
1

λ
.

Proof. Let t 2 R
+
.

E(X) =
∑

x

x � Pr (X = x)

=
∑

x<t

x︸︷︷︸
�0

�Pr (X = x) +
∑

x�t

x︸︷︷︸
�t

�Pr (X = x)

� t �
∑

x�t

Pr (X = x)

= t � Pr (X � t)

3

Andrei Andreyevi
h Markov, 1856-1922 (St. Petersburg University, Russia)
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That is,

Pr (X � t) �
E(X)

t
, for all t 2 R

+
.

Now set t = λE(X) to 
on
lude the statement of the lemma.
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A.5 Jensen’s Inequality

In order to state Jensen's

4

Inequality we have to 
larify two notions. First, a real

interval is a 
onvex subset I of R, i.e. whenever x, y 2 I then λx + (1 − λ)y 2 I

for all λ 2 [0, 1].5 Se
ond, a real-valued fun
tion f de�ned on a real interval I is


alled a 
onvex fun
tion on I, if

f(λx + (1− λ)y) � λf(x) + (1− λ)f(y)

for all x, y 2 I and all λ 2 [0, 1]. (That is, the segment 
onne
ting any two points

of the graph of f in the range I lies above or on the graph of f.)

Figure A.1: A 
onvex

fun
tion.

Examples of 
onvex fun
tions are x 7→ x2 on R,

x 7→ |x| on R, x 7→ − ln x on R
+
, and x 7→ sin(x) on

[π, 2π].

An equivalent de�nition of a 
onvex fun
tion f

on I requires that for every a 2 I there exists a

λa 2 R su
h that

f(x) � f(a) + λa(x− a)

for all x 2 I. That is, in every point of the graph of f in the range of I there exists

a tangent to the 
urve that is majorized by f in the range of I.

Lemma A.2 (Jensen’s Inequality) Let f be a 
onvex fun
tion on a real interval I.

Then

f

0

�

n∑

i=1

λixi

1

A

�

n∑

i=1

λif(xi) (A.1)

for any (xi)
n
i=1 2 In and any (λi)

n
i=1 2 (R

+

0)
n
with

∑n
i=1 λi = 1.

And (provided the expe
tations involved exist)

f(E(X)) � E(f(X)) (A.2)

for any random variable X attaining values in I only.

4

Johan Ludwig Jensen, 1859-1925 (Denmark)

5

Why don't we simply say that I = [a, b] for a, b 2 R with a � b? Well, we want also

intervals of the form [a, b), (a, b] and (a, b). And we want to allow in�nite intervals (e.g.

R, R
+

or R
+

0), i.e. a possibly −∞ and b possibly ∞. But then, of 
ourse, we don't want

−∞ or ∞ to o

ur in a real interval, i.e. [−∞,∞] . . . is outruled. Perhaps you like now

the de�nition we 
hose.
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If the λi's in (A.1) are read as probabilities, we see that (A.1) is just a written-out

spe
ial 
ase of the probabilisti
 formulation (A.2).

Many useful inequalities follow from Jensen's. For example, the relation be-

tween geometri
 and arithmeti
 mean

n

v

u

u

t

n∏

i=1

xi �

∑n
i=1 xi

n
for xi's in R

+
,


an be rewritten as (by taking ln on both sides, with the monotoni
ity of ln in

mind)

1

n
ln

n∏

i=1

xi =

n∑

i=1

1

n
ln xi � ln

n∑

i=1

1

n
xi .

Now we multiply both sides with −1 (thus reverting the inequality) and we have

Jensen's Inequality for the 
onvex fun
tion x 7→ − ln x.

Proof of (A.2) of Lemma A.2. Let µ := E(X) (hen
e µ 2 I). Let λ be su
h

that f(x) � f(µ) + λ(x − µ) for all x 2 I. Due to linearity of expe
tation

E(f(X)) � E(f(µ) + λ(X − µ)) = f(µ) + λ(E(X)
︸ ︷︷ ︸

µ

−µ) = f(µ) = f(E(X))

and we are done.


